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PEEFACE. 



The Theory of Attraction owes ita origin to Newton. At 
first its chief value lay in its connexion with Physical 
Astronomy. The problems of the Figure of the Earth and 
Precession gave rise to the splendid analysis of Laplace. 

Towards the close of the last century the science of 
Electricity began to he developed, and imparted a new and 
a wider interest to the Theory of Attraction. Fresh prohlems 
were offered for solution, and new modes of treatment were 
devised by Physicists, among whom G-auss, Grreen, and 
Thomson have been pre-eminent. The rapid progress of the 
Eoiences of Electricity and Magnetism has been continually 
increasing the direct value of the Theory of Attraction, but 
its indirect value has become perhaps still greater. 

For some time past Physical speculation has seemed to 
point to the Theory of Fluid Motion m the root science of 
nature. In recent times the investigations of Stokes, Thom- 
son, and Helmholtz have shown that the leading problems 
in the Theory of Fluid Motion are mathematically the same 
as problems in the Theory of Attraction. This mathematical 
similarity is to he found also, to a considerable extent, in the 
Theory of Stress and Strain in Elastic Solids. The Theory 
of Attraction is thus the portal to most of the higher depart- 
ments of Mathematical Physics, and this is so even if it 
should be shown that direct action at a distance does not exist 
in nature. 
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vi Preface. 

It is then a matter of muoK importance that the aoqijiai- 
tion of a competent knowledge of the Theory of Attraction 
should be made as easy as possible. To assist in doing this 
is the object of this hook. It is a book for Students, not for 
Professors. To enable the Student to economize time and 
labour has been my chief aim. I have borrowed from every 
source with which I am acquainted, but the hooka from which 
I have drawn most material are Maxwell's " Treatise on 
Electricity and Magnetism," Thomson and Tait's " Natural 
Philosophy," and Eouth'a " Analytical Statics," 

Many mathematical investigations for which I might 
have referred to Treatises on Pure Mathematics, I have 
iutroduced for the purpose of rendering the progress of the 
student more easy. Questions as to the original discoverer 
of an important theorem I have not attempted to discuss. 
According to most French writers every discovery of any 
value has been made by a Frenchman, and according to some 
English by an Englishman. Lord Kelvin I designate as 
Thomson. To call him Lord Kelvin seems as absurd as it 
would be to speak of Bacon as Lord Yerulam, 

If health and opportunity be mine, I hope, at some future 
time, to make this hook more complete by the addition 
of chapters dealing with Spherical Harmonics, Coniugate 
Functions, and the Theory of Magnetism for bodies having 
finite dimensions. 

I have to return my best thanks to Dr. Williamson and 
Mr. Frederick Purser, for their kindness in reading proof- 
sheets, and in giving me many valuable suggeetiona and 
investigations. 

FRAllirCIS A. TARLETON. 
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Note oh ATtxifii-K 15, p. 13. 

The continuity of the components X, Y, Z, of the force 
due to a volume distribution of masa M is seen most easily 
iu the following manner : — 

Let Pi and Pj be two consecutive points in space; take 
the axis of x in the diveetion PiFi, and let X, and X, be the 
components of force, at the points P, and Pj, due to the 
system of mass M. 

It is plain that X, is equal to the component of force at 
Pi due to M displaced throngli the distance PjPi. Hence, 
Xi- Xi = X', where X' is the component of force at Pi due 
to a system of mass St composed of the two super-imposed 
systems M displaced tlirough P3P1 and - M. Accordingly 
M' is made up of a volume distribution whose density at any 

point is -^ dx, and two surface distributions whose densities 

are pdv and ~ pdv, where dv is the normal displacement of 
a point on the boundary of Jf due to the tranelational dis- 
placement dx. Since the density of M' is everywhere in- 
finitely small, so also is X', and therefore X ia continuous. 

A like mode of procedure may be employed in otiier eases 
similar to the above. 
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ERKATUM. 

Pagea 130, 149, 150, 166, 166, /n'- " Mae Ckurin " read" Maelaurin " 
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THE 

MATHEMATICAL THEORY OE ATTRACTION. 

CHAPTER I. 

INTKOnUCTORY- 

1. Universal Gravitation.^ From the laws of motion 
and from observatioLS of the relative positions of the bodies 
which compose the solar system, it can be inferred that each 
of these bodies, regarded aa a point, is acted on by forces in 
the directions of the lines joining it to the others, the raagni- 
tnde of any one force being proportional to the product of the 
masses of the bodies between which it acts, and inversely 
proportional to the square of the distance between them. 

By generalizing this result, it may be concluded that any 
two particles of matter attract each other with a force varying 
direetiy as the product of their masses, and inversely as the square 
of the intervening distance. 

2. Electric Forces. — With respect to electric pheno- 
mena, bodies are usually divided into Conductors and Non- 
conductors. A conducting body can, in various ways, be 
brought into a certain state in which it is said to be charged 
with electricity. When two bodies are so charged, a mutual 
force acts between tkem ; and if the bodies be so small com- 
pared with the intervening distance that they may be regarded 
as points, this force is proportional to the product of the 
charges, and inversely proportional to the square of the 
intervening distance. 



y Google 



2 Introductory. 

As regards their mutual action, charg;ea of electricity 
behave therefore to a certain extent like masses of gravitating 
matter, but there is an important difference which is imme- 
diately manifested. In the case of gravitating matter, the 
mutual force between two pai-tioles is always attractive ; but 
changes of electricity, on the other hand, sometimes attract 
and sometimes repel one another. 

The observed phenomena can he explained by supposing 
that an electric charge, or in common language electricity, 
is one or other of two difEereut kinds ; that two charges or 
quantities of electricity of the same kind repel one another ; 
and that two charges of opposite kinds attract one another, 
the force in each case being proportional to the product of 
the charges or quantities of eleotrioity. 

To express mathematically what has been said above, we 
must regard one kind of electricity as positive and the other 
kind as negative, A quantity of electricity which occupies a 
space so small that it may be regarded as a point may be 
called an electric particle ; and if a force which is repulsive he 
considered as positive, we may enunciate the fundamental 
lav? of electric forces by saying, that two particles of electricity 
act on each otiter with a force directly proportional to the product 
of their masses, and inversely proportional to the square of the 
distance between them. The word ' mass ' is here used only in 
reference to the amount of force which the oorresponding 
quantity of electricity is capable of producing, and is not 
meant to imply inertia or exclusive occupation of space. 

Looked at from a mathematical point of view, eleotrio 
forces are of a more general character than those resulting 
from gravitation, and the study of the former includes that 
of the latter. 

3. nistribntlon of Electricity. — As the electric forces 
due to the elements of an electrified body have each a definite 
magnitude, and pass through the elements to which they 
correspond, it may be said that there is a certain quantity of 
ei&otrioity accumulated in each space-element of the body, 
and we may consider the distribution of electricity in an eke- 
trijied conductor. 

4. ISagnelic Forces. — The elementary forces due to 
the presence of a magnetized body are in some respects 



y Google 



Physical Mode of Action of Forces. 3 

similar to those resulting from electricity, as they may be 
either attractive or repulsive, but in the case of magnetism, 
forces of the two lindt, tie a/uut/s mamfi'iferl bimullaneouslf. 
The observed phenomena of magnetism can be explained by 
supposing that equal quintities of opposite kmda of magnet- 
ism are present m eveiy element of the magneti/ed body> 
and are located it the extremities of an infinitely short 
straight line whose (Inaction i& that ot the magnetization of 
the element. 

5. Problems to lie considered — The mam problems 
in the Theory ol Attiactiou are tc find the lesul ta nt force 
between t'wo bodie s and ti deteimme the dwHiButions of 
Electricity and Magnetism which take place under given 
conditions. These pioblems are however, in general, so diffi,- 
oult that much preliminary knowledge of theorems which, in 
certain cases, lead indirectly to their solution, is requisite. 

6. Physical IHode of Action of Forces. — The re- 
searches of Faraday and others have shown that the electrio 
forces acting between two charged conductors are dependent 
on the intervening medium, and are not direct action at a 
distance. A similar proposition in the case of the forces due 
to gravitation seems, up to the present, to be only a hypo- 
thesis. 

The mechanism by which the final action is brought 
about need not be considered so far as the mathematical 
theory of Attraction is concerned. That theory rests only 
on the hypothesis that there are certain forces having certain 
definite magnitudes and directions. 
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Resultant Force. 



CHAPTER II. 



ISULTANT FORCE. 



7, Force at a Point. — If f denote the mutual force between 
unit masses when concentrated at points at the unit distance 

from each other, '■■- ■ expresses the force between two par- 
ticles whose masses are m and hi', and whose distance apart 
is r. The resultant force at a point P due to any system of 
acting masses may be defined as the resultant of the forces 
which would be exerted by these masses on the unit mass if 
concentrated at P. Let x, y, z be the coordinates of P ; 
£, i|, Z those of a point Q at which the acting mass is m, and r 
the distance of P from Q, then the force at P due to »* is 

ji r" 

electric or gravitational. In order to find the total force at P 
we must resolve each elementary force into its components 
parallel to the axes, and find the sum of these for each axis. 
If X, Y, Z be the components of the resultant at P, we have, 
then. 

These expressions may be simplified by taking as the unit 
of force the repulsion or attraction between unit masses at 
the unit distance apart, in which case / becomes unity. If 
we select any other unit of force we must introduce the cor- 
responding value of/. 

Not only for the reason mentioned in Art. 2, but also 
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Conthmom Didrihution of Mass. 5 

bsoause it is usually more convenient to count distances from 
the acting mass rather ttan towards it, the standard positive 
force when the signs of algebraical expressions have to be 
taken into account will be supposed repulsive. When the 
forces under consideration are gravitational we may suppose 
that the action is between, electric masses, ono positive and 
the other negative, whose numerical expressions are the same 
as those for the gravitating masses. 

8. Continaous Distribution of Mass. — When the 
acting mass is continuously distributed, the distribution may 
exist throughout a volume, or over a surface, or along a line. 
Corresponding to a volume or space distribution, a surface 
distribution, and a line distribution, there are three kinds of 
density, a volume density denoted by p, a surface density by 
(7, and a line density by X. 

These three magnitudes may be defined as follows : — 

The volume density at a point Q is the limit of the ratio of 
the mass contained by a sphere having Q as centre to the volume 
of the sphere -when its radius is diminished without limit. 

The surface density at a point Q, on a surface S, is the limit 
of the ratio of the mass contained by a sphere having Q as 
centre to the area of the portion of the surface S within the 
sphere when its radius is diminished without limit. 

The line density at a point Q, on aline s, is the limit of the 
ratio of the mass on a portion of s having Q for its middle 
point to the length of this portion when it is diminished 
without limit. 

If p be finite, the corresponding value of a is an infinitely 
small quantity of the first order, and that of X an infinitely 
small quantity of the second order. 

In the ease of gravitational forces actually existing in 
nature, p is always finite. 

For electric forces, on the other hand, a ia usually finite. 

In both cases we may, for mathematical purposes, suppose 
a fictitious surface distribution for which a is finite. 

When (y ia finite, there may, of course, be an independent 
volume distribution for which p is finite. 

In the case of forces actually existing in nature, X can 
never be finite (Clerk Maxwell, " Electricity and Magnet- 
ism," Art. 81). 
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6 Resultant Force. 

It is plain that m, A, ct, and p aro quantities of different 
kinds, each being one epace-dimeneion lower thaa the pre- 
ceding. 

If ds denote a line element, d8 a surface element, and rfS 
a volumo element, the elements of mass corresponding respec- 
tively to the three kinds of distribution are given by the 
equations 

dni = \ds, dm = cdS, dm = pd'B. 

Introducing the expression for dm into equations (1) we 
have, in the case of a volume distribution, 

X^fp^rf®, F-L^rf©, Z={p^-^d®. (2) 

Similar results may be obtained in like manner for a 
surface distribution and a line distribution. 

9. Attraction of Thin Cone at its Vertex. — If dm 

be the solid angle of the cone, and r the distance from 
the vertex of any point in its mass, the corresponding 
element of volume is r^drdo), and the attracting force of the 

element is p — — j — , that is p dr dw. In this ease the ele- 
mentary forces of attraction are all in the same direction, 
and, if the cone be homogeneous, the attraction at the vertex 

of a frustum of length I is pdio dr or pldw. This is in- 
dependent of the distance of the frustum from the vertex. 
If the frustum extend at both sides of the vertex, the force 
exerted by the portion on one side is opposite in direction to 
that due to the other portion, and the resultant force is 
p{l- l") dio towards the portion whose length is I. 

It is plain that this result holds good for any two portions 
of the cone which are on opposite sides of the vertex and 
whose lengths are / and I'. 

10. Attraction of Homogeneous Straight I^ine. — 
The attraction of a homogeneous sti'aight line AS at any 

Eoint P is the same as that of a circular arc of equal density 
aving P for centre, and the perpendicular distance of P 
from AB as radius, the extremities of the are being on the 
lines PA and PB. 
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Cylimlriml Distribution of Mass. 7 

Let Q, Q' he any two consecutive points on AB, andp the 
length of the perpendicular PO on it from P, then, if PQ be 
denoted hyr, and OPQ by 0, 
we have 



and 



where T and J" are the points in which the oircular arc is 
met by PQ and PQ'. Hence the attraction at P of QQ' is 
equal to that of TT', and as a similar result holds good for 
every element of AB, the theorem is proved. 

It ie now easy to find the attraction of AB at P. From 
symmetry, it is plain that the resultant attraction at P of tlie 
circular arc is directed along PK, the bisector of the angle 
APB. If we now denote KPQ by 9, we see that the com- 
ponent along PK of the attraction of an element of AB is 

expressed by — ■. Integrating this between and |«, 

where a is the angle APB, we get the component along PK 
of the attraction of AK; a similar result is obtained for 5ff; 
and, since the forces are both directed towards K, we have 

finally that the attraction o£ AB at P is — — -, in the 

direction of the bisector of the angle APB. 

If the length of AB be infinite, u-tt, and we find that 
the attraction of an infinite straight line of density \ at any 

point P is — - in the direction of the perpendicular p from P 

on the line. 

"We shall find that this is a result of considerable impor- 
tance. 

11. Cylindrical Distrllbntlon of Mass.— When the 
space occupied by the acting mass is bounded by parallel 
cylinder of infinite length, the density being uniform along 
each straight line which is parallel to a generator of one of 
the cylinders, the distribution may be called eylindneal. 



y Google 



In this ease, by Art. 10, the attraction, at any point P, of 
an infinitely long cylinder along whose axis the density is p, 

and whose section i is infinitely small, is — , where p is the 

P 
perpendicular drawn from P to the axis of the cylinder, and, 
the foot of this perpendicular being Q, the direction of the 
attraction ie the line PQ. If we draw a plane through P 
perpendicular to the generators of the cylinders, it eontains 
the feet of all the perpendiculars on their axes ; and if dS 
denote the element of this plane which is enclosed by the 
cylinder whose section is e, and r the distance from P to Q, 
we have « = dS, and p = v, whence the force at P due to the 

thm cyimaer is . 

Hence the resultant force at P is that due to a uniplanar 
distribution of mass in the plane through P perpendicular to 
the generators of the oyhndera, the density t of this dis- 
tribution at a point Q being 2p, and deforce at P due to any 
element of mass varying inversely as its distance. 

The student must not confound a uniplanar distribution 
of mass, such aa has been described above, with a surface 
dietiibution in which the surface happens to be a plane. The 
definition of the uniplanar density t is verbally the same as 
that of the surface density a, but the two magnitudes are of 
different kinds, since in one case the force caused by an 
element of mass varies inversely as its distance, and in the 
other case inversely as the square of its distance. In fact r 
is a magnitude of the same kind as p, the volume density. 

The conditions required for a cylindrical distribution of 
mass may be approximately fulfilled in nature, and a uni- 
planar distribution is merely a mnthemathical artifice by which 
tlie problems belonging to a cylindrical distribution may be 
presented in a simpler form. 

12. Attraction of Spherical Shell.— To find the 
attraction of an infinitely thin homogeneous spherical shell 
at an external point P we may proceed as follows .— 

Let be the centre of the sphere bounding the shell, 
draw a plane perpendicular to PO cutting the sphere in a 
circle, let Q be any point on this circle, then, if a be the radius 
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Aitraciion of Spherical Shell 9 

of the sphere, and if we put OPQ = 0, P0Q^4>, PQ = )-,the 
element of the shell comprised between two consecutive 
planes perpendicular to OP 
is expressed by 2?ra' sin ^ df, 
and, since all the points of 
this element are at an equal 
distance from P, each com- 
ponent of attraction perpen- 
dicular to PO is equilibrated 
by an equal and opposite 
component; andtheresulfant 
attraction of the element at P 
is in the direction of the line PO, and is 

2n-(TS^ sin <hddi 
7 — =--^ cos W, 

where cr denotes the density of the shell. 

Hence if R denote the attraction of the entire a 




R = 2Tiaa^ [ - 



9 sin ^ rf(^ 



To find the value of this integral we use the equations 
r'' = a' + c^ - 2ac cos ip, a' = r'-\-o'' - 2cr cos 9, 
where c = PO. Differentiating the first of these we have 

rdr = ao sin ^ df, 
and from the second we get 



2c ' 
substituting in the integral, we obtain 

Je-a 2c r" c' 

Since iwcra^ denotes the mass of the shell, we conclude, 
that a thin spherical homogeneous shell produces the same 
attraction at an external point as if its entire mass were concen- 
trated at the centre of the sphere. 
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10 Remttant Ibrce. 

If the point P be inside the surface of the shell, we pro- 
ceed to Bud the attractioQ in a similar manner, but in this 
case the liioita of the integral are a + c and a~c, and its value 
ia zero. Henoe we conclude, that a thin spherical homogeneous 
shell exercises no attraction at an internal point. 

Since the attractions of thin concentric spherical shells 
at any point are all in the same direction, the attraction of a 
thick homogeneous shell comprised between two concentric 
Bpherioal stuiaces ia the sum of the attractions of the thin 
fiiells into which it may be decomposed ; hence, a thick homo- 
geneous shell bounded by concentric spheres has the same attraction 
at an external point as if the entire mass of the shell were eon- 
eenirated at its centre, and has no attraction at a point inside its 
inner boundary. 

If the thick shell be not homogeneous, but be composed 
of homogeneous layers each of which is bounded by spheres 
which are all concentric, these results still hold good. 

13. Solid Sphere.— It is plain from the last Article 
that a solid homogeneous sphere, or a sphere composed of 
homogeneous layers comprised each between spheres concen- 
tric with the outer boundary, has the same attraction at an 
external point as if the entire mass of the solid sphere were 
concentrated at its centre. 

Again, the attraction of a solid sphere at a point P in its 
interior is the same as that of the concentric solid sphere witose 
external boundary passes through P, this theorem being equally 
true whether the sphere be homogeneous or be composed of 
homogeneous layers comprised between concentric spherical 
snxfaees. 

If M be the mass of a solid sphere 8, and r the distance 
from its centre of the point P, the attraction at P is expressed 

hy — when P is external, and by — when P is internal, m 

denoting the mass of the concentric sphere whose external 
surface passes through P. If S be homogeneous, m = ^pr'^, 
■and we get for the attraction of a homogeneous sphere at a 
point in its interior the expression ^irpr. 

14. Thin Plate, — The attraction of an infinitely thin 
homogeneous circular plate at a point P on the perpendicular 
to the plane of the plate through its centre is easily found. 
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Let Q, and Q' be consecutive points on the 
of the plate, and its centre, and let 

PQ. = r, OPQ = e, then QQ' = ^■ 

Since all the points on the circle 
whose radias is OQ are equally dis- 
tant irom P, and the lines joining 
them to P make equal angles with 
PO, it is plain that the resultant 
attraction at P of the element of the 

plate comprised between the circles whose radii are OQ and 
OQ' is in the direction of the line PO, and is expressed by 




27rarsia9- 



that is, by Sttit sinOi/d. Hence tho resultant attraction of 
the entire plate at P is in the direction PO, and if R denote 
its magnitude, a the radius of the plate, $i the angle sub- 
tended by this radius at P, and c the distance OP, we have 



R^ 



aOd 



-"C 



•("'- 



nJ 



(3) 



If we suppo'ie a infinite, < lemaining fimto, we find 
that the attraction of an infinitely ihm homogenmua plate qf 
infinite extent ts constant at all extei }ml points and it, expressed 
by 2ira. 

Again, if c be infinitely small compared with a, we find 
that the attraction of an infinitely thtn homogeneous circular 
plate at a point P mfijittely neat the plate, on the petpendtcular 
through its centie, ts m the diiection ofth% pnpendicular, and 
is independent of the iadiits of the plate, being expressed by 
Sttt. 

Hence we may eonolude thi.t Z, the component of the 
attraction of an mhnitely thm homogeneous plate at an infi- 
nitely near point P m the diieotion of the perpendicular from 
P on the plate, is independent o± the size of the plate and of 
the form of its bounding curve, and is expressed by Sjtct, 
provided tho perpendicular from P falls inside the plate. 
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12 HesuUani Force. 

To prove this, suppose two circlBS Ai and A^, the one 
outside, the other inside, the houndary of the plate, and 
having the foot of the perpendicular from P as their 
common centre, then, if Z, denote the attraction of the oir- 
oular plate hounded hj Ai, and Zi of tliat hounded by Ai, 
the magnitude of Z lies between those of Z, and Z^, but, as 
Zi = Zz= 'Ztiu, the theorem is proved. 

■ Lastly, if the boundary of an infinitely thin homogeneous 
plate be such that all diameters of the plate drawn through a 
point are bisected at 0, it is plain that the resultant 
attraction of the plate, at a point P in the perpendicular to 
the plate through 0, is in the direction OP, and hence if P 
approach infinitely near 0, this attraction is expressed by 
2n-<T. 

15. ConUnaity of Force lu Volnine Distribution. 
— Equations (2), Art. 8, which give the components of the 
force at a point P, if we use polar coordinates and take i'for 
origin, become, when the acting mass is attractive, 

S = \ p siu't* cos^ drdOdip, Y=j p sin^tf sin f drcWd^, 

Z = lp cos BJn 9 dr 49 d<p. 

The integi'ations liere indicated remain valid when P is 
inside the acting mass, and if we iutograto with respect to r 
between and an infinitely small value a, we see that the 
mass infinitely near P cannot contribute more than an infi- 
nitely small quantity of the order a to the attraction-com- 
ponents. Hence, if P receive a small displacement less 
than a, the corresponding changes in X, Y, Z, due to mass 
infinitely nearP must be of the same order; it is plain that this 
also must be the order of the changes in X, Y, Z due to mass 
at a distance from P greater than a. Hence, X, Y, Z in the 
case of a volume distribution remain finite and continuous 
when P is inside the acting mass. 

16. Biscontinutty of Force in Surface Distri- 
bution. — In the case of a distribution on the surface 8 the 
force components at a point P vary continuously so long as 
P is at a finite distance from S. 

If be the point in which the normal through P meets 
the surface, when P is distant from by an infinitely small 
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BisconUnuity of Force in Surface Disiribution. 13 

quantity S of the second order the points of the surface whose 
distances from P are less than an infinitely small quantity a 
of the first order lie inside a sphere whose equation referred 
to as origin is ar* + y^ + (a - S)' = a^, the normal at being 
taken as the axis of z ; also the equation of the surface is oi 
the form % = iii + &e., and the points of the surface whose 
distances from P are of the first order lie on the surface 
s = M-j, where Ut is a quadratic function of se and y. The 
equation of the projection on the tangent plane at of the 
curve of intersection of this surface and the sphere is 

;^ + / + (M=-g)' = «=. 

Infinitely small quantities of an order higher than a" being 
neglected, this hecomes x'+i/^ a', which represents a circle of 
radius a. 

The projection on the tangent plane at of an element 
of surface 48 is dS cos ip> where i^ is the angle which the 
normal to the element dS makes with OP. When dS and 
P are infinitely near, cos >/j differs from unity hy an infinitely 
small quantity of the second order, also the distances from P 
of the surface element and its projection differ by a quantity 
infinitely small as compared with these distances, and finally 
the difference of the angles which these distances malce with 
PO is infinitely small compared with the angles themselves. 

Hence, if their densities be the same, the force exerted at 
P by the elements of the surface S at a distance from P 
less than a is the same as that due to their projections on the 
tangent plane at 0, that is, the same as that due to the cir- 
cular plate whose centre is 0, whose radius is a, and whose 
density is a the surface density at 0. 

We conclude therefore, by Art. 14, that the surface mass 
infinitely near P exercises no attraction at P in the direction 
of a tangent at 0, but produces a force in the direction of the 
normal whose magnitude is expressed by 2ira. If the mass 
be repulsive, this force is away from the surface on whichever 
aide of it P be situated. 

It appears then from what has been said that as P 
approaches and passes through the surface 8 at the point 
the tangential components at P of the repulsion of the mass 
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14 Resultant Force. 

infinitely near are continuously zero, but the normal com- 
ponent ohanges from - %-aa to + Sjtit, that is, its value in the 
direction in whioli P is moving is increaeed by 47r<T as P passes 
through the surface 8. 

The force components due to mass at a distance from P 
greater than a are obviously continuoua. Hence on the whole, 
when the acting maes is repulsive, the force component along 
the normal in the direction in which P is moving increases by 
Alia as P passes through a surface on which mass of density 
ff is distributed, but the other force components are not 
altered by any finite amount. It is plain that in all cases, 
whether P he on the surface or not, ^1 the force components 
remain finite. 

The algebraical expressions for X, Y, Z as integrals 
derived from equations (1), Art, 7, are not in general valid, 
in the case of a surface distribution, for a point on the 
surface on which the mass is distributed, as the quantities 
under the integral sign may in this case become infinite 
within the limits of the integration. 

17. intagnets. — The leading charBx^eristio of magnetic 
forces is the presence in each element of the magnetized body 
of two centres of force of equal and opposite intensities, these 
centres of force being situated at the extremities of an infi- 
nitely short line whose direction is that of the magnetization 
of the element. The two centres of force are called poles, 
one being a north pole, the other a south pole. Each repels 
a pole of like kind to itself and attracts one of the opposite 
kind. The direction of magnetization is reckoned from the 
south pole to the north. The terms south and north are 
used in reference to the Earth's action on the magnet, the 
pole which is attracted towards the north being called the 
north pole. 

When a line of any form is uniformly magnetized in the 
direction of its length, the effect in extemc^ space of the 
north pole at the end of one element is neutralized by that 
of the south pole at the beginning of the consecutive element. 
Thus the effect of such a magnet on a north pole of unit in- 
tensity in external space is entirely due to the south pole at 
one of its extremities and the north pole at the other. These 
centres of force are called the poles of the magnet. A magnet 
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whose length is considerable compared with its other dimen- 
sions, and which is magnetized in the direction of its length 
may be looked upon as linear. It may be straight or be 
bent iato any other shape. Yery small magnets may be 
regarded as magnetic particles. To such particles magnetized 
iron filings are an appro Jiimati on. 

The Uieory of magnetized bodies having more than one 
finite dimension must be reserved for a future chapter. 

The force which a magnet pole exerts on a given pole at 
a given distance is proportional to its own magnetic intensity 
or strength. Hence, by properly selecting the units em- 
ployed, we may define the strength of a mmneJ pole as the 
force which it exerts on the unit pole at tEe unit distance. 
The magnetization of a north pole is counted positive, and 
that of a south pole iiegatiye. 

In the ease of magnetic particles, or of linear magnets 
uniformly magnetized in the direction of their length, the 
product of the strength of a pole and of the distance between 
the poles is called the »igjjig<ti? moment of the magnet. 

The straight line joining the poles is called the atsis of the 
magnet and the middle point of this line the centre of the 
magnet. 

Examples. 

1. if S be the jnteruept on the liisector of the Teitical angle of a triangle 
ACB made liy a pei-pendioulav let fall from the middle point of the base AB, 
ehow that the attraction of AB at G may be espreseed in Ite form 



where a, b, c are the sides of the triangle, and X the density o 
and Tait.) 

Let CK^e the bisector of the angle ACB, sai 
dioulaT let fall on it from M the middle point of -i 
pendjciilatto CK, then 

IJ=2SI,a.n^»=CH = \{_CI + CJ) = \{a + h)wskO, 
If R denote the attraetion of AB at C, we have, Art. 10, 

„_2xainK awsinjg Acl^ + i) eoajg A^(« + 5)cQa 
^~ p " oJsinO ab{a + b)<:oa'^G (b + J)s(s- 
%xe^{a + b)oos\ G _ Sxcfi 
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Resultant Forci 



2. The base AB of a triangle ASC extends both waya to infinity, the pai't 
heyond A repelling, and that beyocd B attracting with a force varying iu- 
Tersely ae the square of the distance, the deiiaitj being uniform : show that the 
direction of the resultant force at G is tJiat of the bisector of the eitemal vertical 
angle of the triangle. 

3. Find the attraction at fie vertes of a right circular oone of a frustum of 
the cone intercepted between two planes perpendicular to the axis. 

If r be the distance of any point Q on the a ' " " ' " ■■ 

attraction at of an infinitely thin frustum of H 
Art. 14 ia 2irp4r (1 — COa a), where a is the seini- 

Hence, if S be the attraction of a frustum wl 
the cone ie i, we have .8 = 2jr|ii(l - cobo). 

4. Find the attraction of a solid homogeneous 
bemiephere at a point J* on its edge. 

Let a denote the radius of the hemisphere, and 
let C he its centre. Draw a plane through PC per- 
pendicular to the base, the resultant attraction lies 
in this plane ; let ^denote its component along FOfl^ V_ 
and X perpendicular to PC, then, if f be tl 
vector from P to the surface of the hemiepl 



ing through Q by 
angle of the cone, 
lose length along the axis of 




eded^'^ipa'i 1 co9-e sin fl da d^ 






•ii' 



;. Show that the observed latitudes of stations due north and south of a 

lispherical hill of radius a and density p differ by — ( 2 + - I , where R de- 

R \ it 
e the radius and t the mean density of the Harth. (Ihomson and lait.) 



6. Find the al 
whose edges is infinitely long, al 

Take P for origin, and the infinitely long edge as axis of e, 
denote tte components of attraction pai'ullel to the edges m 
a and ft, and ^i the angle whose tangent is -, we have 
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tie angle 

7 -= approximately, where e is tlie mean denaity of the earth, p the density of 
iteCTHst, Jiits radius, and a the breadth of the erevasae. (Thomaon and Tait.) 

8. Prove that the oomponent of the attraction of a straight line AB of 
density A. parallel to itself m the direction from B to ^ at a point P is 

FB ~ FA' 

9. Show that, if the point P be in the production of AB, the atttaotion 
component perpendicular to AB is zero, and that if Plie between A and B this 
component IS infinite if A be finite. Showalsotliat for both these positions of P 
the expression in Question 8 for the aftraution component parallel to AB holds 

10. In the case of mass acting inyersely as the distance, proye that, if two 
curves he inverse to each other relatively to a point 0, corresponding elements 
of the two curves whose densities are equal produce the same attraction at 0. 

Here the attraction at of the element rfs = — ■ = — -. — — ~ — , where 

* is the angle which the radius veclar from makes with the tangent to the 

element ds. In like manner, attraction of ds' = - — -„ but in the case of inveise 

curves <f' = -it-^; .-. &c. 

11. In the case of mass acting inversely as the square of the distance, prove 
that corresponding elements of the two curves have the same attraction at if 
the densities of the elements be proportional to the perpendicvilats from on 
their tangents. 

12. Prove that the attraction of a right circular cylinder at a point P on its 
axis is 2»p{jj — El- (la — n)}, wbere p is the density of the cylinder, sj and 
Hi the distances from P of the two ends of its axis, and rj and ri the distances 
o( points on the boundaries of the terminal plane faces. 

18. If g' denote the acceleration due to gravity on the top of a table-land 
of height h, and g its value on the mean surface of the Earth in the neighbour- 
hood of the table-land, .show that 

where a denotes the radius of the Earth, ( its mean density, andp tie density of 
the tahle-Iand. 

The table-land may be regarded as a thin cirr:ular plate of surface -density 
ph, also g = f ir«a, and at the top of the table-land the attraction of the rest of 
the Eaith is — ■ Hence, by addilion, g' is obtained. 

14. A triangle is formed of three uniform bars whose densities are \, /i, v, 
and whose elements attract with a force varying inversely as the square of the 
distance ; determine the point inside the triangle at which a particlo would 
be in equilibrium. 
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If A = ^ = !• the point is the centre of the circle inscribed in the ttiangle. 

16. A uniform har attaoted to smooth hinges at its extremilieB, A and B, is 
attracted by a foroo directed Xa a fixed point C, and varying inversely as the 
square of the distance from G. If Phe any point on the bar, and the angle CPA 
be denoted by ^, prove that the bending moment ilf at P is given by the 
equation 



where n is the intensity of the Ktlractiva force per unit of length. 

The resultant attraction F On PA is in the direction of CQ the bisector of 

the angle PGA, and its magnituile is — sin , where ji is tlie perpendicular 

from C on AB. The moment of F round P is 



lh.U., !^ cot J (.« + »). 



If P coincide with B this moment r 
round B of the force perpendicular t 
if K denote this force, 





-"■■'"='^0 "**'•*+"' 


the moment of E round P is 


We have, then, 


'-ii MHA*1). 


-'^/i. 


iotJ(.4 + £)-cot^(^ + (.)f 


-^ 


i^|ootSM + J!)-«ti(-lt«|. 



16. In the last example determine where the bending n 
Prom the expression for jif given above we readily obtain 



M = 2it- 



ini(^ + _B)si 

u(» + iM^J}|- 



yGoosle 



When this is s 

that ia, COS p ein ^(A + B) = sin j (^ — S), wMch determines ip, and there- 
fore P. 

17- Iron, filings are spriokleil on a piece of paper whieh ia laid over the two 
poles of a horae-ehoe magnet ; find the ourye traced ont by a continuous set of 

Any filing PQ becomes a small magnet, each of whose osliemities isactedon 
by two forces, one attractive, and the otter repulsive. For the eq^uilibrium of 
the filing the resultiint forces passing through P and Q must he equal and 
opposite, whence FQ must ba in the direction of the resultant force at Q. Let 
iS and N be the poles of the magnet, and L any point on the production of SN, 
let S'Q = r, St = r, QNL = S, QSN = ff ; then, if m ba tie ati-ength of the 
pole at S or N, and ds the element of the required curve, we have 



Curves traced ont in the manner described above are called magtistic eamea. 

18. In the last example show that filings whose lines ot direction pass 
through the same point on SJVlie on a circle. 

Since ^ : ^ = sin S«0 ; sin NQO, 

f'2 SO r / /SO \i ^ ^ 

we hEive --= — ^-: .-. -= ^77;) = constant, 

whence the locus of Q is a. circle. 

19. Show that at any point P the component of the attraction of a homo- 
geneous plane lamina in the direction perpendicular to its plane is expressed by 
irn, where o- is the density of the lamina, and n the solid angle which it sub- 



-, and the component of its attraction at P by <r rfai : 



+ •■) J. (I - 
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where s is the distanee of P from the centre of tiiB olKpee, a an J b its samiases, 
e its eiicentricity, and k' = -^ ^. 

Here n = [ [ eio fli^erf^ = [ (r - cos 9) rf^ = 2jr-4 f ciosBif^. 

If CT 1)B the central radiue veotor of the ellipse, and if wo put 

we have a' COs'if' + S? ein'^ = to' = a' tan'fl, 

and the limiting Talues of ^ are the same aa those of <p ■ Hence li j substitution 
we have the result above. 

18. Ellipsoidal Shell. — A homogeneous shell hounded 
by similar, concentric, and coaxal ellipsoids, is called a thick 
hommoid. Suoh a shell exercises no 
attraction at a point P inside its 
internal surface. 

To prove this, suppose a cone of 
infinitely small angle, having its 
vertex at P, and extending in both 
directions to the onter boundary of the shell. The ellipsoid 
being similar, the plane CM conjugate to the axis of this cone 
is the same for the outer and the inner ellipsoid, and therefore 
the intercepts on this axis on opposite sides of P between the 
inner and outer boundaries of the shell are equal. Hence, 
by Art. 9, the mass inside the cone exercises no attraction at 
P, but by supposing an infinite number of suoh cones the 
whole mass of the shell may he exhausted ; hence the total 
attraction of the shell at P is zero. 

It is plain that we can show in a similar manner that, 
in the case of a uniplanar distribution of mass attracting 
inversely as the distance, a homogeneous band bounded by 
similar concentric and coaxal ellipses exercises no attraction 
at a point inside its inner boundary. 

A spherical shell, whose attraction at an internal point 
has been investigated in Art. 12, is obviously a particular 
case of an ellipsoidal shell bounded by similar ellipsoids. 
When the external and internal surfaces of a homceoidal 
shell approach infinitely near to each other, the shell is called 
simply a hom<eoid. 
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19. Elliptic Plate. — The attraction of a homogeneons 
elliptic plate at a point on the estremity of an axis, for a 
uniplanar distribution of mass attracting inversely as the 
diBtance, may be found as follows : — 

Let '2a and 2h denote the axes of the ellipse, and Pi the 
component ia the direction of the axis of y of the attraction 
of tlie plate at the point B whose coordinates referred to the 
oentre are 0, - h. Taking B for origin, the equation of the 
ellipse referred to polar coordinates is 

2(7^5 sin 6 



I? sin'O + 6' coa*9 



The attraction of a triangle, of infinitely small angle dQ, 
having B for vertex, and extending across the ellipse, is 
expressed by rrdB. Hence 

r, = 2rl" rsinflrffl. 

Substituting for r from the equation of the ellipse, we have 

QdO 



-r. 



sin'O + 5' oos'fl 






''a'-b-\2 fflsj" a+b' 

Since an ellipse is symmetrical on each side of an axis it 
is plain that the attraction component at B parallel to the 
axis major is zero. If Xi be the attraction of the plate at 
an extremity of the axis major, we find, by a similar process, 
that Xi is codirectional with the axis major, and is equal 

to r,. 

We can now prove that at a point P on the boundary, 
whose coordinates referred to the centre are - x and - y, the 
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componenta, X and Y, parallel to the axes, of the attraction 
of the plate are given by the equations 

X = -X„ Y = iY,. 





To show this, draw through P a parallel PP' to the axis 
major AO. Let i?i and R^ denote two chords of the ellipse 
drawn through the extremity A of the axis major, and 
making equal angles with it on opposite sides, r, and n the 
parallel chords through P, and 0i and ^^ the angles they 
make with PP'; then Qi = -0, when n and rjare on opposite 
sides of PP', and 0^ = ir - 0, when they are on the same side. 
Again r, a chord drawn through P, is given by the equa- 
tion 

/cos' 6 sin*(i\ _n(^ ''OS B y sin fl \ 



and B, the parallel chord through A by the oquatio 



, /cos' Q sin' C\ 2fl cos Q 



I, + n cos 0j = - (i?i + i?^) cos 



Also the attraction component along PP' of the 
tary triangle whose side is »■ is expressed by tt cos Q i 
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X= T r (n COS d, + r, cos 6.) (^S, = r ^ T {R, + -ff,) cos 0i dB, 

= - X., similarly F = f Fj. 

If we substitute for Xi and Y^ the values already obtained, 
we get 

_ 2TTTb x 2M X 2jr rap _ 2M ; 



a+ b 



(■1) 



where M is the uniplanar mass of the phite. 

If P be inside the ellipse bouuding the plate, suppose a 
similar concentric ellipse, whose axes are 2a and 2h', drawn 
through P, then the band between this ellipse and the 
boundary, by Art. 18, exercises no attraction at P, and the 
attraction components X and Fof the plate are given by the 
equations 

Sn-T^'a: STrrSa^ 2Trra'j' _ 2]rr«y 



f5' a + b' a'+b' 



(3) 



20. Infinite Elliptic Cylinder. — If we put i- = 2p in 

ec[uations (5), we find, by Art. 11, that the attraction com- 
ponents X and Y of an infinitely long homogeneous elliptic 
oyhnder, whose axis is the axis of z, at a point -x, -y, on or 
inside the bounding surface, are given by the equa.tions 

x.lffi^, r.liei'. (6) 

21. Ellipsoid. — The attraction of a homogeneous ellip- 
soid at a point on its surface may, in a manner similar to that 
employed in Article 19, be deduced from the attraction at a 
point i* at an extremity of an axis. 

To find this latter attraction, let the axes of the ellipsoid be 
denoted by 2fl, 2b, 2c, and let P be the point whose coordi- 
nates referred to the centre are 0, 0, - c, then the equation 
of the ellipsoid in polar coordinates referred to .P as origin is 

/sin'fl cos'$ sin^fl siu'^ cos'9\ _ 2 oos 
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The attraction a,t P of a cone of iiifluitely small angle 
having its vertex at P, and extending across the ellipsoid, is 
expressed hy pr sin fi dQ d<p. Hence, if Z^ denote the attrac- 
tion component of the ellipsoid at P in the direction of the 
axis of 2, we have 



?3 = p »" eii 



sin & cos Qd9d<i, = 4:p\ \ r sin 6 cos rf9 d<^. 



Substituting for r from the equation of the ellipsoid, v 
obtain 

ios'd sin 9 d9d^ 



Put ffl'6^ oos^O = C, a'c^ sin'^ - A, b'^c' sin^fl = B, 



aWc foos'tlBinSrfe T -^ 



If we integrate with respect to <j> we get for the corre- 
sponding ii 



: — tan ' t;-- „ tan * ; 

+ A){C + B} UC+B V 



y-iC^A)iC + B} 
this between the ^signed limits is 



Z, = inpa'b''c 



oo^'d sin Bd9 



' Jo y (fl'6' coa'fl ^■ 6=e' sin'fl) (a'6= cos'fl + f/c^ sin'fl) 
(7) 
If we put cos 9 ^ u, we get finally, 

z. ^ 4,,* [' j^;-(^r;ij „"",* ^ |5._ „., „.j,. (8) 

From the symmetry of the ellipsoid round its axes it is 
plain that its other attraction components at P are zero, so 
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that Z-i denotes the total resultant attraction at the extremity 
of the semi- axis e. 

We ohtain, in like manner, 



■*•'"" \'.WHi^-lf)WWT 



l„.+(J._„-)„-l»l»'+(„'-„-)„-l'' 

where X, and Fa denote the attractions at the estrenoities of 
the eemi-axes a and b. The expression for Za in equation 
(8) can he put into a more convenient form by taking the 
factor e' in the denominator outside the integral sign, and 
by putting 

we have, then, 

7 ~ tHJ^- { 



„{l4X,V}*(l + A,= «=)^' 
To make X, depend on Xi and \s, assume 



(11) 



Substituting for u in terms of v in equation (9), sinoe the 
limiting values of v are the same as those of u, we get 



iTrpab a 



J. (l + X,V)'(l + X,V)»- ''^' 



If a and d be interoliaogcd, X, and Ai become T^ and A; ; 
ince we obtain 



_ i^rpab f> 



i P v'dt 



(13) 
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If we put M = ^irpabc, then M will denote the mass of 
the elHpaoid, and X, ±i, Z3 may be expressed by the equa- 



{1 + X,'m')5(1 + X/m' 



A 






■«■)*(! + V«')'' 



(14) 



If now X, Y, Z denote the components parallel to the 
axes of the attraction of an ellipsoid at any point P on its 
external snrfaoe, whose coordinates are -x, -y, -%, it is easy 
to show that 

X=-X„ r = |F„ Z = -Z,. 
a c 

To prove this, draw through P a parallel PP* to CO, 
where G is the extremity of the semi-axis c, and is the 
centre of the ellipsoid, let Ei and lit denote two chords of the 
ellipsoid lying in a plane passing through CO and making 
€C[ual angles with it on opposite sides at the point C, and let 
Ti and »-2 denote the parallel chords through P, and 9i and 
02 the angles they make with PP'. Then 9^ = - &, when r. 
and Ti are on opposite sides of PP', and ^j = tt - 9i when they 
are on the same side ; also JS. the chord drawn through is 
given by the equation 

„ /ain^$ oos^<6 sin^B sin'* cos^O\ 2c cos 

and r the parallel chord through P by the equation 
/sin'fl cos'd) sin'fl sin'* cos^0\ 

2«sin0cos$ 3ysin9sin$ ^ 2g cos (t _ 
hence n eosfli + rjcos&s =- (fl, + Bj) cos 0i. 
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Now ^= p [' r {n oos 0, + r, cos 9,) sin Si (f^, df, 

and Z, = p{' [ (iJ, + i?j) cos 6. sin 0, dl): d<j>, 

whence Z=-Z„ and similarly, X = - Xi and F = | Tj. 

A purely geometrical method of arriving at these equa- 
tions will he found in Ex. 12, Art. 24. 

If we substitute for X„ Y„ and Z^, their values obtained 
from equations (14), we have 

^ = ^^ — ^1(1777^0^(17^^*' 

---^#4;(r7W^7v^'} ^-) 

^ ^^ J.(l + X,'»f(i + W..')* 

where A, B, are constants defined by the equatioua above. 

The espreasione in equations (15) for the attraction com- 
pouonts of the ellipsoid at a point P whose coordinates 
referred to the centre are ~x, -y,-z, hold good if P be inside 
the external surface of the ellipsoid. 

To prove this, suppose,a similar ellipsoid, whose axes are 
2a', 25', 2c', drawn throti^h P; then, by Ai-t. 18, the total 
attraction at P is the attraction of this ellipsoid. Also, if 
M' he its mass, 

-TT = ^1 and A i = Ai, A a = As : 

therefore the coefficients of x, y, z in the expressions for the 
attraction oomponenta are the same whether P be on the 
surface of the eUipsoid or in its inteiior. 

22. Symmetrical Expressions for €om|ioiicn1s of 
Attraction. — Symmetrical expressions for X, Y, and Z may 
be obtained in the following manner : — 

Assume ii = c'tan^0, then 

dv = 2c^ sin (* aec'9 d& = 2c= sm fl c'^ (c^ + v)' d$, 
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whence sin d 



cdv 



also i 



= when ^ = 0. Tluis (7) Leeomes 

, f" A' 

Jo (rtH 
From (16) and the cor: 



v)\l?- 



equations we get 



'((.• + 



,»(«■ + .)'■ 



= 2tr(>ahas — — 



■ ^^f^'y]. (T^W'^i^Te^* 



["(^ 



(16) 



(17) 



Z= 'Awpfibcz 



By assuming v = jr'u it is easy to show that these expres- 
sions hold good for any point P wliose coordinates are - x, 
- y, and - s, and which lies inside the ellipsoid on the sur- 
face of the similar ellipsoid whoso semiaxes are fia, /il>, and^c. 

2'd. Components of Attraction at Internal Point 
found directly. — If the origin be taken at a point P inside 
an ellipsoid, the equation of its surface gives a quadratic 
equation to determine the intercepts on a radius vector r, 
making angles a, /3, y with the axes. If the lengths of 
these intercepts he denoted hy r^ and r^, the component X of 
the attraction of the ellipsoid at P is given by the equation 
X= Jp {Vi - n) cosa(?w ; but )'i and - rj are the roots of the 
quadratic equation in r, whence, ii -x, -i/, -s denote the co- 
ordinates of P referred to the centre as origin, we have 



p— OOS'a + yy cos a 

.2p\». '1. 



-J COS <i COS y 



^ff 



coe'fl 



- COS' 9 sin 9 dS dip 



eos^y sin*0 cos^^ sin'fl sin'<^' 
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Compomnts of Attraction exp?-essed hy Elliptic Fumtions. 29 



T: 



Bin^fl eos"^ sm^O 



-[ 



sill •jid<^ 






The eompononts T and Z are obtained in like i 
and the subsequent reductions are the same as those in the 
preceding Articles. 

It is obvious that X may be expressed by the equation 



X 






24. Coiuiionmite of Attraction expressed by Elliptic 
Functions. — The expressions for X, F, Z given by equations 
(15) can be made to depend on elliptic functions of the first 
and second kind. 

In order to effect this transformation, assume AiM = tan ip, 
and let 



a'-P^h\ a'~c'^¥, ^^^^-'^\ Jl-<c^sin^^ = A{^}= A. 

,1 , tan-ii , see-ii ,, , , , „ , , 

then !r = — r-r, «" = -^r-^ <'w^ I + Ai'm- = see's/;, 

I+X^h"^ -\\ — ' . „ ' sin^ii ! seo^ = seo'ii A'^ ; 
hence, if the equations for X, Y, Z be written in the form 
X.yf.7„r.^*rt, Z.frt. (19) 

J aW) t'J aW) 
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In the ordinary notation of elliptic functions 

Introducing this notation we have 

where ipi = tan"' A,. The values of 7j and I^ can be obtained 
directly from (15), but it is easier to deduce them from that 
of /, in the following manner : — 

From (18) and the corresponding equations for T and Z 
we have 

- + - + - = 2p J rf<^ = 4fl-p, (22) 



X 



y s '^ }a' 



'M'b^ OOS^y + S^c" COS% + cV C08*/3' 

From the first of these equations we get 

and from the second, by means of reductions such as are 
applied to the expression for Zi in Art. 21, we have 

By a transformation similar to that applied above to the 
expression for /i this equation becomes 

(I + A,^) /,+ (! + V) /,+ /, = ^^. (24) 

Hence, by (23), we have 
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The value of Ji being given by (21), if we solve for Js 
and is from (23) and (25) we get 



_F(W 



i."(V-Xfl X,(A,'-X,") V/(1 + X,')(l + X,") 






-g(» ) 
*,*■■ 



■■ (26) 



Hence, remembering that 

X, = tan 1^1, y'Ai^ = /c% c^ Ae' = F - A', 
from equations (19) we obtain 



^"{1^1) sin 1^1 CO81/;, 



(27) 



Equations (27) assume a simpler form in tlie case of an 
ellipsoid of revolution. Sucb an ellipsoid may be either oblate 
or prolate. 

In the ease of an oblate ellipsoid of revolutioa a = b, and 
therefore Ai = Xj = A. Hence F{^i) = i^-i - tan"'A, and equa- 
tions (23) and (25) become 

whence we obtain 

^' - ^, ftan-'A ^ T-^\ h = ,^ (A - tan"' A) , 
2An 1 + XV ^' 
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and therefore we have 

,.._, - 5^ !,,„-.»_ ^-li 



3Jfy 






(28) 



In the case of a prolate ellipsoid of revolution /' = c, and 
therefore Aj = 0. Putting Xi = A, we liave, then, 

j(« . [•■ J*L . loglli!^. bg IX + yiTx-i - ;t, 

^'^ ' J „ COS l/. * COS 1^1 ° ' '^ 

where tan ;/-, = X = sinh x- Hence equations (23) and (25) 
hecome 

yi + i" * •l+X" 

whence 7, - ~ (X v/m=- xl. 

and therefore 

^ - X^i" P " '™^ X j - Jijr (log (X + v^l ' X") - -^j^j 



SMi/ i 



SMg 

jx yr+T- - log (X + yrrx^ j 



(29) 



-|^{X^l + X'-leg(X+yi+X=)| 

The methods employed in this Article are due to 
Mr. F. Purser. 
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Examples. 



I. If X, Y, Z be the compoueiits of the atfrautlon of a homogeneous ellipsoid 
at an internal point, wlioae eourdiiiates are -x, —y, — s, show geametrioally 



where p is the denaitj of (ie ellipsoid. 



from which equation that giyen above follows hy Art. 21. 

3, If a straight line be drawn trom. the centre to the 
geneoua ellipsoid, prove that tte directions of tie ri 
points of the line are parallel. 

3. ProTB that the attracticn of a homteoid at a point on Us ostemal surface is 
in the direction of the normal, and is expressed by iwpS, wbere 5 is the thictneBS 
of the homteoid at the point- 
By Art. 16, flie attraction at a point P inside and infinitely near the intenial 
snrface of the homoaoid is zero- As P passes through the homceoid to the out- 
side, the normal component of attraction ia altered by iirir, Art 16, the other 
components remaining unchanged. Honoo, outsido and infinitely near tho 
external surface, the total attraction is in the direction of the normal and is equal 
to 4iro, but in this case a = fS. 



4. Show that the attraction of a homceoid at a point on its external surface 
varies directly as the central pei'pendicular on the tangent plane at the point- 

11 p denote lie central perpendicular on a tangent plane, a, 0, y its direction 
angles, and a, b, e the Bemi-asea of the ellipsoid, wo have 



Hence, ii a,b, c vary, a, B, y remaining constant, 

hut in passing from an ellipsoid to a conseeutiva similar ellipsoid 

da db dc , 1. , J , * L ^ J 

--—- pdp = p' — ^ whence 5 = ap — 
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and it E denote the altrantion of the homreoid at tbe poini 
tangent plane, 



fl. A mass ol homogeneous fluid, aubjoct to its own attraction, la rotatii^ as 
a rigid body with a uniform angular Telocity ; proye that its estemal eucfaee 
may be fin oblate ellipsoid of revolution hariiig ita shortest axis coincident with 
the asia of rotation. 

When a fluid is in equilibiiuni.ita free surface must be perpendicular at each 
pwnt to tbe resultant loroe. If the fluid be in motion, by D'Alembert'a 
Principle (see " DyaamioB," chap, in.), the acting forcea, together with the 
forces of inertia, foim a system in ec[ui1ibrium. In the present case, if x, y, z he 
the ooordinatea of a point on the free surface of the fluid, dx, dp, dz are propor- 
tional to tLe direction coainea of a tangent at this point; and if the axia of 
rotation be taken as tte asis cf a, and to denote the angular velocity, the com- 
ponenta of the acceleration of a particle of fluid at x, y, a are — si'x and — a'y. 
Hence, if 2, F, ^ denote the components of the force per unit of mass acting 
at the point x, y, s, wc have 



The attraction components X, Y, Z are then of the form - Ax, — Ay, and — C%, 
where A and (7 are giren by equations (28), and the differential equation of the 
ellipsoid is 

3;ifo^4-srfy+ (1 +A')3rfE = 0. 

This is identical with the equation to be satisSed at the free surface prorided 
that (1 + t^) {A — 10^) = G. If p, the density of the fluid, and ai' be giveif, this 
equation deteiminca \. Substituting for A and 6' from (28), rememhering that 

M = - irpii' {I + X\ and putting - — := q, we have 

tan- A - 3 + ;ii ■ 

For a discussion of this donation see Laplace, " M&anique CeleBte," Livre 
ni., chap. iii. Laplace neea g to denote - — . 

6. An ellipsoid with three unequal aies, and having its shortest asis aa the 
asis of rotation, ia a possible form of relative equiEbrium for a revolving mass 
of homo^neous fluid. 
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The components of tie attraction ol an elKpaoid at a point x, y, z on ita 
surface are cS tie form - Ax, - By, and - Ci. If we substitute these eipres- 
dOQB for X, r, ZiM (a], Ex, 5, we have 

The differential equation of tho surface of the ellipsoid ia 



and this equation is identical with the former provided that 

(7= [I + M') {A - a.') = (I + A,') (-B - »=). 

If we eliminate »= from these equations, we hsTe 

(1 + A,') (1 + Ai,=) {A-B) = (As" - Ai') C. 

Substituting for A, B, Cfrom (15), and putting 

y(I + A,'«=)(l + A2'«S) - P, 
we get 

(1 +Ai=) (1 + A.^) \'^ (i-^r|^, - rrr.^) '■^= (^^'-^'=) [ 

Transposing and reducing, we have 



(A, + A=) j^ '■ - ■ - > -p3 ^ =/(A,), 

we see tiat /(Aj) is positive when As = 0, and negative when As = so . Hence 
/(As) must vanish for some positive value of Aj. This vulue of A; gives a real 
ellipsoid satisfying the conditions of the question, provided tjio corresponding 
values of Ai and a' are real and positiTe. From tha equations of condition given 
ahove we find 

" " 1 + Ai'~l + Ai^ cs Jo (l + Ai'ai)I7* 

whence it appears that if Ai he assigned, the corresponding value of &i^ is real and 
positive. The above theorem is due to Jacohi. 

7. If the figure of a revolving mass ofhomogeneous fluid in relative equili- 
hrium be an ellipsoid, its shortest axis must be the axis of rotation. 
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36 Remltant Force. 

A particle o£ fliiid at the astremity Sf the axis of rotation has no aceeleratioQ, 
and dierefore tiie Tosulfaiit attraetion at this point is normal to the surface ; but 
from equations{15)or (27), it ia plain that, the resultant attraction ot an ellipsoid 
ia not normal to the surface except at the extremity of an asie. Henoe the asis 
of rotation ia an axis of the ellipsoid. If it be not the shortest axia, let it be the 
axis of a ; then the equation to be satisfied at tbe free surface ia 

Ai:di: + {B-w'^)ydy f (C- »') jrfu = 0, 

which must therefore be identical with 

Thence (I + M^) A = G~a^, 

)OBaible value for «=. If the asia 






Hence the only posable axis of rotation is the abortcst axis of the ellipsoid. 

8. Aq approximiitely spherical ellipBoid having three unequal axes ia not a 
posrable form of equUibrinm for a revolving mass of homogeneous fluid. 

If an ellipsoid having unequal axes be approxjmately spherical, Xi and Xj 
must be both small quantities, less than unitj; but /(Ai) in Ex. 6 is positiye 
when As = 0, and remains positive so long aa \^ \j' < 1 . Hence tie value of 

As for wliichy(A!) vanishes is greater than — j ; and therefore if \i be less than 

unity. As mnat he greater than unity for the ellipsoid which is the figure of equi- 
librium. This eUipsoid cannot therefore be approximately spherical. 

The theorem above is prayed by Laplace by tlie use in spherical harmonics. 

9. A prolate ellipsoid of revolution is not a possible form of relative equili- 
brium for a revolving mass of homogeneous flnid. 

If the aiis of revolution of the ejBpsoid be the axis of rotation, the theorem is 
a particular case of Ex. 7, and is given by Laplace, ' ' M^canique Celeste," Livre 

If the axis of rotation be perpendicular to the osis of revolution of the ellip- 
loid, /(Ai) in Ex. 6 should vanish when " '.-.'■■ . .■ 



therefore under no circumstaaces can a prolate ellipsoid of reyolution he a 
figure of equilibrium. 



1 0. Prove that the direction of the i-esultaiit atti'aetion at any point of the 
surface of a prolate ellipsoid of revolution lies between the normal to the surface 
at tho point and the line ilrawn from it to the centra of th.e ellipsoid. 

Let a be the angle which tlie resultant attraction at any point of tlie surface 
of a homi^eneaus prolate ellipsoid of revolution makes with the axis of revolu- 
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2(x-taulix] ^^' 
(0 if ;■ he tha angle which the normal at the same point makes with the asis 

toii^ = (l + X=)^=^oosh2x- 

s for tan a and ton y, we see that •'>a, pro- 

-^(x) = X (2 cosh'x + 1) ~ 3 Binh X cosh X' 

Now ^{x) = X (3 + cosh 2x) - t ainh 3x- 

and if we substitute for cosh 2y and sinh 2x Iheir expansions in powers of 2^, 
we see that FM ie positive when x i^ positive, and x mii*' ^^ positive, aiaca 
it ia the logariliin of a quEintity greater than unity. 

Again, tana > -, provided that sinhx ooahx - X > ^ (x- tanhx)- 

This condition is fulfilled if /(x) he positive, where 

/(x) = sinhx ooah'x + 3 sinhx - ^X coahx; 

but here fix) = i (siuh 3x + " ^uh x) — ^X "'^ X ' 

and expanding in powers of x we see, as hefore, tliat/(x) is poative. 

By a similar procedure the same result can be obtained in the ease of an 
ohlfite ellipsoid of revolution. 

11. Find the mutual attraction between the two hemispheres into which a 
homogeneous sphere is divisible by a plane tiiroagh its centre. 

If the sphere were fluid, it would be in equilibrium under its 
then the fluid pressure p at any point would be given by tho equation 

but p = when r = » tho radius of the sphere ; 



P = iVJj £"(«'-'■=)'■ 



Now suppose one hemisphere of Ihe fluid sphere rigidifiod, it will re 
luilibriom under the same external forces as those which acted on it 



y Google 



Resultant Force. 



AnothBr method of arriTiag at tWa result will be found in Ex. 14. 

12. ProTB geometrieallj' that .the (iomponent, patdlel to an axis, of lie 
atfractifin of an ellipsoid S at a point P on its surface, is equal to tlio attraction 
of an ellipnoid E', aimilar to E and Eimilarly placed, at a point at the extremity 
of fio parallel axis, provided this asis be equal to the parallel chord of E drawn 
tlttough P. 

Let FZ he the chord of E parallel to au axis of E, and let C he the extremity 
of the codireotiiinal axis of E', then, being the centre of the ellipsoids B and 
B, we have 20G'=PZ. 

Draw any plane through FZ, it meets the ellipsoid £ in an ellipse whose 
axis is parallel to FZ, and the parallel plane through OC meets the ellipsoid ^ 
in a aitnilar ellipse. Suppose these two ellipses put in one plane and made 
conientrio and similarly placed, than the asis of the inner is equal to the parallel 
chord JZ of the outer. 

Draw two chords FEi and FMi making equal angles with PZ on opposite 
sides, join PC, and from the point F where it meets the outer ellipse again 
draw P'.S' parallel to /'Jii; draw also CI'i and C'Tt, chords of the inner ellipse, 
parallel to Pifi and PPj. Then PR' = FJii, and the middle points of F'X, 
C'T, and FSi are in one straight Hne, and C is tie middle point of FP, 
wherefore 

CTi+ C"T2 = 3CPi =FSy + F'S'=PF, + PIlt 




when Si and Pa are on opposite sides of FZ; hut 

2CTi = PP, - Fg = FSi - FBi 

when Pi and Si arc on the same side of PZ. lIcncB, as the attraction of a thin 
eone at its vertex is proportional to its length, the truth of the theorem is 
manifest. 



y Google 



Examples. ' 

13. Show how to represent the atbaction of a homogeneous ellipsoid a 
point J at the extremity of iffi asis by means of an arc of ono of its focal con 
and Ihe tangent drawn at the extremity of this arc. 

If Pbe at the end of the ehortest 
s^aa 2a of the ellipsoid, assume a. 
point Q on the longest asis such that, 




Of3 = <A,yni^', 

and draw through Q a tangent QT to 
the focal ellipse; then, if ^ be the 
angle which the perpendicular p from 
O on QT maltea with the axis-major of tie eUipse, putting OQ =i, \ 

f C0S=J/ =p^ = e' {Ai' cos'ifi 4 Ai!= sin=i|). 

Substjtuling for { wo have 

Ai^ Ai= m' = (Ai" Kz" u' + A2') sinV ; 

AlU C\\ At' K 1?M 



■■"'^V(l+».-.')' -~-'-i/(H ».'•■)■ 

If A be the eitremity of the axis niajor of the focal ellipse, and if 
QT= t, aic AT = s, it is plain, hy drawing a conBecutive tangent Q'T' whoso 
length ia f, that i* - ( = sin if-dj + s' - s, whence sin ijirf| = dt — da. Now if 
Zz be tie attraclion of the elKpsoid at P, by (U), Art. 31, we have 



where t is drawn from a point K on the axis such that 
If the point P be at the extremity of the mean axis, x. 



« = V?^J(-^-)^ 



then, proceeding in a manner similar to that above, we find 
where t ia the tangent drawn from a point K such that 
a~d s ia the corresponding arc o£ the focal hyperbola. 
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at tho extremity of the longest axis can Tie found from ttoee 
of the other two hymeoiia of the relation given in Ex. \. The 
ia example is due to Mao Cullagh . 

) a principal 

Xet 'E\ and i'j be iJie semi-ollipsoidB intn which the ellipsoiii S \s dirided 
by lie diametral plane. The attraction uf h on E^ is compounded of the 
ttttractioae of Ei on ft, and of Ei on itself, but tbe latter ia zero, being the 
resultant of pairs of equal and oppoEit* forces, and therefore the attraction S, at 
Si on Ss is equal to that of the 'whole ellipsoid on Hi. 

If the diametral plane be perpendicular to the shortest axis of the ellipsoid, 
then, for tie correaponding attraction Si, we have iig = Cp jjj ziixdi/da taken 
through the volume of the semi- ellipsoid, O being given by equations (15). 
If we change the Tariables by assuming 



WB obtain iJa = C/> ™ [ Crf| dr} d( 

taten through tbe volume of the bemispliGre whose radius is 



wbftre M denotes the mass of the ellipsoid, and C is given by (15) or (27). 
In like manner, for diametral planes perpendicular to tba other two a 
tbe ellipsoid, we have 



15. Sbowtbatthe mutual attraction of the two aemi -ellipsoids situated on 
Oppoaite sides of a principal piano is equal to tbe attraction of tbe entire ellipsoid 
on a particle of half its own mass situated at the centre of inertia of one of the 
semi- ellipsoids. 

16. Show how to determine the attraction of a homogeneous solid of revo- 
Intioii at any point on its axis. 

If we take the point for origin, the axis of revolution for axis of te, and a 

Jsrpendic^ar to it tor that of y, and if X denote the required attraction, by (3), 
rt. 14, we have 

17. Determine tbe form of the homogeneous solid of revolution, of given 
density and mass, whose attraction at a point on the axis of revolution is the 
greatest possible. 
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The axes beicK taken aa in Oiolast example, the mass of the solid is ssjressed 
ty wfly'dx. Hence 



J*^ V^^y'] 



whence, putting a = — 5, we obtain for the eqnatioii of the curve which gi 
rates the required solid 



This curve passes through the origin and cuts the axis of x there at right 

A curve whose equation is —^ = 0, n'here (7 is constant, obTiously poBiaeeaei 
the property that an element of mass, wherever it is placed on this curve, pro- 
duces at the origin tiie same component of attraction parallel to the aKis of x^ 
By varying 9 andkeepingj- constant, we see that, asCinorease3,the correaponding 
curve approaches the axis. Hence, if au element of mass be moved from one 
of these curves to another lying inside the former, the attraction component due 
to this element is increased. It is now eaay to verify the result obtained 
already hy the Calculus of Vaiiations ; for if the generating curve A lA &s 
surface hounding a solid M having the required mass be not a curve of the above 
form, describe a curve S of this farm, such that the correspooding solid has the 
mass required ; then, if the mass in that part of A lying outside B be moved 
into the space inside B not enclosed by A, the attraction component of Jf ia 
increased, and is therrfore a maximum when A coincides with B. 



18. An uniplanar mass m, acting inversely as the distance, is placed at a point 
on the circumference of a circle whose centre is 0, and which passes through a 
point P; show that the force which m eserts at P in the direction PO is tha 
same wherever m be situated. 

19. A given amount of uniplanar mass is homogeneously distributed sobs to 
produce the greatest possible attraction at at a given point P; the densitj" of 
the distributton being assigned, find the form of the curve hy which it is 
bounded. Ans. A circle passing through P. 

20. Deduce equation {25], Art. 24, by direct integration from the values 
of Ji and li given by (13), Art. 21. 

By(15)w • 






.-)» 
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wteuoe (25) follows by tronspoEition. 

21. Find from equations (15) by direct iategration the compoaeats of the 
raction of aa oblste ellioaoid of revolution at a point on its surface. 



Attraction of aa oblste ellipsoid of revolution at a point 

Hero x=-^^\^-^^^-^^. 

Futting x« = tan ij^, wo liave 
_ ZMx r tan'i^ sec'if d-^ _ ZMx 



ec=if# 3J& [ ,., , .„ ^Mx 

wieie tan ^1 = A. Again, 

22. Find fiom equations (15) by direct integration tiie components of tbe 
utoljon of a prolate ellipoid of revolution at a point on its surface. 



^Mye' 



^' Jo{l + A=«')i 
Putting \ii — ainli x, we have 

a'c^ J cosh'x 

3,% r siuh'x cosh x '^X 
a' c!' J cosh X 
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CHAPTER III. 



25. Field of Force. — A region of space considered in 
reference to the action of attracting or repelling masses is 
called afield of force. 

If a curve be drawn in a field such that the tangent at 
each point is co-directional with the resultant force at that 
point, the curve is called a line of force. 

If X, y, s denote the coordinates of a point in the field, 
and X, ¥, Z the components of the resultant force at that 
point, the differential equations of a line of force are plainly 

dx dy d% ,,, 

So long as a line of force does not pass throngh mass it 
is continuous. In the case of a volume distribution, the 
resultant force is always continuous both in magnitude and 
direction ; but X, Y, Z are iwt, in general, the same functions 
of the coordinates inside and outside the acting mass. We 
have seen (Art. 13) that this is so in the case of a homo- 
geneous sphere. The equations of a line of force in gene- 
ral, therefore, become different when the Kne passes from 
space occupied by mass into that which is unoccupied, but the 
two curves have a common tangent at the boundary of the 
raase. 

In the case of a sphere, it happens that the lines of force 
both inside and outside the sphere are straight, and so in 
this case the one curve is the continuation of the other. 

When a field of force is due partly or entirely to a surface 
distribution, the resultant force is discontinuous at the surface, 
and therefore in passing through the surface the line of 
force either stops fdtogether or changes its direction abniptly. 
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A line of force at no point of which the resultant force 
vanishes, cannot he a closed curve, if the force he dne to per- 
manent attracting or repelling masses. 

For if it were, an element of mass placed on the curve 
would be driven round and round continually, and so an 
unlimited amount of work could he produced without the 
consumption of materials or using up of energy, which is 



36. Ciaiiss' Tbeorein. — For any system of mass, attract- 
ing or repelling with a force varying inversely as the square 
of the distance, if N he the componeut of the resultant force 
along the outward drawn normal to a closed surface 8, the 
integral J NdS taken over the entire surface is equal to 
4:irM + 2TrM\ where M is the sum of the masses inside, 
and M' the sum of those on the surface, and those maascB 
which attract are regarded as negative. 

To prove this, let us consider the force dia.% to the mass m 
concentrated at any point 0. If be outside 8, and if r be 
any radius vector drawn from which penetrates inside the 
surface, it must pass out again, and coiTesponding to every 
entrance there is an exit. 

If we now suppose a 
cone of infinitely small solid 
angle d<o to have for its 
vertex and r for its asis, the 
element of surface which it 

T''^ 

!0S1^ 

normal to the surface element dS. Since iVis the component 
along the normal drawn outwards, and the force exerted by tn 
is supposed repulsive, N-i the normal component of the force 



— ^ cos ipi, whence Ni dSi = - mdio ; 

again iVk the normal component at an exit is — cos i/ij, and 

therefore NidS^=mdw, whence NidSi + N^dS^^d. As 
the number of entrances is equal to the number of exits, the 
total contribution to the surface integral jXfdS due to the 
cone having the line )■ for its axis is zero. A similar result 
holds good for any other radius vector from 0, and also 



y Google 



Gattss' T/iearei. 



45 



for every element of mass outside 8, and therefore the part of 
the integral J JViiS due to mass outride 8 ii zeio 

If be inside S, any radius vector / from it must pass 
once out of the surface 8 without a coriesponding entrance 
and if r enters S theie must fti each entiance be a coiie- 
sponding esit ; hence the whole contribution to the surface 
integral I NdS due to the cone having i i i asis is mdu In 
order to get the whole poition of 
the surface integral due to tm, we 
must integrate dn) all round 0. , 
In this manner we obtain iirtn. 
A similar result holds good for 
every other element of mass in- 
side 8. If be on the surface 8, all radii vectores from it 
on one side of the tangent plane pass out of 8 once without 
any con-esponding entrance. Any radius vector from on 
the other side of the tangent plane either does not meet 8 at 
all or else accomplishes as many exits as entrances. Hence 
in this case the entire contribution of the mass m at to the 
surface integral is ^mdw taiien over a hemisphere, that is 

Finally, if we add together all the parts of the integral 
due to the various elements of mass, we obtain 

iNdS=iTrM+2,rM'. (2) 

The number of entrances and exits of any one radius 
vector which meets the surface S depends on the form of this 
surface. 

If the closed surface 8 contain two adjacent regions 
separated by a single sheet, thia sheet must be counted twice 
over, once as a boundary 
to each region, or, which 
comes to the same thing, 
not counted at all. As 
an example of a surface 
such ashas been described, 
we may take a sphere and 
the portion of another 
sphere terminated by the 
curve of intersection of the two. In this ease E 
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out of the complete sphere it may enter the region enclosed 
between the two spheres. The part of the complete sphere 
which forms the boundary between the two regions is then 
to be counted twice over in the estimation of the integral, 
and in passing through this surface r accomplishes both an 
exit and an entrance. 

27. E qui -potential Surraces. — When the acting mass 
is all within a finite distance of the origin, its potential at 
any point P may be defined as the work done against the 
forces of the nystem in bringing a unit of mass ft from an 
infinite distance to the point P, the position of the masses to 
which the field of force is due being supposed to be invariable. 

Since in any displacement of n perpendicular to a line of 
force no work is done, the potential must be the same at all 
points of a surface cutting the lines of force orthogonally. 
Hence such a surface is called an equi-potential surface. 

28. Tubes of Force, Solenoids. — If through every 
point of a closed curve on au equipotential surface a Hue 
of force be drawn, and these lines produced to meet another 
equipotential surface, we obtain a tube of force. 

In an infinitely small tube of force having no mass inside it 
the product of the resultant force and orthogonal section of the 
tube is constant. 

For let Si and Sj be orthogonal sections of the tube, and 
iJi and Bi the values of the resultant 
force at these sections. The portion 
of the tube intercepted between the 
sections 2i and Ss forms with them 
a dosed surface for which | NdS = 0, 
but at each point of the surface made up of the lines of 
force iP = 0, and at tlie termination Si which is perpen- 
dicular to the hues of force N" = - Ii^, whilst at S3 the normal 
component iV = .Bs, whence 

i ms = na^ - -R,^>, 

and therefore B,^, = ii^S,. (3) 

"When the geometrical form of a tube of force is known, 
equation (3) enables us to determine the intensity of the 
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resultant force at any assigned point of a line of force when 
the intensity at one given point is known. 

If a tube of force pass through mass the product oj the 
resultant force attd orthogmal section is increased by AnM, where 
M is the total amount of mass which the tube contains. 

For in this case 

whence R.^^ = S.Si + AttM. (4) 

When a vector quantity, that is, a quantity which has 
direction as well as magnitude, varies throughout a certain 
region of space in such a way that J Nd8 taken over any 
olosed surface 8 drawn in the region is zero, N being the 
component of the sector normal to the surface, this vector 
quantity is said to have a solenoidal distribution. 

From what is said above it appears that the resultant 
force due to attractive or repulsive mass has, in unoccupied 
space, such a distribution. Tubes of force are accordingly 
Bometimes called solenoids. 

29. Discontinuous Change of Resultant Force at 
Surface on Yvblcb tliere is Finite Mass. — We have 
seen already, Art. 16, that when a point P passes through a 
surface 8 on which there is a distribution of finite mass, the 
force component normal to the surface at P changes dis- 
continuouely by the amount iw(7, where a is the surface 
density. The truth of this theorem, which is one of great im- 
portance, follows readily from the properties of tubes of force. 

For, draw a tube of force containing the element d8, let 
ip, and i/^s be the angles which its 
directions on each side of dS make 
with the normal to the element, 
2i and Ss its corresponding ortho- 
gonal sections infinitely near dS, 
and fli and i2s the volumes of the 
portions of the tube included between 
dS and Si and Ss, respectively. Then, by equation (4), 

R^ Ss = iSi 2, + 4t (p,Q, + p,Qj + TdS] , 
where pi and pa are tJie densities of the volume distributions 
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close to d8. Now Si =dS cosipi, ^i = dS cobi^i, and Q; and 
Qa are infinitely small quantities of an order higher than d8, 
and therefore 

Us cos ■\pi = Ri COS 5^1 + 47ra-. (5) 

Hence, when P passes perpendicularly through the 
surface, the normal component of the resultant force in the 
direction in which P moves is increased by 4t(7. 

If we imagine a small closed circuit consisting of elements 
of lines on opposite sides of 8 parallel to and infinitely near 
a tangent, and of two consecutive normals, and if we suppose 
an element of mass to move round this circuit, no work is 
done in this displacement by the forces of the system since 
the circuit is closed. But the work done in one normal dis- 
placement is equal and opposite to that done in the other, 
hence the work done in one tangential displacement is equal 
and opposite to that done in the other, and therefore a 
tangential component of the resultant force cannot change by 
any finite amount in passing from one side of the surface to 
the other. 

"We can now write down the equations which hold good, 
at any point P of a surface on which there is a distribution 
of mass, between Xi, ¥„ Zi, the components parallel to the 
coordinate axes of the resultant force on one side of the 
surface, and Xj, Y3, Z%, the components on the other side. 
For, let I, m, n denote the direction cosines of the normal, and 
X, ft, V those of any tangent to the surface at the point P, 
then, by what has been proved above, we have 

I (Xs - X,) -h «; ( F= - F,) + n (Z, - Z,) = 4ir,T, (6) 

X (X, - XO + ;« (F, - F) + V {Z^ - Z,) = 0. (7) 

30. Electric Conductors and Koii-Conductars. — 

In reference to electric phenomena, bodies are usually divided 
into conductors and non-conductors. The observed properties 
of the former, so far as we are concerned with them, may be 
explained by two hypotheses: — 1. All bodies contain inde- 
finite but equal amounts of the two kinds of electric roass 
which an electric force tends to separate and drive in opposite 
directions. 2. In a conductor, electric mass moves freely in 
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any direotion in whieh it is urged by the eleotric forces of the 
field, but if the conductor be insulated, that ia, surrounded 
by non-conduetors, no electric mass can leave the conductor. 

As a consequence of these hypotheses, we see that there 
can be no force at any point in the substance of a conductor 
in electric equilibrium, for if there were such a force at any 
point P, the two kinds of electricity at P would be separated 
and would move in opposite directions. 

Again, at a bounding surface of a conductor in electric 
equihbrium, the resultant force must be normal to the surface, 
for otherwise there would be motion of electric mass along 
the surface. 

Henee, when an insulated conductor is brought into a 
field of electric force, a separation of electric mass takes 
place in its substance, and this separated mass is distributed 
in such a way as to modify the field of force so that at each 
point in the substance of the conductor the resultant force 
is zero, and that at each point on the bounding surface the 
r^ulttuit force is normal to the surface. 

From this last result it follows that the surface of a emi' 
diicfor in electric equilibrium is an equi-poteniial surface of the 
then easting electric field. 

Also, if a be the density of the surface distribution at any 
point, since the resultant force inside the surface of the con- 
ductor is zero, by Art. 29 the resultant force infinitely near 
the surface outside is expressed by itra. 

The action of electrified bodies in producing a separation 
and redistribution of electric mass in other bodies from which 
they are separated by a non-conducting medium is called 
electric induction. Faraday discovered that this action is 
dependent on the nature of the intervening medium. 

In the case of homogeneous isotropic media and for the 
standard medium, in which the unit force ia that between 
unit masses at the unit distance, results obtained from the 
theory of direct action at a distance according to the prin- 
ciples given above hold good experimentally. For other 
homogeneous isotropic media, the force between unit masses 
at the unit distance is not the unit force, but is for each 
medium a fixed constant, whose reciprocal is called the 
specific inductive capacity of the medium. To obtain results 
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experimentally correct we have then to nmltiply each force, 
■wlien expressed as a function of masses and distances, by 
the constant belonging to the medium. 

The true theory for anieofrt^ic media, that is, media 
having different properties in difEerent directions, is compli- 
cated and not fully known. See Clerk Ma,xw6ll, " Electricity 
and Magnetism," Part i., Ohap, iv., Article 101 a. 

In the present treatise when we have to deal with electric 
induction we shall suppose, except the contrary be expressly 
stated, that the non-conducting medium is the standard 
isotropic homogeneous medium. 

It is easy to show by Gausa' theorem. Art. 26, that there 
can be no free electric mass at any point of a conductor in eleetrie 
equilibnum except the point be situated on one of its bounding 
sw faces. 

For, let i* be a point in the conductor, describe in its 
suhetance a closed surface S, surrounding P, then \NdSi = 0, 
since N is zero at each point of ■S, ; also there cannot be a 
distribution having a finite surface density on S^ itself be- 
cause N is zero both inside and outside S, ; therefore the total 
mass inside Si is zero, and as jSi may be made as small as we 
please, it follows that there is no mass at P. 

31. Tabes of Induction.— A tube of force is positive 
when its direction coincides with that of the resultant force 
of the field acting on positive mass. 

When the field of force is due to the presence of a 
number of charged conductors in electric equilibrium, there 
is no force in the substance of any one A of these conductors ; 
but if there be a positive charge on any element dS of its 
surface, a positive tube of force T, in which \EdSi = 'iiradS, 
starts from this element. 

It is possible for the resultant force to vanish at a point 
or line in unoccupied space. Such a point or line is a point 
or line of equilibrium. 

It may happen that some of the lines of force bounding 
the tube T pass through points of equilibrium ; but since 
I i?rfS is constant, there must be a continuous portion of this 
tube for which R does not vanish. Similar reasoning applies 
to this portion in its subsequent course, and we may conclude 
that T cannot terminate in unoccupied space, and that there 
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must be some lines of force inside the tube Tfor whioli E does 
not change its sign bo long as T does not pass through mass. 
We can now see that T cannot return to the conductor A ; 
for if it did, a line of force L inside T, on which R doea not 
change its sign, would meet the conductor A in points Q, and 
Q'; and the circuit partly composed of X would he completed 
by the line Q'Q on the conductor, in a displacement along 
which no work would be done on an element of mass by the 
forces of the system. Hence the forces of the system would 
do work in the displacement of an element of mass round a 
complete circuit which is impossible. 

From Art. 35 it appears that a tube of force cannot be 
a closed tube returning into itself. On the whole, therefore, 
we may conclude that a positire tube of force starts from a 
conductor on which the charge on the portion of surface 
enclosed by the tube is positive, and either goes on to infinity 
or ends on a conductor on which the charge on the eorre- 
Bponding portion of surface is negative, the two charges 
being equal in magnitude. 

The leading property of tubes of force in reference to 
electrical scienoe is the numerical equahty of the charges on 
the portions of the conductors by which they are terminated. 
Tubes or solenoids along which this equality is propagated 
through an insulating medium are termed tubes of induction. 
It must be remembered that the identification of tubes of 
force with tubes of induction in the manner effected above 
holds good only under the limitations laid down in the pre- 
ceding Article. 

In reference to electric phenomena it would seem that 
the existence of tubes of induction is tiie primary fact. This 
was recognized by Clerk Maxwell who indicated a method ot 
basing on them the explanation of the observed phenomena 
of electricity. 

Another mode of doing this has been developed by Pro- 
fessor J. J. Thomson. These investigations do not come 
within the scope of the present treatise. 

In accordanoe with the theory adopted in this Article, the 
unit tube of induction may be defined as that in which J Ed's. 
taken over the portion of an equipotential surface enclosed by 
the tube is unity. The charge .B on a conductor may be 
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indicated by the numljer of positive unit tubes of induction 
startiEg from its surface, that is, by the excess of the number 
of positive above that of negative tubes. If n be this number, 
we have n = iTiE. If the unit tube were defined as that 
which encloses on the surface of the conductor from which it 
starts a portion having the unit charge, we should have ?* = S. 
Clerk Maxwell sometimes uses one of the definitions given 
above, and sometimes the other ("Electricity and Magnet- 
ism," Part I., Arts. 22, 82, 89 c). The latter definition is that 
which is adopted by Professor J. J. Thomson. The tubes 
which have been called above tubes of induction are by him 
termed Faraday tubes. 

In the case of tubes of magnetic induction, the definition 
of the unit tube adopted by Professor J. J. Thomson as 
well as by others is the first of the definitions given above. 

32. Indnctloo over a Surface. — If e be the angle 
between the normal drawn outwards at any point of a sur- 
face 8 and the resultant force R at that point, the integral 
J R cos £ dS taken over S is called the induction over the surface. 
It is plain that if iV be the force component normal to the 
surface, i^ cos t = N; and we conclude, from Art. 26, that in 
unoccupied space the induction over a closed surface, having 
no mass in its interior, is zero. 

Again, the induction / over a surface S bounded by a 
closed curve s depends only on the curve. 

To prove this, suppose any other surface S' bounded by s, 
then the induction over the closed surface composed of S 
and S' is zero ; that is, when the sides of S and S' next s are 
both regarded as interior, we have /= /'. 

If the field of force result from the joint action of several 
force systems, the induction / over any surface iS is the sum 
of the inductions /„ Zj, &o., due to these systems taken sepa- 
rately. This is obvious since N = Ni+ N^-i- &o. 

If there be any two surfaces in unoccupied space, the 
intervening region being devoid of mass, and if the portions 
of these surfaces enclosed by the same tube of force, finite or 
otherwise, be denoted by 8, and S^, the induction over Si is 
equal to that over 8^. Hence we conclude that if two dosed 
curves s, and Sj lie on the same line-of- force surface the value 
of the induction for the one is the same as for the other. 
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33. Field of Force iSymmetrlcal round an Axis. — 

When all the forces lie in planes passing through a common 
axis OZ, and in any two of these planes are equal respec- 
tively, and disposed in the same manner, the whole system is 
one of revolution round OZ. 

In this ease, points on the same line of foroe in their revo- 
lution trace out circles for which the inductions are equal. 

Conversely if there be two points Q, and Qa lying in the 
same plane through OZ, and if the induction for the circle 
traced by the revolution of Qi be equal to that for the circle 
traced by Qj, then Qi and Qj must lie on the same line of 
force. For if not, draw in the plane OQ1Q3 the equipotential 
curve passing through Qi, and let it meet the line of force 
through Qi in Q'j, then the induction over the portion of the 
equipotential surface lying between the circles traced by Q, 
and Q's must be zero, which is impossible except there be a 
point of equilibrium between Qj and Q'a ; therefore, in gene- 
ral, Qa and (^i are on the same line of force. 

34. Graphic Representation of lilnes of Force. — 
If the field of foroe be such as would he produced by a finite 
number of masses situated on the axis of revolution, it is 
always possible to obtain any number of points for which 
the value of the corresponding induction, as explained in 
Art. 33, is known. 

Let .4 be a centre of force on the axis of revolution OZ 
at which the mass is m' , then the lines of force for m', con- 
sidered alone, are straight, and the tubes of force are cones 
having A as vertex. Draw through ^ in a plane containing 
OZ, a straight line AP-i making with AZ an angle O'l such 
that 27rm' (1 - cos 6",) = ;, and draw AP,,, AP-i, &c., making 
angles 0'j, ^'3, &e., with AZ such that 

1 - cos Ci = cos fl'i - cos 0'; = 00a 0'j - cos O'a = &o. ; 



4 «' sin 6'dB'd<l, = Sttw' {1 - cos e\) , 

and [ " [ \in (TrfeWf = 27r (cos 6', - coa 9',), 

the induction is i for each cone of revolution whoso inner 
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and outer boundaries are generated by successive lines drawn 
as above. Hence, if F^, I\, &c. be the inductions due to m' 
for circles traced by the revolution of points on AP„ APi, 
&o., we have 

I\ = 1, r, = 2i, /'„■ = n'L 

In like manner for a mass m" situated at a point B on 
the axis we have 

/", = f, 7". = 2i, /"„" = n"i, 

where 1"„ &c. correspond to points on lines BQ^, &c. drawn 
through B such that 

2irm" (1 - cos 6",) =i, 1 - cos (f, = cos 6", - cos d'\ = &c. 

If now the field of force be due to the joint action of m' 
and m", and we take the point Ji in which the straight line 
AP„- intersects the straight line BQn", for the induction / 
corresponding to R, we have 

/-/'.■ + /".■■-(»' + «")•■; 

and if the numbers n' and n" vary, but so that n'+ n" == con- 
stant = w, we obtain a set of points for which the correspond- 
ing induction is ni. A curve pacing through these points is 
a line of force for the joint action of the two masses ni' and 
m". The points of intersection of these lines of force with 
the straight lines bounding the tubes of equal induction for 
a third mass, determine in a similar manner points for which 
the corresponding inductions are equal in the ease of the joint 
action of three masses. Thus a line of force can be drawn 
for this case, and it is plain that the method can be extended 
to the case of any number of masses situated on the axis of 
revolution. 

This mode of obtaining a graphic representation of the 
lines of force is given by Clerk Maxwell, " Electricity and 
Magnetism," Part i.. Chapter vii. 

33. Force acting on Slement of Surface of 
charged Conductor. — When a conductor is charged with 
electricity in equilibrium, the electricity in each element of 
its surface is, in general, acted on by a force normal to the 
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element ; and as the electricity cannot leave the element, the 
same force tends to move the element itself relatively to tne 
rest of the siirfaoe, and produoea stresses if this motion be 
prevented hy the cohesion of the material of the condactor. 
The electric force just outside the element rfS is i-Trrr, and 
inside the surface, in the substance of the conductor, is zero. 
To determine the force J which would act on an element 
of surface d8 if it contained a unit of electric mass, imagine 
a surface Si described in the substance of the conductor, 
inside and close to S. Since, by Article 30, the resultant 
force at each point of this surface is zero, jNdSi = 0; 
and therefore, by Art. 26, since there is no mass on Si, the 
total mass inside it must be zero. Now imagine another 
surface Sx coinciding with "Si except at the element dS where 
it coincides with S ; then / mS^ = i7rM+ 2vM'; but by what 
precedes Jf = 0, and M' = adS; also, N is zero everywhere 
on Sj except in the element dS, where it is the same as J; we 
have therefore JdS - ^ira dS, that is, J = 2'w<t. The force J 
is the force per unit of electric mass acting in the element. 
To get the mechanical force FdS tending to move the element, 
or producing stress in the material of the conductor, we must 
multiply J" by the electric mass in the element, that is, by 
adS. Hence we obtain 



where^ is the resultant force just outside the element ; whence 
F, the mechanical force acting on the unit of area of the 
surface of the conductor, is given by the equation 

The value of Jean be obtained in another way by con- 
sidering the normal force immediately inside and immediately 
outside dS. The total normal force immediately outside dS 
is made up of two parts, one due to the distribution on dS 
itself, which may be denoted by N„ and one due to the 
electricity on the rest of the conductor, which may be denoted 
by Ni. Inside dS the corresponding normal forces may be 
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deuoted by N\ and N\ ; then JV', + JV, = 0, and by (5), 
Art. 29, N,+Ni = 4ir[T ; but iV, and iV's can differ only by an 
infinitely small quantity ; also N's = - iVi ; bence N^ = iVi 
= 27rff. Again, the total resultant force whith the electricity 
on the element dS exerts on itself must be zero, and therefore 

86. Vuiplaiiar IMstrllbutioii. — In the case of a 
uniplanar distribution, the force varying inversely as the 
distance, the results of the preceding Articles hold good with 
some slight raodifloations. 

In this case curves talte the place of surfaces, and solid 
angles are replaced by plane angles, so that 2-u expresses the 
total angle round a point. 

Thus Gauss' Theorem, Art. ; 



^Nds = 2TrM+7iIir. (9) 

Instead of equation (4) we have 

R^d, = Bid, + 2TrM, (10) 

where d, and d^ are orthogonal diameters of an inSnitely 
email uniplanar tube of force. 
For (5) we must substitute 

-Bs cos ip3 = li, cos ^i + 2jru, (11) 

where v is the uniplanar line density on the curve s. Hence, 
when P passes perpendicularly through the curve s, the 
normal component of the resultant force at P in the direction, 
in which P moves is increased by 27rii. Equations (6) and 
(7) become 

/(X. -X) + m (F.- rO = 27r«, A (X,^ X,U /x (F, - F,) = 0. 

(12) 
To see that these equations are consistent with those for 
cylindrical distributions in three dimensions, the force vary- 
ing inversely as the square of the distance, we must remember 
that, in a uniplanar, distribution, the mass contained in an 
element of area is double the mass in the cylinder of unit 
height standing on this area in the corresponding cylindrical 
distribution, but that the resultant force S acting on the 
unit of naass is the same for the two distributions. 
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We see now that, in a wniplanar distritution, the force 
acting on the mass contained in an element of area is double 
the force acting on the mass in the corresponding element of 
volume in the cylindrical distribution. A similar result 
holds good for an element of a curve and the corresponding 
element of the surface of a cylinder. Thus instead of 
ecLuation (8) we have in the ease of a uniplanar distribution 

where F is the force per unit of length acting on a charged 

As a uniplanar distribution is merely a mathematical 
artifice, (13) must be transformed into (8) in order to have a 
physical meaning. 

For a uniplanar distribution, tubes of equal induction due 
to a single mass situated at a point A are sectors of a circle 
having equal angles with A as centre. Hence the method 
given in Art. 34 for drawing lines of force due to the joint 
action of any number of isolated masses, is readily applicable 
to a uniplanar distribution, the equations given in that Article 
for determining the tubes of equal induction being replaced 

by 

m'&\ = i, Q\ = 2d\, B's = 39',, &c. 

87. Eqiualitj' of Total mass tn Eqalvalent Bistri- 
butions. — If two different distributions of mass produce the 
same normal force at every point of a closed surface S sur- 
rounding both, the integral jNd8 is the same for one dis- 
tribution as for the other, and therefore, Art. 26, Mi = Mi, 
where Mi is the total mass in the first distribution, and M, 
the total mass in the second. 

Again, if the resultant force at each point of 8 be the 
same for the two distributions, if must be the same, and 
therefore as before Jfi = Mi. 

If the resultant force for the two distributions he the 
same at all points outside S, it must be the same at each point 
of 8, and therefore we conclude that — 

If two distributions produce the same resultant force at 
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every point of space external to a closed surface 8 surround- 
ing both, the total mass in the one distribution must be 
equal to the total mass in the other. 

If a curve be substituted for a surface, it is obvious that 
the results of this Article hold good lor a uuiplanar distri- 
bution in which the force varies inversely as the distance. 

38. Ceutrobaric Distribution. — If a distribution of 
mass M be such that its resultant force in external space 
always passes through the same point 0, the distribution is 
said to be centrobaric, and the point is called the baric 
centre. 

When a distribution is centrobaric, the resultant force at 
any point P in external space is the same as if the entire 
mass M were concentrated at the baric centre 0. 

To prove this, since the lines of force are straight lines 
passing through 0, a tube of force must be a cone having its 
vertex at ; then if dw denote the solid angle of this cone, 
S its section, and Hi the resultant force at a point P whose 
distance from is r, we have, by Art. 28, along this tube 

a, r' dm = 5,2 = constant = midtn, whence It,---r; 
r' 

and in like manner the resultant force -B„ at any point on a 
line i/„ of force is given by the equation 

■En = ^. 



Now suppose two points P and Q at the same distance r 

from O, at which the forces are — ^ and -^ ; take on OP and 

OQ points P' and Q' such that PP' = QQ', and connect 
PQ and P'Q' by ares of circles having as centre; then 
the work done by the forces of the field on an element of 
mass in moving round the closed circuit PQ(^PP is zero; 
but along the circular ares there is no work done, as they are 
perpendicular to the lines of force. Hence, in going from 

r to /, the work done by the force -^ is equal to the work 
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done by the force ~, and therefore jmi = wij : in general, there- 
fore, R - — ; but this is the expression for the force produced 

by a mass m placed at ; hence, by Ai-t. 37, we have m = M, 
and the theorem is proved. 

If there be an unoccupied region iS of space in the in- 
terior of a distribution of mass M which is centrobarie for 
this region, in which the baric centre is situated, so that 
a closed surface S can be drawn round having no mass in 
its interior ; then at every point of © the resultant force is 
zero. 

For by a mode of procedure similar to that employed 
above, it can be shown that, at any point of the unoccupied 
region whose distance from is r, the resultant force is 

—. Hence for the surface 8, by Act. 26, we have 

but again, since there is no mass inside B, we must have 

I NdS = ; whence m = ; 

and therefore at every point of the unoccupied region the 
resultant force is zero. 

In a centrobarie distribution due to mass within a finite 
distance from the origin, the baric centre must coincide with 
the centre of mass. This follows from the consideration that, 
at a point at infinity, the forces due to the various mass 
elements act in parallel lines, and are proportional to the 
corresponding masBes. Hence their resultant passes through 
the centre of mass; and therefore this point must be the 
intersection of two such resultants, and consequently must 
coincide with the baric centre. 

The theorems relating to the baric centre which have been 
established above may be proved in a similar manner for a 
centrobarie distribution of nniplanar mass for which each 
element of force varies inversely as the distance. 
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1 . Determine the Hoes of force and the equipotential surfaces in the in 
of a homogeneous ellipsoid. 

The differentia] equations of a line of force are 



where JT ia an arbitrarj constant. 

2. The attraction of a homogeneous spherical shell at an internal point is- 
zero, and at an eitemal point is the same aa i£ its entire mass wore concen- 
trated at its centre. 

It is obvious from symmetry that the shell is centrobario both for an internal 
and an eitemal point, the baiio centre being the centre of the sphere. Hence 
by Art. S8 we obtain tbe above results. 

3. If tiie resultant force in nn occupied apace he uniform in diioclaon it must 
be uniform in magnitude. 

In this case the lines of force are parallel sliiught lines ; a tnte of force ia 
therefore a cylinder whose section is constant. 

Hence by Art. 28 the force ia constant along any one line of force ; and by 
a method similar to that employed in Art. 38, we can show that the force does 
not vary in going from one Une of force to another. 

In this case me equipot^ntial surfaces are planes. 

4. A hollow closed conductor is eharped with electricity in e([uilibriun). If 
there be no mass in the interior hollow, show that at every point in it the 
resultant force is zero, and that there is no charge at any point on tlie inner 
surface of the conductor. 

Since the interior hollow S ia unoccupied, no tube of force can begin or end 
there ; and therefore, since a tube of force cannot be a closed onrvc, if there be 
a tnbe of force in ©, it must begin and end on the interior aurfaoe of the oon- 
dnotOF, which by Art. 31 is impossible. 

Again, since there ia no force on either side of the interior surface of tlio 
conductor, by Art. 29 thero can be no tharge. 
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5. Show that the electricity on o charged icsulated ellipaoidal conductor ia in 
equilibrium when, it ia so distributed that its density at eHch point of the ex- 
ternal Bucfaoe of the ellipaoid ia proportional to the normal liicktieaB oi Hb 
coincident bonnBoid. 

If the electricity be distributed in thia manner, by Art. 18 lie force at a 
point in the suhatance of the conductor is aero; aoA therefore, hy Art. 29, 
at the estemal surface, the resultant force is in the direction of the normal. 
The oondildona for electric equilibrium are therefore. Art. 30, fulfilled. 

6. In Ex. 6 prove that t the electric density at any point Q of the surface 
of the conductor, 3t the resnlfant force at a point outside the surface and 
infinitely near Q, and F the force per unit of area acting in ibe surface of 
tbe conductor at Q, are given by the equations 



itabc abc' Sir a'b'e'' 

where E is the total charge on the conductor, a, i, c its Bemi-aios, and p the 
perpendicular from its centre on the tangent plane at Q. 

By Es. 4, Art. 24, we have a = «p, where k is constant, but J adS = S, and 
^pd8 = iiiabc; hence we obtain a, and the expressions for S and J^ follow from 
Arts. 29 and 35. 

Prom the eipresaions for it, B, and^F, it follows that theao quantities become 
very large at pointa near the extremities of an elongated ellipsoidal conductor 
for which i and c are very email compared with a, 

7. Determine the diatrilration of electricity on an ellipaoidal conductor when 
one axis becomes evanescent. 

If p be the central perpendicular on the tangent plane at the point x, y, z on 
the siuface, we have, in general, 



when 5 and a are each zero, liia hi 






It is plain tbat the ellipaoid ia transformed into an elliptic plate -whose thick- 
ness at the edge is an inSnitely amall quantity of the second ordor. The density 
at the edge is infinite, but on th^t part of the surface of the plate where the 
density ia infinilo the total mass is iiiQnitely small. 
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In fact, at a point on the ellipse whose semi-ajes are va and vi, we have 

and therefore 

E 

iirai Vl - r' 
It 13 HOT easy to show, by integration, that On one surface of the plate hetween 
this ellipse and the edge the total amount of mass is JEVi - i'^, which is zero 

It ia scarcely necessary to remark that a eonductor such as that here sup- 
posed could not be realized in nature. 

If the ellipsoid be of revolution it hecomos a circular plate, and "we have 

_ -g 

where r ia the distance from the centre of the point of the plate where the 
surface density is a- 

8. Find a distribution of electricity consistent with equilibrium on a charged 
insulated inflnitely thin elliptic plate. 

The distribution a, which has been obtained in Es. 7 for the elliptic plate 
A into which an ellipsoid with un evanescent asis is transformed, giTea at each 
point of the plats not on its edge a force peipendicular to its plane. If we 
Buppoae an inBnilely thin plate B, whose thickness follows a different law from 
that of A, but whose eUiptio boundary is the same, to be substituted for A, 
the force at any point of B, not on its edge, doe to the distribution rr on its 
surface can differ by only an infinitely small quantity from the force at the cor- 
ceBponding point of A, and is therefore normal to B. Hence electricity E 
diatributed over an infinitely thin elliptic plate, whose thickness followa any 
law, ia in equilibrium if its density a on each aurfaoe of the plate at the point 
3!, y be given by the equation 

E 

The thiclmesa of the plate B at its edge may be an infinitely small quantity 
of the Jira order, but the total mass distributed over the surface intercepted 
between the two faces of B at its edge remains the same as the corresponding 
mass for A, and is therefore infinitely small, though the mode of its distribution 
is undetermined. Accordingly the expression obtained above for a remains 

In a subsequent chapter it will be proved that, under given conditiona, there 
is only one possible distribution of electricity consistent with equilibrium. 

9. A spherical soap-bubble ia charged with a quantity M of electricity; if 
this charge be just sufficient to keep the bubble in equilibrium, the air inside 
and outside being at the same pressure, prove that 

n along a great circle 
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It i? here supposed that the material surface of the sphere ie equally ex- 
panded in all direcitiona eo that the tension is the same along all great cireles. 
The normal pressure at a point F on the sphere is equilibrated by the tensions 
along all the great circles passing through P. Coiisidor now a small circle 
haTing its pole at P, the are rfs of a great circle from P to its circumference 
being infioiteiy email. If rfr be the angle between two tangents to a great 



and this must equilibrate the total force acting normally to the spherical area 
enclosed by the small circle having ds itfc radius. Hence if # be the magnitude 
ot this force per unit of area, 

fffaj' = 2T -is'. 

Substituting for F from Art. 35, and remembering that a = - — ^, we obtain 
the equation required. 

10. Prove that at any point of the surface of an ellipsoidal mass of homo- 
geneous liquid, rotating in relative equilibrium round a permanent aiis, the 
force acting on a fluid particle is proportional and parallel to the corresponding 
semi-diameter of the reciprocal ellipsoid. 
ta of the force are 



-{A--J')x, -[S-a^)y, and - Ci, 
whence, by Es. 6, Art. 2i, the above result is obvious. 

1 1 . Show that, for any distribution of mass, every line of foree which doea 
not encounter mass or pass through a point of equilibrium has an asymptote 
passing through the centre of mass. 

Prom Art. 31 it appears that the line of force has a point at infinity : and, as 
the resultant forte at Uiis point paaaes through the centra of mass, the truth of 
the theorem is obvious. 

12. Find the equation of a line of force due to masses m', in", m"', &<:., 
situated at points on the same straight line. 

By Art 34 we have 

i = 2«- {m- (1 - cos a') + m" (1 - cos fl") + &c. j; 



where if is the sum of the masses. If / be constant, this equation represents a 
line of force. 

It can readily be obtained from the consideration that the component of the 
resultant force peipendicular to a line of force at any point on this line is zero ; 
hence 
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but r'sine' = r" sin fl" = r'"sin fl"' = &c. =&<;.; 

whence Jn'ain e' de' + m" ein. 9" dg" + &c. = 0, 

which, bj integration, gives the equation abova. 

13. In Ei. 13 show how to draw lie asymptote to a line of forte for which 
[itre of mass, and makes with the aiis 

/ 

If / > ivM, tho valne obtained for cog 9 is impossible. In this case, the 
corresponding line of force has no point at inBnitj', and must therefore start 
from one of the acting masses and end on another, or pass through a point of 
equilibrium. 

If all tho masses Have tho same algebraical sign, there is no line of force for 
which I> i-rrM; for if there were, wo should have foe a point on this line 

- 27r {m cos 9' + m" cos fl" + &C.) > 2„ («.' + «i" + Src), 

which, on tiie hypothesis aboTe, is impossible. 

14. When the sum of the masses is zero, no lino of force at a finite distance 
from the axis can extend to inSnity. 

15. For two masses whose magnitudes are equal, and ^ 
signs areoppoeite, the lines offeree are magnetic ei "" 

16. In the case of a uuiplanar distribution, the lines of force for two equal 
massei, one attractiTS, the other repulsive, are circles. 

17. For two equal repulsive masses the lines of force in a uniplanar distri- 
bution are hyperbolas. 

18. If a field of force result from the action, of masses whose sum is aero, 
and which are situated at a finite distance from the origin, no tube offeree for 
which the corresponding induction is not infinitely small can extend to infinity. 

If such a tube extended to infinity, the induction over the portion of the 
sphere at infinity intercepted by it would be a quantity not infinitely small; 
but when the sum of the acting masses is zero, so also is the induction over the 
whole sphere at infinity, and the induction over any portion of this sphere oaniiot 
differ from zero by more than an infinitely small quantity. 
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THE POTENTIAL. 

Section I. — Elementary Properties. 

39. Oistorical. — Wlien a particle, whose mass is unity, is 
moving under the action of a force whose componenta X, Y, Z 
at any point are functions of its coordinates, the velocity v of 
the particle is given by the equation 

»' = 2 J{X<fe + Tdy + Zdz) + C. 

If tho quantity under the integral sign is a perfect differen- 
tial we obtain, by integration, a function JI of the coordinates 
whioh is called the force function. 

Laplace seems to have been the first to employ the 
force function in the solution of questions relating to attrao- 
tions. The powerful analysis of Laplace led to many results 
of great value, and showed the importance of a study of the 
properties of this function. The research was taken up 
with splendid success by Grreen, whose great theorem may be 
said to dominate the whole field of the higher Mathematical 
Physics, and to whom the terra Potential is due. 

Lagrange, in the "Mecanique Analytique," made frequent 
use of the force function which corresponds to a material 
system and which is obtained by integration from that 
belonging to a particle; but in his Equations of Motion 
in generalized coordinates he substituted another function 
which is equal to the force function with its sign changed. 
This latter function has an important physical meaning, as it 
expresses the potential energy of the moving system. To it, 
therefore, the term potential can be applied more properly 
than to the force function. 

40. nefinltlan of Hie Potential. — The potential of a 
mass system at any point is the energy due to the mutual 
action of the unit of mass placed at the point, and the system, 
regarded as invariably connected, placed in its actual position. 
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Into any assigned position, 



66 The Potmtial 

The potential of a system of repelling or attracting 
masses at any point may, perhaps, be more simply defined as 
the work done against the forces of tlie field, due to the system, 
m bringing ihe unit of mass to the point Jrom an infinite distance, 
the positions of tlie acting masses being supposed invariable. 

Since no energy is expended 
system unacted on by emternal force 
it is plain that one of these definitions is equivalent to the otlii 

When we have to do with attraotive masses the potentii 
as defined above, is negative. Hence, in the ease of a gravi- 
tation potential, if the acting masses be regarded as positive^ 
it is simpler to define the potential, at any point, as the work 
done by the forces of the system in bringing the unit of mass 
from an infinite distance to the point. The potential is then 
the same as the force function, and is the function which was 
employed by Laplace. In questions relating to gravitation 
the potential is still commonly so regarded. 

It would seem to be the simplest method in all oases to 
adopt as the definition of the potential the seoond of those 
given above ; and if the acting mass be attractive to regard it 
as negative, the unit mass acted on being always positive. 
In this way the algebraical expression for the potential will be 
the same as that for the function used by Ijaplaoe ; and when 
we have to consider only the potential and the resultant force, 
tlie same algebraical formulae will be equally valid for electric 
and gravitational masses. It must, however, be remembered 
that there is no mathematical artifice by which one algebraical 
formula, interpreted in the same manner, can be made to 
express the two physical facts, that masses of like tind repel 
one another in the case of electrical action, and that they 
attract one another in the case of gravitation. 

When the distribution of mass is cylindrical, the potential, 
as defined above, is infinite, and this is true also for the 
corresponding uniplanar distribution. 

For such a distribution, if X and Fbe the components of 
the resultant force at any point of the uniplanar field, the poten- 
tial V may be defined by the equation K = - J {X tfe + Ydy), 
where no constant is to be added. This definition is provisional 
only, and is to be regarded as relative to the mode of arriving 
at ^e form of the potential given in the nest Article. 
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41. Mathematical Expression for i^c Potential. 

— The force exerted at any point P, whose distance from the 

origin is r, by a mass m situated at the origin, is -j ; and the 

work done by this force in moving the unit mass from P to 
an infinite distance is 

— dr, tliat ia, — . 

J. r' r 

Hence the potential at P of a mass m at any point Q is 

— , where r is the distance QP. 
r 

Since the work done by any set of forces in a given dis- 
placement is the sum of the works done by the difierent 
forces taken separately, if V denote the potential at P due 
to any system of masses )Wi, skj, &c., whose distances from P 
are ti, v„ &c., we have 

F=2'|. (1) 

When the acting mass is continuously distributed, this 
equation becomes 



V 



■■\t- P) 



In the ease of a uniplanar distribution, the force due to a 
mass in at the origin is — , a^o — ~ = m log r ; hence, ac- 
cording to the definition at the end of Article 40, the potential 
V for a uniplanar distribution of mass m ia given by the 
equation 

r=smiog~. (3) 

When the unit of length is assigned, this equation gives a 
definite value for the potential at every point, 

42. Spherical Shell and Sphere.— To calculate the 
potential of a homogeneous thin spherical shell at a point P 
whose distance from the centre of the shell is c. In 
this case the element ofmassis^TTira^sin^rf^, where a denotes 
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the radius of the sphere, and $ the angle which the radius 
drawn to any point of its surface makes with CP ; taking 
P for origin, we have 

since r'= a? + & - 2ac cos f. 

If P be outside the sphere, the limits of the integral are 
c + a and c - » ; if P he inside, they are « + c and a - c. Hence 

for an external point V= ■ , and for an internal V- iiraa. 

If now we suppose the point P variable, and take C for 
origin, we have 

V= , or F= 47r(T«, 

according as P is external or internal. 

If P be on the surface of the sphere, the value of Viov 
one form of the function is the same as for the other. 

Fiom the equations for V given above, we learn that the 
pntontiil of a homogeneous spherical shell has the same 
oonstint value for ill points inside it ; and for all external 
points IS the iime as if the entire mass of the shell were 
concentrated at its centre. 

From this last itsult we may conclude that the potential 
of a homogeneous solid sphere at a point P outside it is given 

M 
by the eciiiation V= ^, where M is the mass of the sphere, 

and r the distance of P from its centre. The same equation 
holds good if the sphere he composed of homogeneous layers, 
comprised between spheres concentric with the external 
surface. 

The potential of a homogeneous solid sphere at an internal 
point P, whose distance from the centre C is r, is the sum of 
the potential of the concentric sphere passing through P 
and of the thick shell comprised between this sphere and 
the external boundary. If the radius of this latter he a. 
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and that of any o£ the spheres maMng up the shell be E, 
we have, therefore, 

4 f 2 

Here again we see that, at the external surface of the solid 
sphere, the two forms of the function V have the aame value, 
viz., ^Trpa\ 

Examples. 

1. Find the potential of a viniform thin bar o£ density A and length iat any 
point F. 

Tnko Wiemiddlepointof tlie liar for origin, let 5 and tj lie the CDordinates of 
J", and a the coordinate of any point on. the har, its line of direction heing taken 
as the axia of x ; then, if F be the potential of the bar at F, we have 

''-'l .,,.^t!.^.n -"°"-i-^''"-a't»-n 



f P from the estre- 

To express T in terms of r and r' we have 

,.-,'•. (j + 5l).-({.|i)..21{; 
whence, substituting for ^, we get 

2. Find the potential at a point Pof the portion of a homogenooits apherical 
ahell intercepted between two planes perpendicular to the line joining P to the 
centre of the sphere. 

If V be the potential reqnii'ed, a the radius of the sphere, c the distance of 
its centre from J", and o- the density of the shell, then 



!}* = ?=,„_„,, 



where ra and n arc the distances from F of points on the small circles which ar 
flie boundaries of the annulus. 

If Jfbe the maas of the annulus, since 
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3, Msss acting inversely as lie square of the Jistance is unifonnly distri- 
buted on tte circumference of a circle ; prove that the chord of ooataet of 
tangente drawn from an eiteraal point F divides the dims into two parta having 
equal potenlialB at F. 

The normals to the circle at the two points at which it is met by a line 
drawn through P make equal angles with this line. Hence, the potentials of the 
two portions of mass are composed of elements which are equal respectively. 

4. Find the uniplanar potential of a homogeneous circle at any point F, the 
force varying inyeraoly as the distance. 

Let V denote the uniplanar density of the circle, a its radius, c the distance 
of i* from ilK centre ; then if Q be any point on its ciroum Jerenoe, and if 
j-and ^ denote the distance VQ and the angle POQ, the potential Fis given by 
the equation 



Jaceoaf = 0^ (l - - e'* J (I 



Now r-^ = a^ + 1!^ - Sac eoa f = 

whence, if P be oitemal to the circle, 
logr = loge-4!-H + e-f*) + i^(«^'*-l-i-^^) + &e.| 

slog*- |- eos^ + ^ oos2^ + &o. j, and therefore \agrdip- 2irlogc. 

Substituting in the espression for V, we get r=2iriiBlog-. If P be internal, 
we obtain, in a similar manner, 

logrrfij) = 27r log a, 

whence V = Sirufl log -. 

5. Find aaespreasion for the potential F of a plane lamina, of uniform den- 
sity <T, at any point 0, the force varying inversely as the square of the distance. 

Take for origin, let e be the perpendicular distance of from the plane of 
the lamina, ff the foot of this perpendicular, and TO the distance of any point in 
the lamina from S; then the element of mass is espi-essed by ii ra- li rf^, and, 
as ji = tn^ + c=, wo have 

whoro the integral is to he taten round the curve bonnding the lamina. If JV 
be inside this curve, r= b [Irdtp- %itc), and if outside, V = '!^rdip. 

The original espresfiion for V may he transformed in another maimer, as 
fbllowa : 



{<'-l'»-I(7-")«-I° 
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Now Up be the perpendicular from i*''on a tangent to the curve s bounding the 
lamina, 7s'd<li=p^; again, if to be the solid angle subtended at hythe lamina, 
and e liie angle wHoIi r mates with ON, we have 



and therefore, by substitution, 

If the lamina be bounded by straight liuee, [^— for one side of the lamina he- 
comes pi [ — , or pi ui, if vi denote the potential at of this side regarded as 
hQ.ving a density equal to unity. Heneo 

f = ir[ Pi til +pssi + &o. — Ca>), 
where jji, pi, &c. ara the perpendiculars from A' on the sides of the lamina, and 
f 1, v%, &B., their potenliila at 0. 

6. Find the potential of a homogenoous solid figure, bounded by plane faces, 
at any point 0. 

If p denote the density, and Tthe potential at 0, of the solid, we have 

The volume of the elamuntary cone having for vertci, and standing on 
the element dS which subtends the solid angle dm at O ia expressed by -j ii!u,and 
also by -^i where w is the perpendicular from on dS. Hence, if Wi, ot,, 



In this equation the perpendicuhira TO,, &c. are to be regarded as positive 
or negative according as the radii vectoros corresponding to each pass out of or 
into the polyhedron after meeting tlie face to which they are drawn. 

7, Find the component in any given direction of the attraction of a homo- 
geneous polyhedron at the origin O. 

If the polyhedron be on the positive side of the origin, and x, y, a denote 
the coordinates of any point in it, then X, the required component of attraction, 
is given by the equation 

where a is the angle which the normal, drawn outwards at any point of tne 
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surface of the polyhedron, makes witli the aiia of x, and w is the potential at 
of the corresponding face legardad bb of unit density. 

Tiie same result can be obtained from the espreasion for Fin Ei. 6. 
In this ease F is a force function, and if we change the origin, and falts 
J, ti, C as the coordinates of 0, we have 






dV 



f 2TO- 



rfw _ f f '^'5 <^'' _ f N"^ ^' _ I" f ^ 



■mill and with the a: 



dS rteoedr'do! f f f coa 9 r' <Jj- ifu r t ( dx a<j di d> 

= _ f f ^ = - [ 1 — — -. 



triangle at a pc 
its acute angle) 



it on the perpandicular to the plan 



of a homogeneous ri) 



ingle, Cbeingthe right angle, 

and. let be on the perpendiculai' to ita plane 
through^; letAB^c, BC=a, GA = b, OA^p, 
OB = Ti, 00= rs, and let H, 0, 7 denote the anglea 
of the spherical triangle in which the planes meeting 
at intersect a sphere of unit radius having aa 
; then, ii X, F, Z be the oomponents of the 
Lt parallel to .^ CCS, and OA, we have 



x.,\ 



.(» 



•J, 
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Again, if we desoiilie a sphere i-ound B as centre, we get from the spherical 
tiianglo formed by the planes meeting at S, 

sin OB A tan S = taa B, that is, - tan ,3 = - ; 
we have, tl 



Ej Es. 1, we haTe 

also, from the geometrj' of the figure, 
hence 

A similar process being applied in the case oS f « and «i, we ohtdn 
^ yg + e ^ t-3 + M ^ rs + i 

SiibEtituting for v^. n, ^i, and », the values found above, we get finally, 



with the equations 

e- = a^ + b\ n^ = p3 + o^ + b"', j-j' = y= + *=. 

9. Find the attraction of a homogeneous plane pelygon at any point 0. 

From let fall a perpendicular OA on the plane of the polygon ; from A 
let fall perpendiculars on each of the aides, and join A to each of tie ^oriicea. 
We hare then anumber of right-angled triangles having aeomraonvertesat^ ; 
find by Ei. 8 the components of the attraction of each of these at 0. The 
resultant of all these forces is the attraction required. 

Most of the Examples in this Article are borrowed from Eouth's "Analytical 
Statics," vol. ii. 
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43. »im^rential Coefficients of the Potential. — If 

the point F receive a displacement rfs, the potential V be- 
comes F' at the new position of P, and by its definition V- V 
is the work done by the forces of the field on the unit of 
mass in the displacement d& ; but if F be the component of 
the resultant force in this direction this work is .Frfs ; hence 
Fds = - ( F' - Fj, and therefore 



jVV 

ds ' 



w 



If dx, dy, dz be the increments of the coordinates of P due to 
the displacement ds, we have 



where I, m, n are the direction cosines of ds ; hence 

„ /,dV dV dV\ ,., 

As a particular case of the above equation, if X, Y, Zh 
the components of the resultant force along the axes, 



_dV_ 
dx 



^, 



_dV_ 
dy 



F, 



dz 



(8) 



It has been shown in Art. 15 that, for all continuous distribu- 
tions of mass, through a volume, X, Y, Z are finite at every 
point of space. Hence we conclude that so also are the 
differential coefficients of V. 

In the case of a surface distribution of mass, it has been 
shown in Art. 16 that at a point on the surface the normal 
component of force is finite. That the two other components 
of force are finite may be shown in the following manner : 
itial component of the attraction at is made 



y Google 



Differential Coefficients of the Potential. 75 

up of two parts, of whicli one is due to a circular plate, of 
infinitely small radius a, having for centre, and tlie other 
to the mass whose distance from exoeeds a. 

Taking for origin, the normal at for the axis of z, 
and putting a? + y'^ = f-, we have 



-ir 



9p oos A dp ddi C[ <T X , , 
— — -^ + - — — — do'du, 



where ^ denotes the angle which the normal to the surface 
at any point makes with the axis of s. 
In the first integral 

Hence the first integral is of the order a. In the second 
integral, s is a function of a; and p, given by the e(juation of 
the surface ; whence 



dx \rj 



\ Idr drdz\ 
r' \dx dz dxj 



therefore, denoting the second integral by X^, and integrating 
by parts, we have 

_ itrrfy [W'^ ( '' \ "• f_ (^s j dxdy 



\rcos4,^\]\dA'iO^-^)~ 



cos ipr' dxj 



The limiting curve next the origin, round which the 
single integral is to be taken, is a circle of radius a, at whose 
circumference r and cos ^ differ from a and unity respectively 
by infinitely small quantities of the second order ; also 
dy = a cos ^ d^, and <t differs from a constant by a quantity 

of the order a. Hence for this curve '—, = 0. 

J )■ cos Ip 
Inside the sign of double integration dxdy = pdp dip, and 
when r is small, s is of the order r'^, and therefore the coef- 
ficient of dp dij> is always finite. Hence we conclude that X 
is finite. 
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When we have to do with a iiniplaiiar distribution, it is 
plain from the definition of V that 

dx dy 

and, as X and Y are everywhere finite for a oontinuous 
distribution, here also we may conclude that the differential 
ooefficiente of V are finite throughout the whole plane. 

In the case of a volume distribution, X, Y, Z are, Art. 15, 
not only finite but also continuous, and therefore their 
differential coefficiente must he finite ; whenee we conclude 
that the second differential coefficients of V p,re finite. For a 
surface distribution, the normal component of force is dis- 
continuous at the surface, and in this ease, therefore, at the 
surface the second diiierential coefficients of V are infinite. 

Sinailar results hold good for a uniplanar distribution. 
If it be areal, the second differential coefficients of V are 
finite everywhere in the plane, but if it be linear they are 
infinite at the curve on which the mass is distributed. 

44. Mattaematical Characterlslics of the Poten- 
tial, — For a continuous volume or surface distribution of 
finite mass the potential i& finite, coiitrniiom, and "imtjle calued 
throughout the whole of space, as may be shown in the 
following manner : 

If rf© denote an element of volume where the density of 
the acting mass is p, and r the distance of this element from 
the point P, the potential V at this point is given by the 

equation F= H^- — ; this becomes, if P be taken for 

origin, V = \pr dr dw, in which the quantities under the inte- 
gral sign are always finite. Hence at all points, whether inside 
or outside the acting mass, V is finite if the total mass be so. 
Again, if over a surface S there be a distribution whose 
density at the element d8 is a, the resulting potential V at 

any point P is given by the equation V - , The surface 

element dS expressed in polar coordinates is given by the 
equation 

dS = ^{{r'mMQd(id^Y+{ri;mQdrd,py-^{rdrdQY\. 
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Henoe tlie expression for dS eontaios >■ as a factor, and, if 
P be taken for origin, the quantity nnder the sign of inte- 
gration in the expression for V remains finite when r ia zero. 
Accordingly P" is finite. 

When the acting mass ia finite, and at a finite distance 
from the origin, the potential at infinity is obviously infi- 
nitely small. 

Since by the last Article the differential coefficients of Y 
are everywhere finite, we conclude that V is continuous. 

The continuity of V appears also from the consideration 
that the contribution of an element of mass to the value of V 
at the point P is infinitely small, even if P be inside the 
acting maas. 

A function of the coordinates of a point is single valued 
when it has only one value for given values of the coor- 
dinates. Such are all algebraical functions consisting of 
integer powers or of fractional powers, expressing real 
quantities of given algebraical sign. On the other hand, an 

inverse trigonometrical function, such as tan"' -, is many 

valued, that is, for any given values of x and y the fanotion 
admits of an infinite number of values. 

The algebraical expression for the potential at a point P 
shows that it ia a single valued function of the coordinates of P. 

That Kis single valued may be arrived at indirectly if 
we consider that, in the displacement of the unit of mass 
round a closed circuit, the work done by the forces of the 
field must be zero ; because, if it were not, work could be 
obtained from permanent natural agents without loss of 
energy or consumption of material, Henoe wo conclude 

that for every closed circuit "i- ^^s is zero, and therefore 

that the value of V at any point is independent o£ the path 
by which the point is reached. 

It may happen that, at each point of a certain region © 
of space, V = ij>, where ip is not a single valued function ; but 
if this be so, there must be a region adjacent to © in which 
V is not equal to ^, or else a surface S situated in © in 
passing through which V changes disco ntiuuously. This 
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latter alternative cannot, as we saw above, hold good wlien 
V is due to a continuous distribution of electric or gravi- 
tating mass, but may be fulfilled in the case of magnetic 

forces. Whicbever alternative be the true one, \-r^ <^^ " ^ 

for every closed circuit whieli can be drawn without pass- 
ing out of @ or cutting the surface S, and it is only iEor 
such a circuit that Vis continuously equal to <ji, and for which 
therefore the equation 



If-H 



is valid. The truth of this last statement is obvious when 
the circuit lies partly in a region for which V is not equal to 
tj, : iu the other case, that is, if there be a surface »S in 
passing through which F' changes discontinuously, if ^i and 
^ be the values of ^ which are equal to V at the points Pi 
and Pi at opposite sides of this surface, ipi is not the value of 
consecutive to ^i, but is consecutive to ^',, a value of ^ at 
Pi differing from ^i by a finite amount ; for example, if ip 
were an angle, we should have ^'i -= ^i ± Stt ; thus, for a 
oircuit cutting the surface S, the potential V is not con- 
tinuously equal to ^. 

By regarding the surface 8 b.s a, boundary to @, even 
though © is on both sides of it, we may consider that any 
circuit cutting S does not lie inside ©, and say that, in any 
case, for every closed circuit or cycle inside © we must 

have -^ ifs = 0. Hence $ may be said to be acyclio for the 

region ©. 

We conclude that if for any region of space V is equal 
to a function ^ which is not a single valued function, then 
^ must be acyclic throughout this region. 

The expressions for the potential of a homogeneous 
spherical thin shell and of a homogenous sphere given 
in Art. 42 illustrate the statement that the potential V 
at a point P is finite, continuous, and single valued 
whatever be the position of P. From Art. 42 we learn 
also that, in the case of a sphere, as P passes from space 
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occupied by mass into space unoccupied, tlie form of V, 
regarded as a fuuctiou of the coordinates of P, changes. 
That this is true in general will he shown in Art. 45. 

In the case of a uuiplanar areal distribution, the potential 
V at any point at a fimte distance from the acting mass, if 
this point be taken for origin, may be expressed by the 
equation F = - Jrr log r dr dB. Here the coefficient of 
clr dd sign is zero when r is zero, and is always finite 
so long as r is finite. 

When the uniplanar distribution is linear, since the 
element of the curve on which the uniplanar mass is distri- 
buted is expressed by 

the value of the potential V at the origin is given by the 
equation 

V= - V log )■ (fr - V log rdr + &o., 

where the terms under the integral sign, not written down, 
have r^ as a factor, and vanish therefore at the origin. 
Integrating the first two terms by parts, we get 



V ()■ log r - 



f (r log r-r) dv + \ {r 



r) dv + &c. 



Here, when r = 0, the corresponding terms outside the 
sign of integration vanish, and ao also does the coeEElcient of 
dv under the sign of integration ; whence it appears that, if 
the origin be on the curve where there is mass, V remains 
finite. 

Again, as the contribution lo the value of F afforded by 
the element of mass at the origin is infinitely small, V is 
continuous. 

At a point' i* at an infinite distance, the potential of a 

uniplanar distribution of mass is Sm log - ; if ii b6 the 
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distance of P from the centre of mass, which, except 
is at a finite distance from all points of the acting r 
have t = R +/, where/is finite ; then 



r RV R 



■whence F"- Sjk 



which differs by only an infinitely small quantity from 

(S?«) log p. Unless Sm be zero, the value obtained for V 

ie infinite and of a sign opposite to that of the total mass. 
When the total uniplanar mass is zero, its potential at 

infinity is an infinitely small quantity of the order -^, where 

a is finite, and R is the distance of a point at infinity from 
a point in the acting mass. 

This appears from the consideration that, if the total 
mass be zero, for every positive element m of mass there 
must be an equal negative element; then \iR be the distance 
of the former, and li -\ a that of the latter, from a point P 
at infinity, the joint potential of the two elements of mass at 
P is », where 

" - '» '°S ^- - " 1»8 (l + s) - <" [% + &»•). 

■which is of the order — ; hence the whole potential at P is of 

this order. 

That V is single valued can be sTiown for a uniplanai' in 
the same manner as for a three-dimensional distribution. 

On the whole, therefore, we conclude that, for a continuous 
distribution of finite uniplanar mass comprised witiiin a 
finite area, F" is everywhere continuous and single valued ; 
and is finite at all points within a finite distance of the 
acting mass, but infinite at an infinite distance, unless the 
total'mass he zero, in which case V is zero. 
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45. Equations of Laplace and Poissou. — If we 

integrate the quantity 

\ dx'' dyt 



rfS, 



where rf© denotes an element of volume, throughout the 
region bounded by the closed surface S, we obtain 

[{[(d-'V d'V d'V\ , , , 



- dydz-i 



■ dxdy. 



The double integral 



denotes the sum, for the entire 
surface S, of the quantities 




where f 



\dz I 



at the points 



where a line parallel to the axis of Z enters and leaves the 
space bouuded by the surface S. If I, in, n be the direction 
cosines of the normal to the surface drawn outwards, and dS^ 
and dSi the elements of surface intercepted by the prism whose 
section is dx dy, we have - n, dS, = dxdy = ni dS2 ; whence 



and therefore 



**-"'©■'*"' 



■'-[ 



is jt 



liV^ 



dSi, 
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If we proceed in a similar manner with the two other double 
integrals, we get 

[{{(d'V d'V cPV\ ^ ^ , 

+ — - + — r- dx dy d% 

JJJ \ dx^ df dt ) ^ 

\(dV dV dV\-„ , .j,„ 
}\ div dp dzj 

where iV is the component normal to the surfaee of the 
resultant force. By Gauss' Theorem, Art. 26, we have 

and if Jlf he due to a contiuous volume distribution of density 
p, we have M = /prf®, whence 



Since this equation is true for any volume, however email, it 
is true for the element rf@ ; and therefore, in space occupied 
by mj^s, whose density at the point a;, j/, s is p, we have 

d'V d'V d'V ^ . ,„, 

dx' dy' dz' 

This is known as Poisson's equation. 

In space unoccupied by mass, (8) becomes 



which is the equation of Laplace. 
The operator 



dx' dy^ dz' 



is of such frequent occurrence in Mathematical Physics that 
it is convenient to indicate it by a distinct symbol. 
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The notation which will be adopted in the present treatise 
is that of Thomson and Tait, Natural PMlonophy, and ol 
Williamson, Integral Calcuhts, in accordance with wldch 

^ (^ (X' 
dec' d^ ds' 
will be denoted by the symbol v'- 

Clerk Maxwell nses v to express the quaternion operator 
. d . d d 

dx dy dz' 
so that, with him, v' denotes 



\dx^ 



d' <f\ 



Theoretically speaking, this notation ia more perfect than 
the other; but when there is no reference to quaternions, 
the introduction of the negative sign is inconvenient. 

We may now write the equations of Laplaee and Poisson 
ia the form 

V= r = 0, (10) vT + 47rp = 0. (XI) 

As the point x, y, z passes from occupied into unoccupied 
apace, V remains finite and continuous, but there is an abrupt 
change in the value of v' V. From this we learn that the 
form of V, regarded as a function of x, y, s, cannot be the 
same in the two regions of space. 

At a surface on which there is a distribution of finite 
mass, neither of the above equations holds good. In fact in 
this case v^ V is infinite and indeterminate. 

46. niflt^rentlal Equation for the Potential at a 
cbarged Surface.— If P be a point on a surface at which 
the surface density is <t, and iVand N' be the normal com- 
ponents at this point of the resultant force on the sides 
A and A' of the surface in the direction from A' to A, by 
Art. 29 we have N= JV" + iira ; now if v and v be the normals 
drawn from P towards A and A', then 

dv dv 
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Equation (13) is called the characteristic equation at the 
charged surface. When the surface is closed, the form of V 
on one side is in general different from its form on the other. 

Of this we have had an example in the case of a thin 
spherical shell, Art. 42. 

47. Differential Equations for IJniplanar Distri- 
bution. — In the case of a uniplanar distribution, F is a 
fimotion of x and y ; 



and W'^^Vdxdy, taken through the space bounded by a closed 
curve s, is equal to - \Nd& taken round the curve ; this again, 
by Art. 36, equals 2irM; whence, taking for s the boundary 
of an element where the uniplanar density is r, we have 

V^F-i-27rT = 0. (13) 

Again, by Art. 36, we see that at a curve on which there is a 
mass distribution of density u, we have 

^/,":+2„.0. ,14) 

dv dv ' 

48. Transformation of Coordinates. — It has boon 
shown, in Art. 45, that 



Jrfn 



(15) 



where the first integral is taken through the volume bounded 
by the closed surface S, over which the second integral is 
taken, and n ia the normal to the element dS drawn outward. 
I"rom equation (15), we can readily deduce the form of ^''V 
for any coordinates. 

In the case of polar coordinates, we have 

rf© = r'sin0<frrf0a'0; 
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and the sto-faee elements of a sphere, of a right cone, and of 
a meridian plane, are, respectively, denoted by 

»■' sinO dO d^, r sin 6 dr dtp, r dr dB. 

Hence, if we integrate through the region enclosed by two 
spheres having the origin as centre, two coaxal cones having 
thispoint aB vertex, and two meridian planes, by (15) we obtain 



r sin 6d<li 



_ d I ,dt\ d( ._ ^dV\ 1 d'V\ 



If we now suppose the region through which the volume 
integral is taken to become infinitely small, we get 

V' Vr'^sinQdrdSd^ 

l{d f ,dV\ 1 d f . f.dV\ 1 d'V) 
= 7 fc r ^ j " .1^ ^ r^' ^ rftf J -^siil^ rff j 

r'' sin dr d(l d<p ; 
whence we obtain the operational equation 

^ I Id „ d I d . ,.d \ d"" \ ,, „. 

If we put cos = /:(, we have 

sin 8 dQ dfi' 
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and, substituting from these equations, we obtain 

On this mode of expressing v'Vis based the spherical 
harmonic analysis of Laplace. 

When the position of a point P is expressed by the per- 
pendicular p let fall from it on a given line OZ, the distance s 
of the foot of this perpendicular from a given point on this 
line, and the angle f which a plane through OZP makes 
■with a given plane through OZ, the C[uantitie8 p, (j,, z are 
called cylindrical coordinates. 

In this case, d<S. = pdpd^ dz, and the element of -volume 
is bounded by the areas p drji dz, dp dz, p dp di^, and their 
opposites. By a process similar to that employed for polar 
coordinates we get then 

,^ I i d ( dV\ d'Vl d'V ,,_. 

P \ dp V dp J dip^ ) dz^ ^ ' 

When F"is a function of x and y only, we have 

^ rf^ d^V 
^ di^ ^ df'' 

and, if we consider only the coordinate plane of x, y, the 
cylindrical coordinates p and ^ become plane polar coordi- 
nates r and ; whence, for tlie uniplanar poteatial, we obtain 

Polar, or spheiioal, and cylindrical coordinates are particular 
oases of curvilinear ooordiuates. 

For an account of the general method of curvilinear 
coordinates in which the position of a point is indicated by 
the intersection of three surfaces, and for the corresponding 
formula of transformation, see Williamson, Trans. B.I.A., 
vol. sxix, part xv. 
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49. Eiaw of Force in electrical Action. — It has 

been assumed in the preceding pages that the force between 
two elements of electric mass varies inversely as the square 
of the distance between them; but the most satisfactory 
method of proving this fact is somewhat indirect and 
depends on the determination of the form of the electric 
potential. 

Whatever be the law of force for electric masses, the 
definition given in Ait. 40 for the potential due to a mi^s 
system holds good, so that if mi^ ()■) denote the potential at a 
point P, whose distance from the origin is r, due to a mass 
m placed at the origin, the potential I'" at P of any mass 
system is given by the equation 

F = J^(r)rfm, (20) 

where r is the distance of P from dm. 

The force components at P are 

dV dV ^ dV 

- —-, --— , and --r; 

ax ay az 

and if there be no force at any point of a given region, the 
potential throughout this region is constant. 

It has been found experimentally, and the method is 
susceptible of great accuracy, that when an insulated con- 
ductor is charged with electricity in equilibrium there is no 
electric mass anywhere in its interior. The experiment can 
be performed by means of a conductor such that its outer 
layer of material can be separated into two portions and 
removed by means of insulating handles. 

No matter what charge is originally imparted to the 
conductor, no electric mass can be detected in its interior 
portion after the outer layer has been removed. We con- 
clude therefore that, in a charged insulated conductor, the 
whole of the electric mass is accumulated at the outside of 
the external surface. 

Whatever he the distribution of electricity, or the law of 
force, there can be no force anywhere in the substance of a 
conductor in electric equilibrium, because if such a force 
existed it would produce a new distribution. Henee we 
conclude that the couche of electricity in equilibrium on the 
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external surface produces no foroe anywhere in the interior 
region, throughout which the potential, due to the surface 
distribution, is consequently constant. 

If the charged oonduotor be a sphere, since this surface is 
perfectly symmetrical, the distribution of mass on it must be 
uniform, and therefore the law of force must be such that 
the potential of a homogeneous thin spherical shell is con- 
stant for all points in its interior. 

Let a he the radius of the shell, a its density, and r the 
distance of any point on its surface from a point P in its 
interior, whose distance from the centre ia ^, tlien the 
element of acting mass is found as in Art. 42 ; and from (20) 
we have for Y, the potential at P, the equation 



Hence /(« + S) -/(«-?) = C£, where C is constant. 
Differentiating twice with respect to ^, we have 

r(a + 5)-/"(«-£)-0. 

Hence /" (*■) must be independent of the value of r, in 

other words constant; whence ^ = C,r + d, where C, and Cj 
ar 

rFi and therefore rF'= Cir+d, 



law of force is that of the inverse square. 

50. Energy of a Mutually Repwlsive System. — 

When a system is composed of mutually repulsive mass, the in- 
ternal repulsive forces tend to drive this mass asunder, and 
would in doing so, if not prevented by restraints or opposing 
forces, perform a certain amount of work which must be 
equal to the potential energy of the system in its actual state. 
Let m denote the mass concentrated at any point Q of 
the system, and V the potential at that point. Imagine a 
system B geometrically identical with the given system A, 
but such that the mass at any point is equal to the mass at 
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the oorreBponding point of A multiplied by a quantity n 
constant for the whole system. Then, since the distances 
are the same, and every mass in S is ^ times the correspond- 
ing mass in A, the potential at any point in if is jb times the 
potential at the corresponding point of A. 

Let us now suppose the element of mass midfi brought to 
the point Q, in J) where the mass is /inti, and the potential 
ft Vi- The work required for this operation is ft V,m,dii ; and 
if a similar operation be performed for each point of the 
system B, the total work required is 

(;uFi»ii + nVinii + &e.) d/i. 
Hence, if this work be denoted by dW, we have 
dW^fidn-S.mV. 

If fi be 1, the system B is identical with the given" system ^ ; 
and if we suppose /^ to be increased continuously in the 
manner described above from to 1, we obtain the total 
work required to bring together the system A. This work 
is equal to the potential energy W of the system ; hence 



fr=SmF 



[ nd^i = ^^mV. (21) 



In the ease of a mutually attractive system, it is plain that W 
expresses the work required to scatter the system to an infinite 
distance. 

51. mutual Energy of two Invariable Systems. — 

The energy due to the mutual action of two systems of mass 
when brought into any assigned relative position, each system 
being regarded as itself invariable, may be expressed hy any 
one of three different forms. 

If Q be any point of the first system, m the mass there 
concentrated, and Fj, the potential of the whole system at 
any point P in space, and if Q', m', and V'p have corre- 
sponding significations for the second system, the mutual 
energy W is given by the equations 

jr=2»«'Fg,= Smrg=S^ (22) 

where r is the distance between Q and Q'. 
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The truth of the equations abo¥e is obvious from the 
definition of the potential. 

d2. Change of Energy due to alteration of Mass. 

— If the geometrical form of a system remain invariable, hut 
the mass at each point be altered, the potential r 
corresponding change, and also the total potential € 
due to the mutual action of the parts of the system on eacn 
other. If the mass at any point be changed from m to m', 
the potential at the same point from V to V, and the total 
energy of the system from Wio W, we have 

If now we suppose the two systems in Art 51 to be geo- 
metrically coincident, by (32) we have 

■whence 

Sm'F'-SfflF=S(m'-OT)(r'+ V) 

= SK + «^){r-F); 
and we get 

W - W= iS()«'- m) ( r'+ V) = 4S(w' + m) ( V'~ V). (23) 

This equation can be established also in a manner similar 
to that employed in Article 50. 

1. Show that tbe component parallel to the axis of a of the repnlsion of a 
homogeneous body, of density p, bounded by the surface 8, at any estemai 
point 0, is aqua,! to the potential of a fittitioue distribution on S whose density 
at any point of the Burfaee ie Ip, where I ie tbe cosina of the angle which the 
normal, drawn otitwarda at the point, mates with tbe axis of x. 

Ta^e for origin, let X ba the force component due to the repelling mass, 
and a the potential at of the fictitioua surface distribution ; then 

^ [{(dtcd'jdzx trtdxdydzdr rtdyde tpldS 

^--'\i\^i-i:-''\\]'^^T,-']\^-] — -'- 

isity Ifi is merely a mathematical artifice, and 
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il of a homogeneous tiin circular plate at a point F 
the perpendiuular to ite plane tLiough its eentie. 

If fir be the distance of any point of the plate from its centre C, and e 
dietanoe FO, taking F foe origin, we have ;' <!)■ = ^ rfra ; whence 



where » is the radius of the plate. If C b 
form 

2-nT{'/^T/'-rj, or 2 



taken for origin, V a. 



.(V„=- 



) 



3. Show that equation 22, Art. 24, follow mm d y fi: m P la a 
Equation. 

4. Find the potential at any point of a field huh wh h the 
resultant force is constant in direction. 

Take a line parallel ta this diceclioa for asia of b. Since the lines of force 
are perpendicular to the equipotential surfaces, these latter are parallel planes. 
Hence when a is constant rie constant, that is. Fie a function i5 i, Laplace's 
Equation therefore hccomoa 



dW 



whence V— C\s ■ 



0-2. 



infinite parallel planes, each 



6. Findthe potential at any point hot' 
of which is at a constant potential. 

Talifl aa the plane of xi/ the plane whose potential is ^, let 
of the other, and Jf its potential ; ihenFis plainly a function of ; 
by Laplaoe'e equation, we get 

, A-B 



6. Two concentric spherical anrfaces ai-e each at a constant potential : find 
the potential at any point between them. 

Let a denote the radius of the inner sphere, and b that of the outer, the 
potentials at their surfaces being A and B ; then, if the centre of the spheres 
be taken for origin, it ia plain that the potential at any point of the space 
between their surfaces ia a function of r ; and as this space is unoccupied, we 
have, by Laplace's equation, 



_ Bb--Aa ( A - £) ab 1 



7. In the last esample, if the spherical surfai 
charged conductors in electric equilibrium, find tl 
on each conductor. 
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— + — + 47rff = 0, but TT = 0, 

flinee tliere ia no force in the substance of the conductor ; therefore 
dV _ {A--B) ab 1 
*'"^ ~ ~ "^ - i_B~~ ^' 
whicit determines the surface density ; also, if E be tbo total charge, we have 
, A-B 
i - o " ' 
If ^ ho tie total charge on the outer spherLeal surfHcc, by Art. 32 



This also appears directly from tl 



.ig'.iih,™ 



■r surface. 



A combination of two conductors, one of which entirely auirounda the other, 
constitutes what is termed a condenser. When the condenser is formed of two 
TOnoentrio spheres, it appears, from what is said above, that the charge on either 
Burfnee is proportional to the differencB of their potentials. That this ia true, in 
Seneral, will be proved subsequently. JSy means of an electiie machine we can, 
m general, biing a conductor in communication with it to a given potential. 
The use of a condenser sueh as has been deacribed is to enable us to increase 
the corresponding charge. 

The charge on an insulated sphere at potential ji is j^o; but wbensurroimded 
by another sphere, as described above, the charge on the inner spbere is 



- when tbe Oi 



re is at potential zero, and the multiplier ■ ■■■ ■ 
jr distribution, find tie potential of a liomogeneous 



can be made Tery large. 

8. Inthecaseofaunipkn^ 
circular plate at any point in its plane. 

Let a be the radius, and t the uniplanar density of the plate ; then, if the 
centre be taken for origin, V is plainly a function of r solely, and therefore 



^ r dr\ dri 

V^r=0; whence, ! 
the plato 



At a point outside tbe plate, v^I'=0; whence, by ir 
taken round the boundary of the plato 
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Examplen. S 

At a point inaide tte mass v'?" + Stt = Oi frani which, hy integration 



At the boundary of the plate the external and internal valuee of V 
equal; whence 



Substituting for Ci from this e< 



9. Two coaxal cireular cylindei's of infinite length, are each at a constant 
potential ; find the potential at any point between them. 

Let o denote the radius of the inner cylinder, and S that of the onter, their 
polentialfl being A and li. Then, as the potential at any point hetween lliein 
is a function otp, its distance from the axis ; and s& this point is in unoccupied 
epaoe, we have, by Laplace's equation, 

I d_ I ^\ 
p dp \ dp ) ' 

integrating, we get V= Cilogp -i- Cs. 

When p = a the potential is A, and when p = b the potential is B ; whence 
we obtain 



ID. If the cylinders in the last example be the surfaces of conductors in 
equiKbrinm, find the density of the surface distribution on each. 
If the surface densities be denoted by ai and o-j, we hare 
A-B, b A-B, b 

"' ^ ~i^ ^^ a' "^'^ ~ 'iiV ^^ a' 

From these expressions it appears that the charges on the two cylinders per 
unit of length are equal in magnitude, but opposite in algebraical sign. 

II. Find the uniplanar potential of a cirele on which there is a uniform 
linear distribution of mass. 

If M denote the total uniplanar mass, a the radius of the circle, end r the 
distance of any point from its centre, the potential at an internal point is given 



by the equation F = if log -, 

and at an external l>y the equation 

F= JWlog-. 
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12. SLdw direttlj that if r bu not zei-o, 

where i^ =V - J)' + (y - n)= + ('^ - f)'- 

13. How does an algeliraical proeeaa, similar to fho proof of the theorem 
ahoTe, fail when r is ^ero ? 

The algebraical expressions which were obtained for 

d^ m ^ m , (P m 

are then illusory, their real values being indeterminate as well aa infinite, 

14. If throughout any continuoaa region of unoccupied apace the resultant 
force be constant in magnitude, show that it ia conatant in direction. 

In this case X^ -i- Y^ + Z' = constant, and therefore 

VM2= + i^ + ^) = ; 
whence, by addition, 



j£v',x + rv=r+2v=i;+ 



/dX\^ 



/dx\'- 



+ (f)'+ (£T+ {?,)'* (W* (S)'-" 

v'r= 0, v'2'=0; and therefore the sum of the nine 



ro : whence each of these squares is zero ; and there- 
fore X = constant, y^constant, 2'=constant. 

15. If the force due to an element of mass vary inversely as the «'* power 
of the diatanco, prove that the potential of a system of maas which is all of the 
same sign cannot he constant throughout a finite unoccupied portion of space 
eieept n = 2. 

Throughout any portion of space where V is constant, v' *' must be zero ; 
hut if the force due to an element of mass iii be — , we have 



and when all the mass ia of the aame sign, this cannot be zero except n = 2. 



y Google 



Potentials and Lines of Force for Ukiplanar Distribution. 95 

58. Potentials and liines of Force for llniplanar 
Distrlbntion. — In the case of an uniplanar distribution of 
maas acting inversely as the distance, the potential V in the 
nnoooupied part o£ the plane satisfies the equation 

The general solution of the differential equation 



is readily ohtained by assuming two new independent vari- 
ables £ and ij connected with 3 and t by the equations 



from which we have 






d d 

dt^'^rc 


,1 


did 
d% d% * dv' 


and therefore 

dtd„ 




'§">■ 



i -/.(E) +/. W -/.(» + «') +/-(" - 't), 

where /i and/a denote arbitrary functions. 

If we no-w suppose a' = - 1 the equation whose solution 
has been obtained becomes that satisfied by V; and putting 
i = ./- 1, we get 

V=m^iy)^.n{m-iy). (24) 



Again, since 
we may assume 



d ^___^ ^_v 
dx dx dy dy' 

dV _d^ dV__d^ 
dx dy' dy dx' 
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where ipi&a, function of x and y. Hence, if a; and y be the 
coordinates of a point on the curve tp = constant, we get 

dV 

dx 

and therefore the tangent to the carve at any point is in the 
direction of the resultant force at that point ; accordingly 
^ = constant is the equation of a line of force. 

Again, <'*-2* + f* 

.-•(/,(«+iV) -/,(»-%)!*+ |/',(a!+.j)+A(«-i»K!'; 

whence multiplying by i, and integrating, we get 

ii>^Uz^iy)-f,[^-iy). (25) 

Putting 2/i = i^ we have from (24) and (25), by addition, 

r+?i^ = 2^:B + ij'). (26) 

Functions ^ and i/- satisfying the equation 

^ + .■* - fl;» + i,j) (27) 

are called conjugate functions of s> and y. It is plain that 
if % and ij be any two conjugate functions of x and y, the 
functions F"and i^ are conjugate fundtions of % and tj, and 
conversely that, if two functions ^ and i^ are conjugate 
functions of % and ij, they are conjugate functions of 
X and y. 

Again, if ^ and i/i be any two conjugate functions of 
X and y, we have, from (27), by difEereutiation, 

d^ .d^_. fd^ . d^\ _ 
dy dy \dx dxj' 
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and therefore 


dx dy dy 




dx^ dxdy dy^' 



that ia, v'0 = 0. Also, in like manner, v'"/" = 0. 

A more complete account of tlie theory of conjugate 
functions, and of its applioatiou to the investigation of the 
potential and lines of force of a uniplanar distribution of 
mass, is reserved for a future chapter. 



EXAMPI^S. 

1 . Find the potential of a uniplaoar distribufioii of xassa whose lines at force 
ere straight lines passing through a poict 0. 

If r and 6 he the polar coordinates of any point referred to aa origin, we 
hara e'^G'-'W =it + iy. Hence, Tandifare conjugate fimotiona of log r and 
fl ; hut the equation of a straight line through O is 8 = constant, and therefore 

^ = Ce, r=Clogf, 

where C ia an undetermined coaatant. 

2. If the linos of force of an uniplanar distribution of mass be confocal 
hyperbolas, find the potential. 



This equation reprraenta a hjperhola whose primary sei 
vary "wa obtain a system of confocal hyperbolas, 
equation, \ = constant, represents a line of force. 

cosh?) = cos 47), ieinhi) = sini 

■, + ij.,.o. {{-!,). .ra(l±^ 

Hence, )j and | are conjugate functions of x and y, and 

11-= 6'| + C, V.= Cn + C-, 

■where C, C",and G" are undetermined constants. 



y Google 




98 The Potential. 

54. Potential of Magnetic Particle. — Let 

be the south and north poles, and C the 
centre of a magnetic particle, or small linear 
magnet, then the potential energy due to 
the presence of a unit north pole at a point 
P is the potential V of the particle at that 
point. Houce, if r, and r^ denote the dis- 
tances of F from S and N, and m the 
strength of the north pole of the particle, 
we have 

„ m m mU\-r-^ , , , 

V= = — i ; hut ri - Ca = ds COS e. 

where rfs is the length of the magnetic axis 8N of the 
particle, and e the angle it makes with CP, also the magnetic 
moment n of the particle is defined by the equation /i = mds, 
and the product riV^ differs by an infinitely small quantity, 
or, in the case of a small magnet hy a negligible quantity, 
from )■', where r is the distance of P from C; hence 

r.'i£°L'. (28) 

If distances measured on hnea parallel to the magnetic 
axis 8N drawn through C and P he denoted hy h' and k, 
and the distance CP he now denoted by r, the potential V 
may be expressed by either of the equations 

d/i' r dh r ' ' 

For any system of magnetic forces, the equation of Laplace 
holds good in unoccupied space ; but in the case of a finite 
body continuously magnetized, as volume density has here 
no definite meaning, it is not obvious hy what equation that 
of Poisson should be replaced. 

As the potential due to magnetized bodies having finite 
dimensions requires special treatment, this subject is reserved 
for a future chapter. 

55. Magnetic Sliell. — A collection of magnetic particles 
so disposed that their centres form a continuous surface S to 
which their axes are normal is called a magnetic shell. The 
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sum of the magnetic momentB of the particles wKoso centres 
lie on the surface element d8 divided hy that element is 
called the strength of the shell, and is supposed to be finite 
and coutinuous. If J denote the strength of the shell at any 
point, JdS may be regarded as the moment of a magnetic 
particle -whose axis is the normal to dS. 

If r denote the distance of d8 from an external point 0, 
at which V is the potential of the shell, t the angle which r 
makes with the noimal to dS, and rfw the element of solid 
angle which dS subtends at 0, we have 

If the shell be uniform, J is constant, and 

V=JQ., (30) 

where Si is the solid angle which the shell, or its bounding 
curve, subtends at 0. 

In a magnetic shell whose surface is 8, that side of S at 
which north poles of the magnetic particles are situated is 
regarded as the positive side, 

EsiMPLBS. 

1 . Prove that the potential at a point P of a uniform magnetic shell, whose 
Btrangth ia J, is increased by ivJ aa F pasaoa from tho negative to the positive 
side of the ahell. 

The potential at Pdue to an element of the shell is ~ — , Tjnt this is 

the expresaion for the normal force at F due to an element of surface dS whose 
density is J. Aa P paaaes through the element in the direction of the force, this 
force inoreasea by4ir/, Arta. 18, 23 ; therefore so also does the magnetic potential 
due to the same surface element of tie ahell ; the rest of the magnetic potential 
Tacies continuously ; hence, on the whole, the magnetic potential of the shell 
ia inereaeed by 4ir/ aa F pasaea from the negative to the positiTe side of the 
Bhell. 

2. Find the potential enei^ due to the mutual action of two small linear 
magnets. (See Art. 17.) 

Take tte centre of tlie first magnet for origin, and let k\ and Aj be lines 
parallel to the two magnetic aiea, drawn through any point F, dh\ and dhi 
being diaplaoementa in ttese directions ; then, if | be a coordinate of P measured 
in any direction, — is the cosine of the angle hotween the directions of f and M ; 
also — ia the cosine of the angle between r and Si. Similar results hold good 
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Let V be the potential of the first magnet at the centre of the second, ^j the 
magnetic moment of Uie first, /ii that of the second, k the length of its usis, 
and Ml! the Btrength of ita north pole ; then, if F" denote the energy required, 



This may be put into two other forms. Ey Art. ; 



ich r makes with h\ and hi, and flu, the 



= «^'lcosfl:.-3co3.,eos.,l. 

In aaoh of the following eiiimpl.es, two email linear magnets are supposed to 
act on each other. 

3. Find the moment round the centre of the second mogiiet of the forces 
due to the action on it of the first. 

Gire the second magnet an angular displacement dip round a perpendicular 
axis Ibrough its centre ; if Jf he the component tending to increase ^ of the 
required moment, the work done by the forces producing M in the displacsmant 
d<^ is Md<p, and this must be equal to the loss of potential energy, that ia, to 



ainee tte displacement d(p does not alter roin- 

If a and fi be the angles which the plane of ^ mates with tie plan 
fti and k',, and the plane of r and hi, respectively, from considering the area 
rni', sphere described round the centre of the second magnet as centre, we hi 

if-"".™...™.-!™^™ ™n. 
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This eipresision. for ff stows tiat it is the sum of the components in tLe plane of 
^ of two couples, one Lh ia. the plane paridlel to the ases of the magnets, and 
one Lt in the plane of r and the axis of the second magnet, the magnitudes ot 
these couples being given hy the eq^uatioas 

Lh = ^~ sin flia, Z,. = ~- -^^ cos si sin dj. 

The ti ouple tends to increase flu, and the second to diminish fj. The 
CO 11 Is It whose moment is required is tho rissultant of these two. 

i. Find the resultant of Ihe forces exeited by the first magnet on lie 

Give the second magnet a dispkeement of translation parallel to a direction 
h then if Ss be the component of the required force tendmg to inci'ease As, the 
wor]. done by the forces eseited by the first magnet on the second in the 
displaoBment ih^ is S-^Ah^, and this must ho equal to the loss of potential 

energy that is to - -^ dhi ; 

hence, a = - -7^- = - WMa :;r TA— - s '^'^"^^',''''"^" !- 

The angle Sis ia unaltered hj a translation of the second magnet, and 

±. = cos .3 ±^^lJll = COS fli, ^£°li^> = COS en, 
d/13 ' dka ' dhs 

;s wliich A3 mates with r, hi, and ^a, respec- 

This expression shows that IZ3 is tho sum of the components along JV.i of three 
forces -S, .Si, and Si, in the directions of r, ^1 and ht, respectively, the 
magnitudes of these forces being given by the eq^ufltions 



The required force J'ia the resultant of these three. 

If we suppose the couple G produced by two equal and opposite forces 
applied at the poles o£ the second magnet, one of these forces ia o( the order 
F -, and ia therefore very great compared witi F. 

ond magnet in each of the 

'. When the axes of the magnets are in the line of centres. 
. When the axes of the magnets are parallel to each other, and perpen- 
dicular to the line of centres. 
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8°. When the axie of tho Srat magnet is in tte line of ceotrea and that of 

the seoojid perpondioular to it. 
4°. When the axis of the first magnet ia pei-pendioular to the line of centrea 

and the axis of the second in that line. 




p Ij In estimating the angles hi is euppoaed fixed, and f\, fa and e-n are counted 
from it in the same divection ; 60 that, if the three angles be in the same plane, 
9i3 = *i + fz. 

1°. Here' fi = sa = fli! = 0; whence Z/i = 0, Z, = 0; also sj = flij = fljj, 
and therefore 

whence J'is an attractioE along the line of oentrea whose magnitude ia — j— • 

2°. Here '^ = 1' " ^ ~ \' ^" ^ " ' 

wlience -Ei^O, l,= f>\ also 11^= — p- cos es ; 

and therefore F ia a repulsion along the line of centres whose magnitude ia 

^ ■ 

3°. Here ti = 0, n = flu = ^i 

then, aa is and Z, are in the same plane, 



4°. Here ti = -, « = 0, 9i! = 5 ; 

whence J* = — ^1 i, = 0; also J5 = 0, Si = - ■■ - , 
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Hecce the resultant couple tends to turij. tte asis of the Becond magnet into 
a direction opposite to that of the first, and the resultant force tends to move the 
second magnet in a direction parallel to the asis of the first. 

It is to beohaerved that the couple in case 3" is double of the couple in case 
4°. Iq case 3° the deflecting magnet is aaid to be end on, and the deflected 
ma^et broadside on, whereas in case *" the deflecting magnet is broadside on, 
and the deflected end o», 

6. Find an espreasion for the energy due to the mutual action of two Email 
magnets when the force emanating from a magnetic pole varies inTCraely as the 
n" power of the distance. 

In (hia case the potential of a magnet, whoae moment ie fi, at a point at a 

distance r from ita centre is , where e ia the angle which r maliea with 



- (n+ 1) 0, 



Da.,j. 



7. If the force due to a pole varv inversely as the n"* power of the diatanoe, 
prove that when one emsll magnet la acted on hy another, the deflecting couple 
when the deflector ia end on and the deflected broadside on, is « times the 
deflecting couple when the deflector ia broadside on and the deflected end on. 

Bj a proceas aimilav to that employed in Ex. 5 lie deflecting couple in the 




truth of the reflulta 



Place two amall magnets SN' and iS iv , wnose uennres are u anu (, , m 
er on floats with rigid arms TQ and TQ' projecting from the floats, TQ 
ig parallel to SJT and perpendicular to CT, and G'TQ perpendicular to 
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8'N\ If CQ be made doullc of TQ, C placed on the production of C'Q', TQ 
made parallel to CQf, and Q and Q^ fastened together by a string equal in 
length to GT, the whole eystem is found to be in et[uilihrium. 

This shows that the mutual action between the magnets when placed in the 
manner described is reducible to a single repulsive force perpendicular to the 
line of centres at the point of trisection of this line, the shorter segment being 
nest the magnet which is end on. 

Thia Bgreea with the results obtained in cases S" and 4°, Ei. 5. 

We see also from the reduction of the mutual action to a single force that 
the result in case 4°, Ek. S, follows from that in case 3°, and that tbe couple 
acting on the magnet which is hroadside on is double of the couple acting on the 
magnet which is end on. 

The arrows in the figure indicate the directions of the tension of the string 
resisting at Q and Q' the forces due to the mutual action of the magnets. 

10. If the law of the force due to a magnet polo bo unknown, show how it 
may he determined. 

The result of the experiment described in the last example combined with 
the theorem proved in Ex. 7 shows that the law of force must be that of the 
inverse square. For, by Ex. 7, if the force vary inversely as the «'* power of 
the distance in the experiment of Ex. 9, in order to ha,ve equilibrium, Of 
should be made » times TQ. 

11. Prove that, when a small magnet Jfj, whose centre is fixed, is in stable 
equilibrium under the action of another fixed small msgnet M\, the force pro- 
duced by M3 on a magnet pole at the centre of Mi in the direction of its axis is 
the greatest possible. 

The mutual energy W of the magnets is given by the equation 



The centres of the magnets and the direction of hi being fixed when Mi is 
in stable equilibrium, Sa takes the direction which makes W" a minimum. If 
we now suppose hi and hi to be drawn through fi, the centre of -Mi, instead of 

through Cs, tbe centre of Mi, the operators — - and — - both change sign, and 

a for P' remains unaltered ; therefore the direction of ^ is such B9 



to moke — r- — I - 1 a maximum ; but if Vi he the potential of Mi at 
dh\ dill \i-/ 



rjir/^'rfA, rdftArJ; 



Hence the axis of Mi is in such a direction as to make the force in the 
direction of fti exerted by .3fi on a magnet pole at Ci the greatest possible. 

The theorem of this example enables us to place a magnet with its centre at 
it given point so as to produce the greatest possible force in a given direction on 
a magnet pole placed at another given point. 

13. When a small linear magnet Jfs, whose centre (7a is fixed, is in stable 
equilibrium under the action of another fixed magnet Mu show that the axis of 
Mst is in the direction of the force exerted by Mi on a magnet pole at (%, and 
tha^ the axes of the two magnets lie in the same plane. 
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Let JTi and Si be the poles of Mi, and JTj and Sj those of Jfj, the length of 
its axis being h- The f oroea acting on JKj at ifs and S2 aie equal and opposite, 

neglfloting qnantities of the order - as compared witl these forces. Hence, in 

order that the moment roimd C% ehould Tanish, Sn Si must be in the direction 
of the force on a north pole at (7a, The force sxertod ty the magnet M\ on a 
pole at Cj is the resultant of forces whose lines of direction are N\ fa and Si Ci, 
and must therefore lie in the plane CjiViSi- 

13. The emoU linear magnet itfj, whose centre is fiied, ia in equilibrium, 
under the action of the fixed magnet Mi ; find the resultant forcu on Ms. 

Ey the last eiample the axes of M-i and M\ are in the same plane, and 
therefore flu = si + jj ; also in the equations of Ex. 3, 6 = 0; whence 
sinifi + ei) — 3 COS 61 3iuej= ; and therefore 





vii + a 


■ cos"* 


B-e haye 






8f..^, 


1+7C0B= 


<, 


6^1 m 


V(l + 3cos 


."*,)' 



In this case, as the forces are all ii 
directiona of E and Hi , and if li' anj E 
in the directions of r and /ii, we have 



14. In Ex. 18 show that the resultant force on M-i tends to more it 1 
diiaotion in which the force eiertod by JKi on a magnet pole at Gi, the 
of Mi, inercases most rapidly. 

Let Fi be the potential of Mi at Ca ; than by Ex. 2, 






'■4m)'*m'*m'\ 



since hi is in the direction of the resultant force on a magnet pole at Ca hy 
Ex. 1 2. The force on Mt, tends to move it in the direction in which W dimi- 
nishes moat rapidly ; and from the expression for W given above, thia muat be 

the direction in which the force due to JK"i on a magnet pole ' " ' " "' 

rapidly in absolute magnitude. 
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Section II. — General Theorems. 

56. Ciaiiss' Theorem. — If V denote the potential at 
any point due to masses acting inversely as the sq;uare of the 
distance, and 8 the surface of a sphere whose radius is B, 
then 

J VdS = iirR^U,, + iivRM, (1) 

where the integral is taken over the entire surface of the 
sphere, and where Uo denotes the value at its centre of the 
potential of those masses which are outside it, and M the 
sum of those masses which are internal. 

To prove this, let U denote the potential at any point 
due to the masses outside the sphere, and v that due t^ the 
masses which are internal, then F = IT + v. 

Now taking as origin the centre of the sphere, by (2), 
Art. 26, we have 

0.f'i^<(S.S-f'^<J„.ii-|[w„. (2) 

} dr J dr dr] 

Hence J Udto taken over the surface of any sphere 
having O for centre is independent of the radius, provided 
the sphere does not enclose any of the mass producing U: 
therefore, by supposing the radius infinitely small, we obtain 



f Udm = i-!vU,. 






4irJf 



and integrating on tlie liypothesis tlaat tlie spliere is of 
variable radius, but continues to include the whole of the 



|. 
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If we suppose the radiue E to become infinite, v is zero at 
eacli point of the surface of the sphere. Hence (7=0, and 



Adding this equation to that previously ohtained for TJ, 
we have 

|Fi».fcji7,+ |j, (3) 

from which (1) followa at once. 

57. Iliiiplanar Distribution.— In the case of a uni- 
planar distribution of mass acting with a force varying 
inversely as the distance, Gauss' Theorem becomes 

f Vds = 2wE I U, + ^log ^j, (4) 

where s is the arc, and R the radius of a circle, M the uni- 
planar mass inside it, and U^ the potential at its centre of the 
external mass. 

For in this case, at a point on the circle whose radius 

R is infinite, the value of ii is Jf log -^ Hence the value 

of \vdS taken round this circle is Swilflog -=, and the 

theorem can be proved in a manner similar to that employed 
above for a three-dimensional distribution of mass, 

58. Creen's Xbeorem. — If t^and Fbe two functions 
of the coordinates which, as well as their differential coef- 
ficients, are acyclic, finite, and continuous throughout a 
region ® of space bounded by a surface S, then 



UdV dV dUdV dUdV 



(5) 



-If 



\dx dx dy dy d% dz } 
where the volume integrals are taken through the whole of 
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the region S, and the surface integrals over the whole of the 
boundary S, and v denotes a normal to 8 drawn into the 
field of the. triple integratioii- 

To prove this, we integriite by parts the e 



and we get 

whence, by the addition of two similar equations, if Q denote 

JJJ\(&' dx dy dy dz d% j ' 
we have 

By a process similar to that employed in Art. 45, we find 
that 

■whence, by substitution, we obtain 

[\ u'^-£dS + \{\ Uv' Vd® = - Q. (6) 

By an interchange of U and V we have, also, 

[[r~c?5'+ [ff Vv'VdB = - Q, (7) 

and thus we get {5}. 

If the field © consist of the space comprised between two 
closed surfaces of which one is inside the other, equation (5) 
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can be proved in tlie same manner as above, and this mode 
of proof is still vaKd when © is the space outside any number 
of separate closed surfaces, and inside another enclosing; them 
all, the surface integral in each of these eases being the sum 
of the surface integrals taken over each boundary. If a sphere 
whose radius is infinite be tlie outside surface, © will consist 
of the whole of space outside a system of closed surfaces. 

Again, if © consist of a number of separate detached 
regions, Green's equation is obtained by the addition of the 
equations holding good for each of these regions respec- 
tively. 

Lastly, if © include the regions on both sides of a surface 
8, whether closed or open. Green's equation can still be 
proved in the same manner as before, the surface integral in 
this case being taken over both sides of the surface S. 

When the region © is bounded by a number of surfaces 
in any of the ways described above, Green's equation may 
be written in the form 

^W "I'^'AW '''■^* - ^W ^f "'* ^I '^'"'"^ 

JJJ \dx dx dy dy As d% j ' 

but the simpler form (5) is equally valid, provided it be 
understood that the surface integral is to be taken over the 
whole of all the boundaries. 

When the functions 1/ and V are identical, Green's 
equation becomes 



f|.f...j|j.v...e^-||j| 



^d'^J \d!/ ) \ds J I 
.(9) 



59. Special Case of Green's Tteorem. — If the 

function U, or some of its differential coefficients, be infinite 
at a point P inside the field, the integrations implied by 
Green's equation may become illusory, and the equation itself 
may require modification. 
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If JJ = C' + -, where e is constant, r the distance of any 

T 

point from the point P, and V a function which is finite 
throughout the field, an important theorem can be obtained 
which is expressed by the equation 

\di6 (ko dy dy du d% ) ' 

where Vp is the value of V at the point P. 

To prove this, describe, round the point P as centre, a 
sphere S' of radius a so small that 8' does not meet any of 
the boundaries, and apply equation (5) to the field <B' con- 
sisting of that pftrt of @ which is outside 8'; then we have 

[ V'^d8+ i u'^^dS' + [ CTv'Frf©' 

+ [ V^'U'dB'+ [ Fv= ft)''®' 

[fdUdV dUdF ^^^@. 
~ ]\dx dx dy dy dz dz ) 

If we take P for origin, and if Q. denote the volume of 
the sphere iS', we have 

rfi2 = »■' dr dui, and d^ = d'dw, 

where dw is the element of a solid angle having its vertex at 
I' ; also the value of 
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Zfmplanar Form of Green's Theorems. 
len, 
= a'\U -— da> + ae\ —~ dw. 



(12) 



J dv J df J dv 

[ Uv' VdQ. = I U'v' Vda + e [ V* Vr dr di^, 

(dUdV,^ [dU'dV ^^ [dV 

-i z- dQ, = \ — — dQ-e\ -'- cosa dr dm, 

J dm dm } dx dx } dx J 

where a is the angle which r makes with the axis of x ; also 

V'{-) = at every point of the field ©', 

If we now suppose a to become infinitely small, we see 
from equations (ly) that 

i dv ' } dv 

and, since © = ©' + ii, we see also that 

] dx dx ] dx dx ' 

thus (11) heeomes the same as (10). 

60. Uiiiplanar Form of Oreen's Theorems. — 

When U and V are funotions of the coordinates of a point 
which is limited to the plane of xy, equation (5) assumes the 
form 



|4?.«.|j^VK«,=|rf*.|| 



V^^TJdxdy 



(dUdV dUiV\. , 
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r is the distance ol any point 

from a point F inside the field, since r log r = when r = 0, 
we ohtain as the uniplanar equation corresponding to (10) 

r U^ds + [[ U-^' Vdxdy = [ F^rfs - 2^e Vp + [[ Vv' U'd^dy 

■where Vp is the value of V at the point P. 

61. ConstAnt Potential. — If a closed equipotential 
surface have no mass inside it, the potential is constant for 
the whole of the internal space. 

For, since V is constant over the equipotential surface S, 
and there is no mass inside it, by Art, 26 we have 



\''"I"^-<'- 



also v^F'= at every point inside 5"; hence, hy (9), 

and since every term here is positive, we must have 
dV^^ dV^dV^^^ 
dx dy dz 

throughout the whole space inside S, whence Y must have 
the same value throughout this space as at the boundary. 

A similar theorem holds goodfor an uniplanar distribution 
of mass acting inversely as the distance. 

Again, if the potential have a constant value C for any 
finite portion A of unoccupied space, it must have the same 
value for the whole of space wHeh can he reached from A 
without passing through mass. 

For if in any portion _B of space adjacent to A the poten- 
tial he everywhere greater than C, we can describe a sphere, 
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of radius .H, having its centre and pait of its surface S in ^ 
and the rest of its surface in B ; then J VdS taken over the 
surface iS is greater than J OdS, that is, than iirlU'C ; but hy 
(1), Art. 56, we have J VdS = iwR^G. Hence there cannot 
bearegion^adjaceatto ^ throughout which V> C. In like 
manner we can show that there cannot he an adjacent region 
throughout which V< C; hut since V is continuous, if it be 
not equal to everywhere in the apace adjacent to A, there 
must be some finite portion of this space throughout which 
either V> 0, or else V < 0, either of which alternatives ia 
impossible. 

Thus A can be continually increased by the addition of 
adjacent portions of space so long as no mass is encoun- 
tered. 

In the case of a uniplanar distribution of mass acting in- 
versely as the distance, we can, by means of Art. 57, show in 
like manner that, if the potential be constant throughout a 
finite unoccupied area A, it has the same constant value for 
the whole of the plane which can be reached from A without 
passing through mass. 

When a mass distribution is symmetrical round a straight 
line, if the potential V have a constant value for a finite 

Eortion I of this line situated in unoccupied space, it must 
ave the same constant value for the whole of space which 
can be reached from I without passing through mass. 

To prove this, draw a plane through the axis of symmetry, 
and if V be not equal to in the part of the plane adjacent 
to I there must be a finite portion B of this plane, having 
I for a boundary, throughout which V is everywhere greater 
or everywhere less thau C; and if the plane be made to 
revolve round the axis, this must be true for the region 
generated by the revolution of the area B. If now a 
sphere be described in this region, having its centre in I, 
i before, that the supposed inequality of Y is im- 



62, Potential Zero.— If the potential be zero at each 
point of a closed surface, outside which there is no mass, it is 
aero for the whole of external space, and the total mass is 
also zero. Conversely, if the total mass be zero, and the 
potential have a constant value for a closed sujface S 
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surrounding the entire mass, C is zero, and the potential is 
zero for the whole of space external to S. 

These two theorems are an immediate consequence of 
equation (9). The boundaries of the region © are in this 
case the closed surface 8, and a sphere 8' at infinity. If 
M he the radius of this sphere, and M the total mass, we have 

V^- dS' = I -jr -— - JJ'rfd) = 0, since It is infinite. 
J dv } K M 

Hence, as V'F'= throughout @, we get 

when V is zero on 8 ; whence, as in Art. 61, V has the same 
value throughout © as on the surface S, and is therefore zero. 
Hence again at each point of any closed surface surroimding 

8 we have ~t" = ", and therefore, by Art. 26, the total mass 

is zero. 

Affain, if V be constant over S, and the total mass zero. 



and therefore, as heiore, V is constant throughout ©, and is 
therefore zero since it is zero at infinity. 

Another theorem, which ia more general than those given 
above, and which may he proved in a similar manner, may 
he enunciated thus : — If the potential he zero at every point 
of the boimdaries of a region in which there is no mass, the 
potential is zero throughout the region. 

63. Zero Potential for Unlplanar Distribution. — 
If at a point P the potential of a uniplanar distribution of 
ma^s acting inversely as the distance be zero independently 
of the absolute magnitiide of the unit of length, the total 
mass must be zero. 
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For the expression for the uniplanar potential F" at a 

point P ia Swi log — , wliere L is the unit of length, and r the 

distance of the mass m fi-om F, the lengths r and L being 
expressed in terms of the same unit. If we choose another 
absolute length L' instead of L as the unit, the expression 

for F becomes kS)» log — , where k is a constant depending 

on L and L'. If this be zero, 2m log — = ; and if the first 
expression for V he also zero we liave, by subtraetion, 

(Sm) log -^ = 0. 

and therefore S»i = 0. 

It is now easy to see that, i£ the uniplanar potential be 
zero, independently of the absolute magnitude of the unit of 
length, at every point of a closed curve s, outside which there 
is no mass, the potential is zero for the whole of the plane 
outsido s, and the total mass is also zero ; and conversely, 
that if the total mass be zero, and the potential have a con- 
stant value C for a closed curve s surrounding the entire 
mass, C is zero, and the potential is zero for the whole of the 
plane outside s. 

In fact, from what has been said, it appears that in each 
of the supposed cases the total mass is zero, and therefore, by 

Art, 44, the potential at infinity is zero, and as —- ds at a 

point on a circle at infinity is (Sws) dO, if we integrate round 

th^ circle, we find that V -,- ds is zero. The theorems above 

J dv 
are proved then in the same manner as the corresponding 
theorems for a three-dimensional distribution of mass. 

64. Eqwlvaleiit Dlstrlbntlons. — If two distributions, 
A and B, of mass have the same potential at every point of 
the boundary of a region to which both distributions are 
external, they have the same potential at every point through- 
out the region. 
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To prove this, suppose one distribution A to be reversed, 
that is, suppose the algebraical sign of each element of mass 
reversed, and suppose the distribution thus obtained to coexist 
with the other. The potential V due to this conjoint dis- 
tribution is then zero over the boundary of the field which 
is unoccupied, and therefore, by Art. 62, F" is zero throughout 
the field. 

Hence, at every point the potential due to A must be 
equal to that due to Ji. 

It is to be observed that the boundary of the region here 
oonsidered may consist of any number of separate surfaces. 

As a particular case of the theorem above, we have the 
important result, that — 

If two distributions of mass have the same potential at 
every point of a closed surface enclosing both, they have the 
same potential throughout the whole of external space. 

Again, it readily appears from Art. 61, that — 

If two distributions of mass give potentials which have 
a constant difference O at every point of a closed surface 8 
to which boBi distributions are external, the potentials due to 
these two distributions differ by at every point of the 
region enclosed by S. 

Another theorem which is easily deduced from Green's 
equation, Art. 58, is, that — 

If two distributions of mass produce the same normal 
force at every point of the boundary of a region to which 
they are both external, their potentials throughout this region 
can differ only by a constant. 

For, as before, suppose one distribution when reversed to 
co-exist with the other, and let V be the potential due to the 

conjoint distribution, tben-j- is zero at every point of the 

boundary, and as v' ^^ = throughout the field, by equa- 
tion (9) we have V constant throughout the field, that is, the 
difference of the potentials due to the two distributions is 
constant. 
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Efcampleif. 



1. Prore that the mean value ot the potential, due to any ayatemol niaes 
acting inversely as the square of the distauce, throughout a sphere havii^ none 
of this mass inaiiie it, is equal to the potential at lie centre of tte sphere. 

Suppose the sphere divided into an infinite numhet of shelle ooucenfric wili 
it, then the result given above follows from Art. 56. 

2. Prove that tie mean valueof the potential due to anysyatemofuniplanar 
mass, acting inversely as the distance, throughout a circle having none of this 
mass inside it is equal to the value of the potential at the centre of the circle. 

3. If two distrihuHona, .4 and S, of mass have the same closed surlkoe S 
enclosing both as an equipotential, every surface outside S which is an equi- 
potentia! for A is also an equipotential for B. 

Let Fi be the potential due to A, and Fj that due to S, then 

Vi = Ci and Fj = Ca on the surface S. 

pnsitioQS Bi 

ia given by the equation m' = -^m, where m is the corresponding mass belong- 
ing to A. Then, if ¥\ be the potential due to A', we have V'\ = Fj at the 
surface S, and therefore, F'l = Va, and Fi = — Vi for ail space eitpmal to S, 

Hence the equipotential surfaces are the same for the two ditti:! utions 
A and B, and the resultant forces due to them aie codueitional and ui a con- 
stant ratio to each other. 

4. If two distributions, A and S, of maaa, wbidt are both external to a 
region ®, produce normal forces at each point of the boundary of ® which 
have everywhere the same ratio to each other then thioughont the reeion ® the 
resultant force due to A is codirectional with that due to B and haa to it a 

6. If two distributions, A and B, of mass produce throughout a region ©, 
ta which they are both external, codirectional resultant forces, the ratio of the 
mitgnitudes of these forcea is constant, 

Thraughout ® the equipotential surfaces and tubes of force due to A coincide 
with those due to B. Let Xi and Ss be two ovthogonal sections of an infinitely 
thin tube of force T, and F\ and Pjthe corresponding resultant I'orceadue to A, 
then P|2i=Ps2j. 

Again, if Oi and Qj he the resultant forces due fo B at the same points, 

OiZi = QaSs, and therefore 7^ = tt' Hei^ce along the tube T the resultant 
forces due respectively to the two distributions aie in a constant catio. If now 
we consider a circuit composed of infinitely short elements, rfs and i&', of two 
lines of force comprised between two consecutive equipotential surfaces, and of 
the lines on these surfaces joining the estreniilies of ds and da', wB have, by the 
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principle of the Conservation of Energy, Fds = Fds', and also, Qds = Q'ds', 
whence, in going from une line ot force tii another, 77 = 757- Hence, throughout 
©, fte ratio — h constant. 

6. If two distritiuiions, A and S, of mass have throughout a region © to 
■which they are both external the same equipotential eurfacee, the resultant 
fomes due to these distributions are throughout the region @ codirectional and 
in a t^onstrint ratio- 

ThrousLout ®, if V and V be the potentials due to A and B, we have 
U' = f{Vj and also v^P"= 0, vT= 0. Hence U- aV + c where k and e are 



7. If two distrihutions, A and B, of uniplanai maaa, acting with a force 
Tarjing inversely as the diatanee, have the same closed curve s surioDnding both 
"- "T equipotential, every curve outside « which is an equipotential for A is also 






it^ibi 

C2;ihen,puttmg-~ = «, webave KJfi + JW"a = 0, 

Now imagine a distribution A' whose elements occupy the same poB 
those of A, but Bueh that any mass m' belonging to it is given by tie i 
tii = KM, when m is the corresponding mass belonging to A. 

Let the distribution A' coeiist with B, and '■-'■■ -' 
potential ; then at c we have f = k d + C?s ; and ai 
ma^ zero, by Art 36, we get 

J de 
when the integral is talien round the curve s. But by Art 44, tie integral 



taken round a circle at infinity is zero; therefore, by (13), Art. 60, Fia con- 
Btant throughout the whole plane outside s, and being zero at infinity is therefore 
zero. Hence since kVi + Fs = F = 0, the distrihutions A and B have the 
same equipotential Buifacea everywhere in the plane outside s. 

65. Potential a Maximiim or a minimum. — If the 

potential V ci any system of mass be a masimum at a point 
P, there is positive mass at P, and ii the potential be a 
minimum, there is negative mass. 

To prove this, describe a small sphere S round P as 
centre, and take P for origin ; then if F be a maximum at 

P, at each point of the surface of this sphere — is negative, 
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and therefore so also is -r- rfS taken over tlie surface ; but 
J dr 

f— — i^S = - 4:irM, where M xs the mass inside the sphere ; 
or ^ 

henoe M is positive ; and aa the sphere may he diminished 
without limit, there must he positive maaa at P. If K be a 
minimum, it can be shown in a similar manner that there is 
negative mass at P. 

It follows from what has been proved above that V 
cannot be a maximum or a minimum in unoccupied space. The 
same theorem can be proved in a similar manner for a uni- 
planar distribution of mass acting inversely as the distance. 

66. Variation of the Potential In 8pa«e un- 
occupied, by Mass. — The potential of masses which are 
outside a closed surface 8 has at all points inside this surface 
a value which lies between the extreme values on the surface. 

For, let A be the greatest and B the least value of the 
potential on the surface 8; then if anywhere inside the sur- 
face V be greater than A, or less than B, there must be a 
point where it is a maximum or a minimum, which is impos- 
sible. 

It follows, as a corollary, that if F'be constant over 8, it 
is constant throughout its interior. 

Similar results hold good for uniplanar mass. 

If the potential V of masses inside a closed surface 8 has 
at all points of 8 the sajne algebraical sign, it has the same 
sign at all points outside S, and its greatest magnitude irre- 
spective of sign in external space is less than its greatest 
magnitude on 8. 

For, if V were positive at every point of 8, and negative 
at any point outside iS, since V is zero at infinity, there must 
be a point outside S at which F" is a minimum, but this is 
impossible. In like manner it can be shown that if V be 
negative at every point of S it cannot be positive at any 
point in external space. Again, if V have at any point 
outside 8 a value of the same sign, but greater in magnitude 
than any of its values on S, it must be a maximum or a 
minimum at some point in external space which is impossible. 
Lastly, if A be the greatest value of V iri'espective of sign 



y Google 



120 The Foimtial. 

at the surface 8, the value of V at an external point P cannot 
be equal to A except A be zero. For, if Y were equal to 
A at P, describe a sphere round P as centre not meeting or 
enclosing S ; then by Art. 56, einee Y has the same algebraical 
sign at all points of the surface of this sphere, and nowhere 
exceeds A in magnitude, it must be equal to A at all points 
of this surface, and therefore for all the included region, and 
therefore for all space external to 8. Hence A must be zero. 



ng the surface B, it 16 now 

ide a closed surface 8 have 
same algebraical sign, the 
ign as the potential at S, 



By describing a sphere enelosin 
easy to see, by Art. 56, that— 

If the potential of masses insid 
at every point of this surface the s; 
sum of the masses has the sarae sig 

As an immediate consequence from the above it follows 
that — 

The potential of any system of masses whose sum is zero 
cannot have the same algebraical sign at every point of a 
closed surface enclosing these masses. 

67. Poiots and T4nes of Equilibrium. — A point of 
equilibrium is one at which the resultant force is zero. At 
such a point, if V be the potential of the acting mass, 

^y-.o, ^.0, "^r.o. 

(fe dy d% 

A point of equilibrium is therefore a double point on the 

equipotential surface Y - K = 0. 

T« . ■ ^ * T ^ . dY dY _^dV 

If at every pomt or a Ime of any lorm — , —, and — 

be aero, the line is a line of equilibrium, and must be a double 
line on an equipotential surface, which accordingly must have 
at least two sheets intersecting in this line. 

If an equipotential surface have two sheets cutting one 
another in unoccupied space, they must intersect at right 
angles. 

To prove this, take a point on the line of intersection bs 
origin ; then, at any near point x, y, s, we have, by Taylor's 
Theorem, 

^ ^ /rfF\ fdY\ (dy\ li(d'Y\ , . \ 
\dx a \dyj/ \rf3/o 2(\(&Vo ) 
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the equation of the equipofcential surface F" - S" = 0, 
in the neighbourhood of the origin 

but, since the ec^uipotential surface consists of two sheets in- 
tersecting in a line passing through 0, the terms of the 
second degree in the equation above must be of the form 

{Ax + % + Cs) {A'x + B'p + C'z), 

where Ax + By+C% = and A'x + B'y + C"a = 

are the equations of the tangent planes to the two sheets. 
Hence we have 



■)/(f)/Q-' 



since is a point iu space unoccupied by mass, and therefore 
the two sheets of the equipotential surface cut at right 
angles. 

68. Rankinc's Theorem. — If n sheets of an equi- 
potential surface in space unoccupied by mass intersect in 
the same line, the angle between each pair of adjacent sheets 



To prove this, take a point on the multiple line for 
origin, and a tangent to tins line as axis of s ; then if be 
a multiple point of the order m on the equipotential surface, 
the tangent cone to this surface at is of the form IT™ = 0, 
where S^ is a homogeneous function of the «*"' degree in 
X, y, z. Also, as the tangent planes to the n sheets of the equi- 
potential surface pass through the axis of z, their equation is 
of the form u„ = 0, where u„ is a homogeneous function of 
the n'* degree in « and i/; and, since they intersect in a line, 
on the cone ff^ = 0, and are tangent planes to this cone, S„ 
is of the form u„ z""^ + itnn s""""' + &e. + u^, where M„+i, &o., 
are homogeneous functions of x and y of the degree « + 1, 
&o. Now in the vicinity of the origin V= K+ S,,^ + H^+i 
+ &c,, where S^m+i, &c. are homogeneous functions of x, y, % 
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of the degree m + 1, &c, ; and, as v'I^= for all values of the 
coordinates, V'-ffm = 0, and therefore equating to zero the 
coefficient of the highest power of s in ^''H^, we get 






If ^ be the perpendicular from any point on the axis of z, we 
have M„ = p^/i-f) ; and by equation (18), Art. 48, we get 

(f (^ _ ^ (/' (^Y J^K 
dx' dy' jf \ \ dp) d^^} ' 
whence we obtain 

and therefore 

/{<!>)= A Bin [n^ + <t). 

The value of iji for a tangent plane to the equipotential 
surface is given by the equation f{^) = 0, and therefore 
«0 + a = SIT when s is an integer. 

Hence ^i = — , ^j = , &c., and 0j-0i = -, that 

is, two adjacent sheets of the equipotential surface intersect 

at the angle -. 

In the case of uniplanar mass acting inversely as the 
distance, it can be shown in a similar manner that if an equi- 
potential curve in a part of the plane unoccupied by mass 
have a multiple point of the order n, the angle between two 

adjacent tangents at the point is -. 

69. magrams of Equip wtential Surfaces, — If the 

value of the potential at a point P bo known for each of 
the portions of mass of which a system is composed, we can 
find the potential of the whole system by addition. This 
principle enables us to construct the equipotential curves due 
to a set of centres of force of given intensity. If the centres 
of force be situated on the same straight line L the equi- 



y Google 



Thomsoit's Theorem. 123 

potential surfaces are surfaces of revolution round L as axis. 
If there be two centres of force, A and B, for which the 
corresponding potentials are u and p, take any plane passing 
through L, and draw in it the circles round A as centre for 
which M = 1, M = 2, &c. Draw the equipotential circles also 
for S; then, if the eircles for which u=m and i; = « intersect, 
the value of the total potential V at their point of intersec- 
tion is m + n. Now by altering the values of m and n, their 
sum remaining constant, we obtain a number of points on 
the equipotential curve for which V = m + ii, and thus the 
curve can he graphically constructed. Having drawn the 
equipotential curves due to A and B eonjointly, we may 
suppose a third centre of force at a point G on the line join- 
ing A and B, and having drawn the equipotential circles 
corresponding |o*it we may proceed as before, and so on for 
any number of centres of force. The method of di'awing the 
Knes of force in the case supposed has been already described, 
Art. 34. By drawing also the equipotential curves in the 
manner given above, tlie diagram of the field of force is com- 
pleted. 

70. Thomson's and Uirichlet»»' Theorem. — An 
acyclic function ^ of the coordinates always exists, which 
satisfies the equation v^^ = throughout a given region ©, and 
is equal to a given function at each of the boundaries of this 
region. 

There is only one such function. 

To prove this, let w be a function of the coordinates 
satisfying the equation u = f, {xyz) at the first boundary, 
« =/s {^^) at the second boundary, and so on, and let 

taken throughout the region @ ; then if v be another function 
of the coordinates, and a a constant, we have 

„ ,„ ,, rrf A'm dv du dv da dv\ ,^ 

,( 



\dx dx dy dy dz dz) 



.«„ + .-e.-2..:^ <««+«■«. 



I 
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If V be selected in auch a manner as to be zero at each of 

the boundaries, and so as to make p v^m rf@ positive, and 

if a be positive and so small that its square is negligible 
compared with its first power, we have ©m„„ < Q„. Hence, 
if m' = w + ae, the function ii' aatisfies the same boundary oon- 
ditiona as u, but Q,,- < Q„. From this it follows that if a func- 
tion M satisfy the boundary conditions, we can always find 
another function u' satisfying the same conditions, and such 
that Qu- < Qa, unless v'w = throughout the field of integra- 
tion. Now Qu is essentially positive and cannot therefore be 
diminished without limit, lience a function $ exists which 
satisfies the boundary conditions, and is such that Q^ cannot 
be made less, but if this be so we must have v'^ = throughout 
the field ©. 

Again there is only one such function. For if there were 
two, <p and $', and if we put $ - ^' = Xi ^® should have x = 
on the boundary, and v';^ = throughout the field, and there- 
fore have \ zero. Hence = ^'. 

A similar theorem holds good for a plane. 

It is to be observed that the validity of the proof given 
above for the first part of Thomson's theorem is not admitted 
by Weierstrass and other eminent mathematicians. 

71. Surface DistribuAloii. — It is always possible to 
distribute mass over a closed surface 8 so as to produce the 
same potential in external space as a given distribution of 
mass M which is inside the surface, or the same potential 
in internal space as a given distribution M which is out- 
side. 

To prove this, let ©j be the region outside S, and ©j the 
region inside, v^ the normal to 8 drawn into ©i, and vj the 
normal drawn into ©a ; then, if Fbe the potential due to M, 
by Art. 70, there is a function suoh that ^ = F" at S, and is 

M 
of the order — at a point P at infinity, where R is the dis- 
tance of P from the origin, and that v'^ = throughout ©„ 
and a function -^ such that i/(= V &i S, and y'l^ = through- 
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Again, if P be a point in the region @i, and r denote tbe 
distance of any point from P, by Art. 59, we have 

Also, by Art. 58, we have 

Adding this equation to the former, and remembering 
that at the surface 8 wo have i^ = ^ = Y, and that 



rfv, " 



-, we get 



J r \dv, dvj 



liS'^^- i-n<^p. (15) 



Hence at any point in ©, the function expresses the 
potential of a surface distribution whose density is 

_ i ('^ ^\ 
4n- \dv, dvj' 

In like manner \p is the potential in Sj of the same surface 
distribution. Also, if M be situated in (3a we have ^ = F" 
throughout ®i, and if M be situated in S, we have -^ = V 
throughout ©a. Hence the surface distribution is determined 
which produces the same potential on one side o/ S as a 
given mass distribution existing on the other side. 

When the mass M is inside S it is equal to the total mass 
of the surface distribution. 

It is obvious that wo can show in a similar manner, that 
if space be divided by a boundary or set of boundaries into 
two regions, it is always possible to distribute mass over the 
boundary so as to produce in one region the same potential 
as that produced by a given distribution of mass existing in 
the other region. The density of the required surface dis- 
tribution is determined in the same manner as before. 

Another theorem, in some respects more general than 
those given above, is the following : — 

It is always possible to distribute mass over a surface S 
closed or open so as to produce a potential which is equal at 
each point of iS to a given function of the coordinates. 
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In this case, if iS be an open surface, we have to determine 
a function A of the coordinates which at a point P at infinity 

M 
is of the order ^, where J/ is a finite constant, and R the 

distance of F from the origin, which eciuais at iS a given 
function of the coordinates, and which satisfies the equation 
VY = throughout the whole of space on both sides of 8; 
the deuaifcy a of liie surface distribution is then determined 
by the equation 

\dvi dvil 

72. Curve nistribudon of Unlplanar IHass. — If V 

be the potential of a uniplanar distribution of mass M acting 
inversely as the distance, and s a closed curve surrounding 
M, a function $ of the coordinates a: and y exists which is 

equal to V at the boundary s, and is equal to M log -^ at a 

point P at infinity whose distance from the origin is R, and 
which also satisfies the equation V'^ "" throughout the part of 
the plane outside s. Proceeding then as in Art. 71, we find 
that the density v of a distribution on the curve s producing 
outside s the same potential as that due to M, ia given by the 
equation 

\dv\ dv^j 

Again, if M be outside s, we find in like manner a distri- 
bution on the curve s giving the same potential as M inside s. 

The theorems for uniplanar mass corresponding to the 
remaining theorems of Art, 71 are investigated in like 
manner. 

73. nistrlbatlon on EQaipotential Surfaces. — If 
the equipotential surfaces corresponding to a distribution of 
mass Jfbe closed surfaces surrounding M, and if mass be dis- 
tributed on the equipoteutial surface S so as to produce in 
external space the same potential ae that produced by Jf, the 
density of this dktribution at any point of S is inversely pro- 
portional to the normal distance at this point between iS and 
the consecutive equipotential surface. 
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For in this case i^ in equation (15) is constant, and 
since $ = F, where V is the potential of tlie mass M, we have 

and <T, the density of the surface distribution producing V in 
external space, is given by the equation 

__ j^ rfF 
'4n- dv ' 
But if V= C for the equipotential surface S, at a con- 
secutive eqoipoteutial V = C + dC, and 

~dv^ V- V=dC, 



It is easy to ohtain (16) directly from (10), Art. 59, 
since at the surface S the potential Vh constant, and r being 
the distance from an external point, 



J dr [r, 



?=0. 



Similar results hold good for nniplanar mass acting in- 
versely as the distance. 

74. Determinatloo of Equi|»oteiitials. — If S 'be a 

closed surface on which there is a distribution of mass whose 
density at any point is it, and whose potential is constant on 
S, and if dv be the normal distance between S and a con- 
secutive equipotential surface 8'; then, since 

1 dC 

a a be known, the surface S' can be determined. 

75. BistrillHitioii of Electricity oa a Conductor — 

We have seen. Art. 30, that when a charged conductor is in 
electric equilibrium, the electric mass is distributed on the 
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surface so aa to produce at eacli point a resultant force normal 
to the surface, which is therefore an equipotential surface for 
th^ distribution, and the electric mass constitutes what is 
termed a couche de niveau- 

If the total amount M of mass be given, there is only one 
poss0)le distribution consktmit with electric equilibrium. 

For, if there be two possible distributions, let their 
potentials in external space be TT and F"; then at the surface 
8 of the conductor we have V = d, Y ^ C^; and if i- be 
the normal to S drawn outwards. 



Hence 

(dU dV\ 



li-<-?)--^ 



also if X = U -V, by equation (9), Art. 58, j^ is constant 
throughout the whole of space outside 8, and therefore 

-i is zero at every point of 8 ; whence the density of the dis- 
tribution producing U is everywhere the same as that of the 
distribution producing V. 

It can be shown, as in Art. 70, that there is only one 
possible distribution of mass over a closed surface 8 producing 
a given potential at every point of this surface. 

Hence, if im insulated conductor be charged to given poten- 
tial, the quantity and distribution of electrieity on its surface is 



Examples. 

1. The potential F is^ [x, y, s) ttroughout the region ineide a dosed 
eurface iS, and is zero throughout external space; find fte corresponding dis- 
tribution of mass. 

la order that it sEould be possible to fulfil the required conditions ^ (ar, y, i) 
must be zero at the aurfaco 8 ; then inside S^ the density p is given by the 
equation 4]rp + v°^ = 0, and the eurface density o on 5 by the equation 

4irff + 7^ = ", where v is the norma! to S drawn inwards. Since 5 is an equi- 
potential surface corresponding to V, we have 



'-m 
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2. Find the equipotential surfacua of a linmoB;eiLeoua homteoid in extmnal 

A iomosoid is a cmclie de niveari, and tliarefore the method of Art. 74 is 
applicable. By Ex. 4, Art, 24, the Eurfaoe density o" varies sa p fJie central 
perpendicular on the tangent plane. Now ii a + da, b + db, + de, he the 
asee of an ellipsoiil conf ocal witii the inner surface of the homcooiil, and p + i^ 
the central perpendicular on its tangent plane, einoe 



and, as a' - b^ and a' - c^ are constant, wo get eda = hdh = cde, and therefore 

isdo = ada. and » varies as -;-. Hence ir varies as ^-, but, by Art. 74, a varies 
■^ ^ ' dp dp ■' 

as — , that is, fie consecutive eq^nipotential surface of the honneoid ia an 
ellipsoid eonfooBl with its inner surface. A surface diattibntion on this, giving 
the same potential aa liiat of the hormeoid, is a couch de mveati, and (Art. 75) ie 
therefore, another homreoiii, whose equipotfinfial is another ellipsoid confocal 
■with the inner surface of the original homceoid. Proceeding in this manner we 
see that the equipotential surfaces of a bonneoid are confocal eEipsoida, and also, 
that confocal honifeoids of equal mass (Art. 37) have the same potential in 
eilemal epace. 

A fuller account of the properfiea of confocal homceoids will be found in 
Chapter V. 

3. Find the potential F" of a homceoid -H" at any point P in external space. 

Since the oqutpotenlial surfaces of S are confocal ellipsoids, F varies only 
along with the asis major 2a' of the confocal ellipsoid E" passing through F, and 
therefore F = /(ffl'). Let 2 (a' + So') he the asis major of the outer Surface of 
a homceoid 3' whose inner surface ia H', then if M' be its mass, and p' its 
volume density, wo have 

M' = ~ v? 3 [a'b's') = 4irp' b'c'Sa', 

but lis' and S'have the same potentialin space eitemal to both, M' = M, and 
therefore 4xp'So' = — . Now if a' be the surface density of the distribu- 
tion on the ellipsoid -E 
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Integrating, and rememberiiig that V 



integral l)y aasuming a' sin. S ^ k,^ 



onfocal Eyaf«m. 



■where Fis an effiptic integral of the first Mnd whose modulus is -, 
amplitude is 9. 

o confocal hommoids at any point outside 



5. Prove ttat the potentials of confocal 
outride both, are proportional to their masses. 

Let E and E' he the eilipsoids, the aemi-aies of M being a, S, c, and those of 
E' being a', h', «', then if Aa, \b, Ks be the semiaies of an ellipsoid similar to 
^, and xo', aJ', xo' those ot an eUipsoid similar l«^, since, o'-J" = «''-*'', and 

if AgofromO to 1, the ellipsoids Bands' are each divided info an infinite number 
of horaceoids, the bounding surfaces of the homi»oids composing B being confocal 
with those of the corresponding homceoids of E'. Also the mass S of any 
homcBoid in JJ is inpt.^abcdK, and the mass fl" ' of the corresponding homosoid in 
B' ia iirp'^'a^b's'dh, and therefore —= -^„ where Jf and Jf' are Uie masses of 

the ellipsoids. Hence as the poteutial of E ia the sum of the potentials of the 
homteoida of which it is composed, and a similar statement holds good for E, 
and as the potentials of each pair of corresponding homteoids in external space 
are proportional to jffond M', thia is also true of the potentials of the dlip- 



The theorem above is usually m 



[acjlaur: 



6. Find the equipotential curves due to an elliptio homceoidal band of uni- 
planar mass acting Inversely as the distance. 

By an investigation similar to that of Ex. 2, it can be shown that the equi- 
potential curves required are confocal ellipses. 

7. Find the potential of an elKptic bonneoidal band of uniplanor mass in 
external space. 

If M be the uniplanor mass, and V the potential at the point P, of the 
homceoidal band S, a' the semiasia major of the ellipse passing thixiughP con focal 
with S, and 2c the distunce betweenits foci, as in Es. S, we hare 
df M 

da- " vl"'" - ==) ■ 

Assuming o' = c coah ij, and integi'aiing, we get V=C~Mi]. 
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Examples. 
When a' ia infinite, 

r= - Jiflog <i' = - JIf {7, + log \e] ; 
and therefore, in general, 

r= Jf |log2-loge-^i. 

8. A diBtribution ol mass Jf has for an equipotential s 
E endoaing M; find the potential of M at any point P outei 
If F he the potential rc([uiiod, 



Jfl' -/(«''-ft^)(o'^-A=)' 



9. Aa insulated ellipsoidal conductor is charged with a quantity E of elec- 
tricity ; find its potential at any point P in external space. 

If V be the poteoiitil, 

where a', &o., have the same meaning as in Es. 8. 

10. If two diBfribntiona of nmsa, M and M', in portions of Bpaoe © and ©' 
separated from each other by a continuous surface 8, produce tangential forces 
equal and in the same direction at eyery point of S, a surface dia^bution on 8 
can be effected which produces the same resultant force throughout ® aa that 
produced by M\ and the same throughout ©' as that produced by M. (Thom- 
son and Tait.] 

If Fand V he the potentials due to JW and M", and if thei-e be a surface 
distribution whose potential is V, and such that ^"1= Ton 8; then by Art. 64 
tr= rtiwoughout®'. But atSwe have V- F' = C ; hence (7 = V -v G a.t S, 
and therefore [f= F' + Ctbroughout @ by Art. 64. 

11. A hollow conductor, comprised between two closed eurfacea, has electric 
mass in its interior ; show that the whole potential jn eitarnal space is that 
due to the charge on the external surface 8. 

Let V be the potential due to the charge on the outer surface, and lot F be 
the total potential ; then if r be the distance from any point F in the region ® 
outside S, by Art. 59 we have, 

whence, as 7' F= throughout ®, and Fis constant on S, we get 
, ,, edVdS 
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Agiiiti if <r he iha (tensity of tlie aurfaoe distribution on S, by Art. 46 we Lave 



10 force in the substance of tie conductor 



_(ffdS 



Hunce, substituting for a, we obtain «p = Vp. 

12. In Ex. 11, show that the total tlectiic mass on tbe interior surface of 
the conductor is equal in magnitude and opposite iu algebraical sign to tbe total 
mass in the interior hollow, and that the potential of the two distributiona con- 
jointly is zero in the subBtance of the conductor. 

If « be liie potential due to the mass in tbe interior hoUow in conjunction 
with that on the inner surface, and Fand whaTethesamemeaningasinEx. 11, 
then V^v + Uyhnt in external space V = v, and therefore a = 0, and being 
due to muse none of which is outside the inner surface, u must be zero up to llis 
Eurffloe, Art 61 ; hence by Art. 26 the total mass producing m is aero. 



If the conductor were uncharged, there would be in consequence of the mass 
ia its interior a charge - S' on its inner surface, and a charge + H' on its outer 
surface forming a coimhe de niveau. If now a charge E he communicated, the 
total charge on the outer surface becomes B\W \ and as it forms a eoaelie As niveoM, 
the potential is obtained by puttiag .E + S' for S in the answer to Es. 9. 

14. A material particle, under the action of forcos due to mass attracting or 
repelling inversely as the square of tbe distance, and situateii in space unoccupied 
by this mass, cannot be in stable equUxbriuoi. 

15. If a particle he placed at a point of equilibrium in unoccupied space, 
and receive a amaU displacement B ot given magnitude, show that the force 
which acta on the particle in the direction of S. varies inversely as the square of 
the oodireotional radiua vector of a hjperboloid having as centre. 

If the coordinates of be a, y, s, the potential F at a point in the vicinity 
of 0, whose relative coordinates are J, ij, f, is given by the equation 



r. F. + jMf + w+of), 

1 tbe components of the force acting on tlic parti 
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— BR coa $, - CM cos 7, where n, S, 7 fire the direction angles of R ; whence 
the force along S 13 - [A cos- tt + ^oos'S+ Coos" 7) R,qi — |S, where ria 
the radius vector of the bypetboloid whose equation, is A^^ 4- £,,= + Cf' = K. 

16. In the last Example, if ^ be the central perpendicular on the tangent 
piano to the hyperbolold at the point where it ia met hy r, show that the total 
force acting on the particle ia in the direction of j;, and is inversely proportional 



use the hyperholoid J?" + 5„= + CC* = - K. 

17. ProTe that at 0, a point of e^uilihrium, sets of three mufoally perpen- 
dicular lines can be found Buch that a particle at displaced along one of them 
is not acted on hy any force in the direction of thia diaplacement. 

If we suppose the axis of f to lie on the cone r whose equation referred to 
its principal ases ie Ax^ + By' + Ct' = 0, aince then, lie coeiBcient of f ' must 
vanish, and since the invariant -4 + £ + C = 0, the equation of r aaaunies the 

a(J= - 7,') + Ihi-n -1- IM + 2sfJ - 0. 

But as the factors, X and Y, of o{J^ - if) + 2AJ„ are necessarily real, and re- 
present when equated to zero perpendicular planes, the equation of r becomes 
XF+if (-M3 + JVy) = 0. Hence the lines of intersection of the planes X, T; 
X, f ; and Y, f, are mutually perpendicular, and are all edges of the cone 
r. Apartide, therefore, displaced from along one of tlieae lines remains 
on the equipotential surface passing through 0, and is therefore unacted on 
by any force tangential to this surface. 

18. If a distribution of mass ilf consist of two parts. Mi and Ma, round each 
of which a closed surface can be drawn, lie intervening space being unoccupied, 
and if for the whole of space outside these surfaces, ft and &, the distribution 
JV be ceutrobaric, prove that the baric centre must be inside either jSi or 8%, and 
that if it lie inside 81, the potential of the mass inside S% must be zero for the 
whole of space outside &. 

If 6, ^e baric centre, be outaide both Si and 8%, describe a surface S in the 
space external to Si and fij enclosing 6 ; then, if Jtf" be the normal force at any 
point of this surface S, since 31 is outside S, we have JWS = ; and therefore, 
throughout all space outside Si and Si the potential is that due to a zero mass 
placed at Q, and is therefore zero. Hence G must lie inside either Si or 1^. 
If (? be inside Si, imagine a surface distribution on iSs giving the same potential 
as JKj through space outside 81, and let V be the potenrial due to this distribii- 
tiou coesiatrag wiUi the distribution Mi and the maaa ~ .3f placed at (?, then V 
is zera throughout all space external to Si and &, and being zero on the 

surface Ss is zero througbout the enclosed region. Hence -7- is zero at both 
sides of Ss, and the surface density at each point of fia is zero, and the potential 
in external space of the supposed distribution on Si is zero, and therefore also 
the potential due to Mi. 

19. If a ayatem 0! mass jlf be centrobaric throughout a finite portion @ of 
space outside M, it ia centrobaric for the whole of space outside itself. 
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134 The Potential. 

Througliout © the potential of M ia the same as that of a maaa M concen- 
trated at a point G. Hence by Art. 61 the potentials of these two distributions 
are the aame throughout the whole of space outside M. 

20. If tlie system of forces exerted by an invariable mass aystem. A on 
another inyariable mass system B be always reducible to a single force passing 
through the same point 6 ia A whatever he the position of B, then -^ is cen- 
trobaric for all space outside itself. 

Takea pointP so distant from A that a sphere can be described, with PaBoentre, 



^ t , aud oapahle of oontaining B 
its centre and its surface ; place B in this poeition, 
and draw any li FK m ing B r ntric 
spheres having F as will p hr gh ces- 

sive layei's of 5, d hi will nstit te a 
figure on the sphe whi h t tuat d If .5 

be made to rotate i FK Hx t f i rticlef 

lying on the sph whose d FK g 

bjtheirsuceessivepo? ti ph n Ifigi b 

by a circle of wh hi pi Th sitb 

copolai' circles of wh h th is id have 

been passed ore by tsfprtl hihare 
3ifEerent for each I b t h p t h ame 
circle has been pa& d ly h sam umber of 

particles. Hence w ppo th positi 

density of B being changed from /) to -, where n is infinite, we obtain a solid of 




revolution B' formed by a series of layers on succesaive concentric spheres, each 
layer being bounded by a circle, and such that the density at any point in the 
layer depends solely on its distance from the pole of the bounding circle. 

If we now suppose the line PK with the solid B' rigidly attached to take 
every possible position round the point F, and all these posibons to ooeiist, the 
density being again divided by an infinite constant, we obtain on the sphere 
having FK as radius a homogeneous shell, since the conditions determining the 
density are perfectly symmetrical for all points on this sphere, and on the whole 
we obtain a set of ooncentrio spherical shells, each of which is homogeneous. 
Hence the resultant attraction of .4 on a set of concentric homogeneous spherical 
shells having Pas centre passes through &; and, therefore, the attraction of .4 
on a mass concentrated at Ppaases through (?. 

It can be shown in like manner that this holds for every position of P 
throughout a finite volume. Hence A is cenliobarie for the whole of space 
outside itself. 

Another method of proving the above theoremwillbe found in Art. 81, Es, 8. 

21. The surface density on a conductor under the influence of other con- 
ductors is positive in some placBB, and negative in, others ; show that the 
equipot«ntiid surface for which the potential is that of the conductor has more 
■Bian one sheet. 

22. Find the eqnipotential surfefies belonging to a homogeneous thin bar 
AB whose density is X. 

Let P be any point outside the bar, by Art. 10 the resultant force at P is 
in the direction of the bisector of the ai^le APB, thatis, it is along the normal 
tfl an ellipse passing through Pand having A and B as foci. Hence the equi- 
po1«ntial surfaces required are confocal ellipsoids of revolution. 
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23. Find die distribution of mass on one of the equipotontial surfaoea which 
produces the eame potential as tJiat produoed 
by tho bar in external space. 

Let AS = 2c, AFS = f , AP= r,, 
B.P = 5-a, i'i + »^ = 2b, let G he the middle 
point of JiB, and let the perpendioulsra from A, 
G, andB,c- "■- "' ' ■--■---'-- -' ■■'^ ^- 




ana let vue ptr^euuicuizcrg uyu 

\j, auu. J), uii the eitomal bisector of the aii^. 

J^PSbedenotedby;!!, y, ps, and the perpendi 

■ from F on AB by q. Then, if m be tl 

of the bar, and JJ Uie reaiiltaut force i 



and if 0- be the 



the required surface distribution, we havu, 



where jo is the central perpendicular on the tangent, and a the semiaiis major, 
of the ellipse passing through P and having A and B bb foci. 

This result cau otherwise be deduced from Es. 22, by means of Ex. 2 and 



76. tJreen's Function. — If there te a closed surface 
8, and two points P and Q, on the same side of this surface, 
Green's function is the potential at Q of a surface distribu- 
tion on S which, in conjunction with a unit of mass at P, 
produces a zero potential at all points of 8. 

]jet p denote the density of this distribution ; then, if 
Gtreen's function be denoted by Qp^, we have 

where A is any point on the surface 8. 
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We oan now show that if JJ denote the potential of any 
distribution on S, the potential Up of this distribution at P, 
is given by the equation 

Ui.=-\pUdS. (17) 

To prove this, let a be the density of the distribution pro- 
ducing JJ ; then 

P. = J ^-^, but -j,^ =(?.,= J ^^^, 

where A' is auy point on 8 different from A. Substituting 
we have 

which is the same as the right-hand member of (17). 

It follows readily from (17) that no alteration is pro- ■ 
dueed in Green's function by interohangiug P and Q. For, 
let XTq = GpQ, then, if q be the density of a surface distribu- 
tion corresponding to a unit mass at Q, we have 



GpQ = - 



77. Energy In Terms of Resultant Force. — The 

potential energy due to the mutual action of mass which is 
continuously distributed through a volume or over a surface 
may be expressed in terms of the resultant force. 

If F denote the potential due to the mass, iS the surface 
or surfaces on which there is a distribution, @ space on both 
sides of these surfaces, m the mass concentrated at any point, 
It the resultant force, and W the energy required to produce 
the distribution ; by (21), Art. 50, wehave W^= -^ SmF; but 
if <T be the density on a surface where there is a distribu- 
tion, by Art. 46, we have 

^„ 1 fdV dV\^^ 

4ff \dp dv I 
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also throughout the field on hoth sides of this surface 

m = fid's = - 4- V Vd®. 
Hence, by (9), Art. 58, we ohtaiu 

where the volume integrals are taken through the whole of 
Bpaoe. 

'Es.AUTLm. 

1 . Prove ttat if the potential be given at every point on a set of Eurfaees, the 
polentiiiJ energy due to the mutual aetioii of the mass producing this potential 
is least when all the maaa is on these surfaeea. 

Let S denote the set of eurfacea, © the whole of space on both sides of these 
eurfaees, V the pntential of a mass diHtributiou on them aueh that V has the 
aeeigned value everywhere on. 8, and V+ v the potential of any other distribu- 
tion fulfilling this condition. Then, if On have flie same meanii^ asin Ait. 70, 
by Art. 77 we have 



(f+g)«-^I"'«^ 



but f must be zero everywhere on S, and v^ F = throughout ©, since corre- 
sponding to V there is no volume distribution ; therefore, Wy ^ ^ = Wp + Wv, 
and therefore the energy p nling t the distribution pioducing F is 

2. Show that of all sulfa d 
of conductors that which is 

This follows immediatel fi 
moveable system the potent 1 
equilibiium. 

It may be proved directly as follows — 

Let (Si, &, &c., be the Burface* of the conductois, J" the potential due to a 
surface dietribution producing a constant potential on each conductor, and suoh 
that each conductor has ^e assigned charge, V + i that duetoany other surface 
distribution fulfilling the latter condition. Then, jf £i be the charge on Si, we 



"'Hi^*'^''^ 
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J \a^i dn I 
and a similar c([uatioa holds good for each of fhe other conductors. Again 
™ ^ ^ „ , f IdVdv dVdv drdv\ ^^ 

J \d3: dx dy dy dz dtj 

Bince, by what is said above, iie surface integrals at Si, Sj, &o. yaiuBh, F being 
constant at each of these surfaces, and, as there is no TOlumo distribution, A^v ia 
zero throughout @. Hence Wr+„= Wv^ We, and the energy coriesponding 
to F ia the least possible. 

3. Prove Itat a charged body cannot he in stable eq^uilibimm under the 
aotdoD of electric forces. 

Let a be the chaise iu any small iwrtion of the ohai^d body A, and V tbe 
potential of the electric forces ; then W, the potential energy due to the presence 
of A. in the electric field, would be 2 Fe if all the electric mass were rigidly 
fixed in the bodies in which it is diabihuted. Let |, ij, C be the coordinates 
of a point P in the body A, and a. b, c the eoordinatea of any point Q la A 
relatiye to F; the absolute coordinates x, y, eof Q are given then by the e[[uft- 
tions » = { + «, j/ = tj + i, « = f+e. For a motion of translation of A, the 
coordinates a, b, c are constant, and for variations due to auch a motion 
— = — , &c. Tate a point in the vicinity of P as origin, and describe a 

sphere S round os centre, so small that, when P moves about in this sphere, 
no part of A can enter the region occupied by the electric maases producing V. 
Let r be the distance of P from 0, let M = %Fs, and suppose P to move about 
in the region @ inside S, the Borrespocding motion of ^ being one of tranaktion, 
and all the electric mass being supposed to be ligidly atta^ed to the bodies ta 
which it belongs. Then 



1 *«-}(,.? + v+sp) 



Md^ = 2sv= vas = 0. 



Hence -t- cannot hare the same sign at all pointa of S. If we now suppose 
to approach infinitely near P, and the apheve to become infinitely small, we 
see that there muat be a displacement Ss of P for which — - is iiegaf ivc. In the 
actual state of things the electric mass is free to move on the conductors to 
whichit belongs ; and whanPreceives a displacement Ss, theehajige of the potential 
energy JFis given by the equation iW = —— Ss — KSs, where 2' ia essentially 
positive. Hence, when — - is negative, SW is negative ; and therefore it ia 
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Section III. — Expansion in Series. 

78. Potential at Ilistant Point. — If the oiigin be 
taken in the interior of a system of attracting or repelling 
raase, the potential at a point P, ■which is more distant than 
any point in this mass from 0, may be expressed in a con- 
vergent series of descending powers of r, the distance of P 
from 0. 

Let X, ij, 2 be the coordinates of P, x, /, %' those of any 
point in the acting mass, r' ite distance from 0, dm the element 
of mass there concentrated, V the potential at P, and M the 
total mass ; then 



[dmi 



- ^{xx' + yy + zz')] ' * 



ax^ + yy' + ss' 13 1 

'i{xaf + yy + z 



+ &C. 



If we now suppose to he the centre of inertia of Jf, and 
the axes of coordinates to he the principal axes of M at 0, 
■we have 

^ a^dm « J" f/dm = J z'dm = 0, 
J x'i/dm = ^y'z'dm = \^afdm = 0, 
whence 



<)■ 



le, it is unnecessary to 

■ any terms in the series for V except those given 
above. Let A, B, C denote the principal moments of inertia 
of ilfat 0, and /its moment of inertia round OP, and let 
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the direction angles of this Hue be denoted by a, |3, y, then 
we have 

X y ^ z 

-- = COS a, - = cos p, - = cos 7, 

a\so \ii!'\lm = ^ r"'dm ~ A, with two similar equations; and 
neglecting terms of an order higher than I - ], we get 

1^ = — + — {3 (a/" eos' a + j/' cos' /3 + a'' eos' y) -r''| dm 

= ^ + ^ { 2 J/Wm - 3(^cos^ 0+5 cos=/3 + Ccos' -y)) 
M 1 

It follows from equation (1) that, at a point P bo distant 
from M that ( - J is negligible, the potential of Mis the same 

as if the entire mass were concentrated at its centre of inertia. 

The term moment of inertia when applied to electric mass 
signifies merely an integral depending on the positions and 
intensities of the force- centres of which the electric mass is 
oomposed. A remark of a similar character applies to the 
term centre of inertia. 

79. moment exerted by Distant Body- — If JIfbea 
rigid body, and a mass L be concentrated at a distant point 
P, remembering that in the ease of mutually attracting 
bodies the potential is a force function, we see that the 
momenta round the axes of the force which M exerts on L are 

^( dV dV\ _ 

but since these are equal and opposite to the moments 
exerted by L on M, if these latter be denoted by iPi, N3, iVa, 
we have 

Ni = Lly —- - X — ■ , &e. 
V dx dy / 
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Ellipsoid of Small ElUpUcity. \ 

Substituting for V from (1), neglecting terms -whicb, i 
omitted in (2), and remembering tliat 



N,=^,^y^\{<c-'-y")dm^ 


~(B^A)^j 


We bave then for the three moments required 


N.= ^{G-B)yz, 




i^,.^(^^0)^, 




N.= ^-^{B^A)'^y 





(3) 



80. EUlpsold of Small Kllipticity.— In the case of 
a homogeneous ellipsoid of smaU elliptieity, eciuations (2) 
and (3) are approximately true, no matter how near the point 
i* is to the surface of the ellipsoid. 

To prove this, let a, b, g be the semi-axes of the ellipsoid 
whose mass is M, and (/, 6', c' those of a ooufocal ellipsoid 
inside ^whosemaaa is j!/', and moments of inertia ^', 5', C ; 
then if V' be the potential of the latter ellipsoid at P, by 

M 
Ex. 5, Art. 75, we have V = ^, V. 

The largest value of )■' for the mass M' is a', and if P be 
outside M the smallest possible value of r is c. Hence, 

taking M' as the acting mass, we have -;^ < — . Now, if the 

elKpticity of the ellipsoid M be denoted by s, on the 

hypothesis that s^ is negligible a*- c^=2£c', whence «''=(!''+2£C% 
and — = -r- + 2t ; but c' may be made as small a& we please, 

and therefore — < 2t, and I — j is negligible, so that 
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equation (2) 
A' + W* 

and as 


boHi 


i good for v. Again, 
31' ^ A' (cos' /3 + 008^7-2 
. 008- a (£' -A'tC- 


cos' 


o) + Sa>. 
+ &o, ; 


S' 
T»B have 


-A' 


M' 
5 


(«"■ 


-S'")-j (B-^), 


&c. 




A' i 


£■ + 


C- 


SI' 


-5'('1 + -B+C 


-3 


f). 



Hence ec[uatioii (2) holds good for V, providod t be so small 
that its powers higher than the first may be neglected, 

JEquations (3) being deduced from (2) also hold good for 
an ellipsoid of small eUipticity no matter how near be the 
point P to its surface. 

It is plain that the above results can be extended to a 
mass composed of homogeneous shells bounded by coaxal 
ellipsoids of small elliptioity, since the potential, mass, and 
moments of inertia of a shell are the differences of the 
corresponding quantities for the ellipsoids between which the 
shell is comprised. The results which have been obtained 
may therefore be regarded as valid in the case of the Earth. 

The Theorems of this Article are due to Laplace, but the 
mode of proof here adopted is that of Mao Oullagh. 

81. tialraut's Tbeorem. — If the Earth be supposed 
to be formed of homogeneous strata bounded by concentric 
ellipsoids of revolution of small eUipticity having a common 
axis, a relation of much importance exists between y the ratio 
of the excess of polar over equatorial gravity to the latter of 
these quantities, e the eUipticity of the external surface of 
the Earth, and q the ratio of the centrifugal force at the 
equator to gravity. 

This relation which was discovered by Olairaut is ex- 
pre^ed by the equation 

7 + ^=^2- (4) 

The foJlowing proof of this proposition is that of 
MacCuUagh, but is here presented in an improved form due 
to Dr. "Williamson. 
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If denote the momGnt of inerfcift of the Earth round its 
polar axis, and 9 the angle which the radius vector r makes 
with this axis, since in Oae present case ^ = B, we have 

A + B-^ C-37={C-^)(3Bin'0-3); 
whence 

r=~+ 'l^^^(3sin=e-2). (5) 

If 2a and 'ic be the equatoiial and polar axes of the Earth, 
the equation of a meridian is 

^ /sin' Q cos' ^\ -, 1 a - c 

whence, if t' be neglected, r = c (1 + e sin^ 9). 

The greater part of the surface of the Earth is covered 
with liquid in equilibrium, and therefore at the surface ; if 
ID denote the Earth's angular velocity, we have 

oj'r^sin'9 
V + ■ ^ — - = constant ; 

accordingly, after expressing r in terms of Q, we may equate 
to zero the coefficient of sin= 6 on the left-hand side of this 
equation ; thus, neglecting small quantities of the second 
order, we get 

whence, as g = — = -r— , approximately, we have 

The angle which the vertical line or normal at any point 
of tlie Eartti's surface makes with r is of the order e, and its 
cosine differs from unity by a quantity of the order e' ; also 
the component of the Earth's attraction perpendicular to r 
is of the order s, and this resolved along the normal is 
of the order e' ; hence, ^ being neglected, the component 

of the Earth's attraction along the normal is -r- - 
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Again, tbe component along r of the centrifugal force is 
'UiH' sin^ 0, and this may be taken as tbe component of the 
same force along the normal. Hence, if g denote the accele- 
ration of gravity at any point, we have 

dV , . -o 

(/ = -—-- wV 6m= 9. 
dr 

If we substitute for Kfrom (5) the term involving [0 ~ A) is 

M 
of the order e, and in it we may put r = c. In tbe term -y,we 

have r = c (1 + « ein' 0) . 

Making these substitutions we get 

^ = J (1-2. sin= 6) + ^^^^ (3 sin= fl - 2) - o>^,! sin^ 0. 

Substituting in this eciuatiou tbe value obtained in (6) 

for - j, - y i r , we nave 
Mc' 

j.^jH.,-2, + f._|,)sm-«j. (7) 

If gp and g^ denote polar and equatorial gravity, respec- 
tively, we get 

M 
and in terms of tbe order e we may put gp = Oe = -^ ; hence 

we obtain 

which is the same as (4). 

From (7) we have g-ge = [riS - A^ cos'' fl ; whence, if 

we put yg = -, we get 
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Examples. 



1. If two ilistributjons o£ mass havo tia same potential tliroiigliout space 
exfernal to bolli, their eentres of inertia and principal axes are coineident, and 
their prineipal moments of inertia are ejual, reapootively. 

If each potential b« expanded as in Art. 78, the two seiies must be equal 
for all values of r greater than rt certain limit, and for all directions. Equating 

tbcn the coefficients of — in the two series and also those of -;, we obtain the 

results required. 

2. If a body be ceiitrobaric, J 

3. Find the components of the Earth's attraction, at a point oi 
parallel and perponiUcular to tio line joining tliis point to the ecntn 

Iftlieoomptmentsrequiredbedenofedbjifand P, wehava ^= — -j 



Hence, neglecting small quantities of the second order, hy (5) w 



i. A rigid body having its centre of inertia fixed is attracted by a distant 
homogeneous sphere; find the equation of the potential ellipsoid which detarmines 
the emaU oscillatioitE of the body about its position of stable equilibriutu. (&i« 
" Dynamics," Art. 320, Ex. 6.) 

Lat m be the mass i^ the sphere ; r the distance, and a, y, s, the eooi-dinates 
of its centra F, referred to the centre of inertia and principal axes of the body ; 
then Ifi, Ni, JPa ara giran by equations (3), m being put for Z in those equa- 
tions. If now the body receive small rotations d, ip, i|' *-^'-'*>^ '"■" .sMT^mVp^i *,&& 
the coordinates of 1' are altered in the same way as 
opposite rotations, and the body remained fixed . Hen 
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also, since Be is zero, JVi Ijecomea Xf\ + i, where 

Z =^{C-S) {^ {^i, - ye} + « {ze - ^)] 

and as the original position is one of eqiuUhrium, ifi = 0. Similar results hold 
Rood for JVs and S3. Again, M o- be tte magnitude of iha rotation which brings 
the body into its actual position, a, &, 7 the direction cosines of its asia, and 
W the work done by fie attraction of the sphere in the displacement, 

W ='f {la + M$ + Jfy) da. 

Subatitnting their values for Z, M, If, and remembering that fl = crct, i(i = aB, 
^^a-y, we get by integration 2 7r=ifl + if^+ Jff. Since m, Jfi, M are 
each zero, so also are the products jcy, i/e, me ; hence the point P lies on one o£ 
the principal axes of the body, and 

)e ncgalire for all ralues of 6, iji, <p. 



2)r = -> z^{{B^C)e^+{A-C)^^\. 

This is always negative, and the equation of the potential ellipsoid is 
{B - C] x' + {A - Cj 1/'' = constant, which represents a cylinder. For stable 
equilibrium, the centre of the sphere must be situated on the production of the 
axis of least inertia of the body. 

If the body be a homogeneous ellipsoid of small ellipticity , the preceding 
inveetiga,tion applies even though the sphere be not distant. 

5. A rigid body X having its centre of inertia fixed is attracted by a distant 
immoreable homogeneous sphere; the initial position of X being given, deter- 
mine the impulsivB couple which must act on it in order that its axis of rotation 
should be invariable. 

If Xbe free, find the position and motion wMoh must be given fo it initially 
in order that it should continue to revolve round the same axis. 

H Ml, in, oia be the angular velocities of the body round ita principal axes, 
its equations of motion C'llynamicfl," Art. 267) aro 

^ ^ _ (B _ C) „j „3 = jVi = ^ {G- B) yi, &c. ; 
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"—^y-"-^' — '-,■• ^' ar dt' dt 

initially zero. Also i, ^, and i are initially zero. Hence, the euooeasire diffe- 
rential coefficients of (01, (US, »2, withreapeotto the time, are all zero initially, and 
therefore mi, wa, ojs aie constant. 

I! S be tte moment of tie impulaive couple required, its components round 
the ascs are, therefore, 

4^.A.. jf.«, j|.»., 

and the invariahle asis of rotation ia tKe line joining the centre of inertia of K 
to the centre of the Ephere. 

If £■ be free, let G denote its centre of inertia, and the centre of the ephere ; 
then, if GO be made to coincide ivith a principal asis of E, and if Xbe pro- 



.V! 



JBoted with a Telocity ^- along another principal axis, andbe given an angular 

velocity »/-| round the third, one principal asis of X -will always be directed 
towards 0, and K will continue to rotate uniformly round an asis perpendicular 
lo ita plane of motion, whilat G describes in this plane a circle round as centre 
with a constant velocity. 

6. Find the potential of the mass distributed over a plane area at a distant 
point Pin its plane, the force due to an element of mass yarying iaversely as 
the distance. 

Let Obe the moment of inertia of JH" round the pi-inoipal axis perpendicular 
io ita plane at G its centre of inertia, r the diaiance of F from G, and Jthe 
moment of inertia of M round (?P; then V, the potential nt P, is given by the 
equation 

„ „, 1 0-27 

r-inog- + -^^- 

7. If the potential energy due to the mutual action of two invariable mass 
systems, A and }i, be zero for all positions otB outside A, and if the total mass 
of B be 'not zero, show tliat at all points outside the system A its potential is 

If V denote the potential of ^ at a point P in P whose coordinates are x, y, s, 
at any other point 4 whose coordinates I'elalive to P aie '%, -ij, Z, the potentiid 



dx dy ds 

and if |) denote the density of B at 0, and W the energy due to tl 
action of the systems A and B, we have 

ndV dV ,dV „ } ,^, ,^ 
F+? -r +IJ 77 + f — - + &C., pa^d-ndi. 
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where m denotes the mass of .8, and a, b, See,., are quantities depending oi 
position of P in the eyetem B, but independent of ifa position inspace. For all 
positions of P more remo' " " - ■ ■■ ■■ , .- . . ■ . p . 

the potential V cim, by A 



where M denotes the masa of A, and Ya is a function of the angular uoordinatea 
of the point P. 

If Uiis eiprflEBion for V be substituted in W, it becomes a series in descending 
Powersoft; aDdeiaee Wis aeroforallpoailionsotSoutoide^, the coefBcienta, 
m this series, of the different powers of r must be each zero The process of 
operatjoff -with — , — , or — on V, or any of its difieiontial ooefli lents, 
diminishes by unity the exponent of each power of r in the e-^p insion of the 
function. Hence, — is tie term in W contaimi g the lim eat power of r ^, 

and therefore ^= 0. The first term in rnowbecom.es -^ and, consequently, 

^^' is the term in W containing the lowest power of r-i ; whence Fi = 0. 
Proceeding in a similar manner with reapect to Fj, &c., we find that each term 
of r is zero. 

The theorem above is due to Mr. F. Pui'ser. 

8. Prove Thomsoo's Theorem, Ex. 90, Art. 75, by the method of the last 
Example. 

If we take as origin the point in .4 through which the resultant force paBses, 
if Y denote the potential of A at any point x, y, s, and m the masa of B, and 






= ^\ 



we have JWm = for all positions of B. Then, as V 
descending powers of f, hy a process similar to that ( 
Eiample we find that 17= 0, and as the axis of a may \\: 
conclude that A is oentvobario. 

This proof of Thomson's Theorem is due to Mr. F. Pu 
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CHAPTER V. 

Surfaces and Curves of the Second Degree. 



82. Introductory. — The attraction of a 1 
ellipsoid at a point on its surface was investigateil in Arts. 
21, 23 ; and in Art. 75, Ex. 5, it was shown that on the 
result of this investigation could te based a method of finding 
the attraction of an ellipsoid in external space. 

This problem is one of great celebrity in the history of 
Mathematics, and has been solved by various methods, of 
which the most celebrated are those of Mafi^aurin, Chaeles, 
Ivory, and Thomson. ■ 

A number of expressions for the potential of an ellipsoid 
have been given by mathematicians of eminence; and in 
consequence of its connexion with the theory of columnar 
vortices in a perfect liquid, the determination of the uni- 
planar potential of a homogeneous elliptic plate is a question 
of much interest. 

The distribution of electricity on conductors whose sur- 
faces are hyperboloids or paraboloids has been treated by 
Maxwell, following Lam^, by means of elliptic coordinates. 

It is proposed in the present chapter to give some account 
of the results enumerated above. 

83. Snrface Distribnllon Equivalent to Solid 
Ellipsoid. — If we assume a distribution of mass such that 
the potential F'is zero at every point outside the surface of 
the ellipsoid whose equation is 



at every point inside this surface, where ^ is a constant ; then 
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V is eontinuous and satisfies the differential eijuation v' V- 
in external space, and the equation 



throughout the interior of the ellipsoid. Also at the sur- 
face — — , -;— , and -r- chanare dia continuously. Hence the 

ax ay d% 

potenLial V is due to a homogeneous volume distribution 
throughout the ellipsoid conjoined with a surface distribution 
whose effect in external space is equal and opposite to that 
of the former. 

To determine the density t of the latter distribution, 
let - I, - m, - n he the direction cosines of the normal v drawn 
inwards at any point of the ellipsoid, and p the central per- 
pendicular on the tangent plane; then, since - = -, &o., we 
have 

dx 



dV\ 



\^ a' V e'J P 

Hence, by Ex. 2, Art. 75, the density a at any point is pro- 
portional to the thickness at that point of a shell comprised 
between the given ellipsoid and an infinitely near confocal 
ellipsoid. Such a shell is called a/ocaloid. 

If the surface distribution whose density is <t be reversed, 
we get a distribution which is equivalent to the solid ellipsoid 
in external space. (See Art. 64.) 

We have therefore Thomson's Theorem, via. : — 

The potential of a homogeneous ellipsoid in external space 
is the same bs that of a focaloid of equal mass ooinoiding 
with its surface, 

84. Thomson's Proof onHac^aurln's Tbeorem. — 
If we suppose the mass of a focaloi3Ho be uniformly distri- 
buted throughout the space bounded hy its internal surface 
the potential in external space is thereby unaltered- Hence, 
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if a homogeneous elKpsoid be diminished in size, but increased 
in density, by removing a focaloidal stratum of ma^s from 
its exterior, and distributing this mass uniformly through the 
remainder of the apace occupied by the ellipsoid, the potential 
in external space is unchanged. This process may be repeated 
ad infinitum, and therefore we conclude that : 

Oonfocal ellipsoids of equal mass have the same potential 
in space external to both. 

85. Attraction of Ellipsoid at Kxternal Point. — 
If - a:, - J/, - 3 be the coordinates of the point P outside t)ie 
homogeneous ellipsoid whose axes are 2a, 2b, 2c, and whose 
mass is M, and if 2a', &c. be the axes, and M' the mass of the 
confooal ellipsoid passing through P, the components X', 
Y', Z' of the attraction of W at P are given by equations 
(15) Art. 21. 

By Art. 84 the components X, Y, Z of the attraction of 
Jlf at P are connected with X', Y' , Z' by the equations 



n^du 



If we change the variable under the integral sign by 



- = -„ we e 



,,jj 12S \'3i -\ 1, n lid V liV 

and the hmits of the integral become -, and ; whence 

0^ J„(1 + V«')M1 + V^'^)^' 

Y and Z are obtained in a similar manner. 

The components of the attraction of a homogeneous 
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ellipaoid at an external point, whose coordinates are -x,~y,- 
are given therefore by the equationa* 



J.(i 



jMy t. 



-V»')i(H 



■J,(1 + X.^«0J (1 + V«=)^ 



, _ 3^r? 



J„(l + A,= #)i (1 + A/M')i 

These expressions differ from those of (15), Art, 21, only 
in the upper limit of the integral which occurs in each. 

Since M, h, and k are the same for two confocal ellipsoida 
of equal mass, if i^' he substituted for i/ii in equations (27), 

Art, 24, where tan ^' = -,, we obtain 



3J^ 



\lv'{K'-h^) K'k 



k (F - h") 



{tan^'A(f)-£(f)i 



, and 



It is to be observed that c' ie a function of a_ _ _ 
therefore that the components of the attraction of 
ellipsoid at an external point are complicated functions of 
the coordinates, but at an internal point are lineaa; functions, 
as we have seen in Art. 21. 

86. Potential of i: Hips old.— If V bo the potential 
of a homogeneous ellipsoid at an internal point whose co- 
ordinates arece, y, z, by (15), Art. 21, we have 



dV 



-. -Ax, 



dV „ 



-=-Cz. 
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Integrating we get 

r= n - I [A^^ + Bf+ Cz'}, (4) 

where Fo is the value of V at the centre of the ellipsoid. To 
find the value of Fo we have 



'Cpr'drdu] 



^\X 






? 9 + if sin= B {a' sin^ $ + 6' oos'^ <^, 



T the integral in a manner similar to that employed 
in Art. 21, we get 



If, as in Art. 24, we put XiM = tan i^, we obtain 



where k = t. and tan iLi = Ai- 
k 

Substituting their values for Fo, A, B, in (4), we 

find 

''^"2<^Jor 1 + A.V 1 + A.V ''"((l+X.VHl + A.VK 

(7) 
If the integrals in (7) be expressed by elliptic functions, 
we have 



" 2k 



l{Ax^ + By''+C2'), (8) 



where A, B, and 0, are the coefficients of x, y, and z in equa- 
tions (27), Art. 24. 

To find the potential of a homogeneous ellipsoid at an 
external point -x, y, s, we suppose a confocal ellipsoid whose 
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smaEQst axis is 2c', to pass through the point and proceed a 
in Art. 85. In tils manner we obtain 

"^ 2c- 1,1 u+x,v i + x,w yj 



(l+X,V)l(l+X,V)4 



(9) 



If we desire to express the potential at an external point 
by means of elliptic functions, we may use equation (8), sub- 
stituting in that equation i/.' for ^\, where c' tan ip' = k. 

87. Symmetrical Expressions for Potential and 
Components «f Attraction. — By the transformations 
given in Art. 22, we find that at an internal point x, y, s, the 
potential F of a homogeneous ellipsoid is given by the 
equation 

r.^\'(i-^ t. "' ^ * 



a'+v S' + i. e' + oVca- + ,.)(»' + «)(»■ + .)■ 
(10) 

At an external point if 2«', 26', 2c' be the axes of the 
oonfoeal ellipsoid passing through it, we have 

V-'^M'll-^ t^-^-^ ^ 

4J. V «''*<> t"+0 <'' + «7y(0'-+c)(S"+f) (!!"+<') 

If we put «'' + » = (*- + «, we have &'- + « = 5' + M, 
c'* + 4) = e' + M, and df! = du ; also m = Co when » = Qo, but 
u = c^' -a^ when » = 0. Hence, if q be the greatest root of 
the equation 



- -1, 



ti' + i V'^q 
we obtain 

4 J, V <>■ + « *■ + « «' + «//(i.' + i.)(6> + »)(<!- + ») 



V(-' +«)(»• +»)(«■ 
(11) 
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In like manner, if X, Y, Z denote the components of the 
attraction of the elHpsoid at the point whose coordinates are 
- X, - y, - z, we have 

r" du 

X = ZTTpabca; 






(12) 



(■.■ + «)l(S- + ..)i(o' + »)! 

ExAMPIliS. 



Jo V(a' + «)(*' + «}("' + ») 
This follows from equation (10). 



where Jf is tie moss of the ellipsoid, »', J', e' the seau-aiss of tlio conf oeal eilip- 
soid passing through tlie poiut %, y, e, and 



/■ = 






v'(«'= + »KA'' + ,.)(='=+M) 



3. If I hare the same meaning as in En. I, show that 
2iro4ci"-|JrV», 
wbexe r is the radius vector from the centre to anyelsmeatof th.e surface of tie 



. Prove that 

^ dl dl J _^ _ _ 1 j- 
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From the equation, of the ellipsoid we have 



Henoa —rWr'dui 

abc]\ 

is a homoganaoua function of a', S', and t^ of the degree — J. 



). Prove that 














dl 






d[b-') 



A —i- H —+ C — 
is a perfect differential. 

Here A = ~ iirpaic -zr-i,! &c. 

Hence, if we put J, ij, f foe »', i% o', we have to show that 

J(f)S'-J(f)?^JCf)? 

is a perfeet differential ; but this follows immediately from Ex, 5, by which 
_dl dl 
~di~d^' 

7. Find the potential of a homogeneons f oealoid ,at an internal point. 

If Fhe the potential of a homogeneous ellipsoid, and ?7"that of a focaloid oE 
equal mass having the Eurface of the ellipsoid aa its boundary, by Art. 83, at an 
internal point 3!, y, !, we have 

F-i7.jr(i-J-f-g, 

where 

K ^'-P"^^'^' = I M "'" 

the mass of the foualoid being IL. 

H..O.I.. r.-.y+ (?-4) ,.+ (£4) ,= + (f -f) ^, 

where the values of Ko, A, B, and C are given hy (5), Art. 86, and (15), Art. 
21. 



y Google 



167 

8. Fiol the componeate of the force produced, at auy point inside an ellipsoid 
by a diatribntion of mass on its surface whose denaity a at eny point a;, ^, s is 
giTBn by the equation a ~p (,Lx + My + Jfsj, where p ia tie central perpendi- 
cular oD tiie tangent plane at the point, and L, M, JVore conalacta. 

Imagine a homogeneous solid ellipsoid B bounded by the given Burfaoe to 
receiyo a email tranelatioual diaplacemant whose components parallel to the axes 
of its initial position are The parpendiculir distance of tbe origin, 

or initial position of the ce m ge ti J 

coordinates are x, ^, e, be m 



where p is tbe yaliio of tl 
normal thickness Zp of tli 
eurfeioe of the ellipsoid is 



The components X, F, Z, of the force exercised at the point F by the sur- 
face distribution of attractiye mass of density tr are now Been to be the changes 
in the components of the attraction of E at P, when F reeeivefl displacements 
- (1, - ts, and - «. Hence X = At,, r = Bii, Z= Cea, where A, S, ai6 
given by (15) Art. 21. 

9. The density ci of a distribution of attractive mass is given at any point 
a, y, z of the surface of an ellipsoid by the equation ir = pf{xf/s), where/ denotes 
a homogeneous quadratic function, and p the perpendicular fiom the centre on 
tiie tangent plane at the point a, ji, a ; find the components of tbe attraction of 
thia mass at any point inside the ellipeoid. 

Suppose the solid ellipsoid -E bounded by the given surface to receive small 
angular displacements d9, dp, di^, round its axes, and let £' be its new position. 

If a, ,8, 7 denote the direction cosinea of the perpendicular on tbe tangent 
pkne toJSat the point a;, y, z, we have p^ = aV + b''B^ + c^'^. \tp' denote 
tho perpendicular on the parallel tangent plane t« E\ the direction cosines of p' 
referred to tho axes of ^ are a + Sa, &e., where Sa = BH - ySf , &c. (' Dyna- 
miea' (7), Art. 255), thenji' = p + 8p, where 

pZp = a^aBa + H'BSR + (^yBy. 
The thiclmess of the shell comprised between 
Ea,ni.B"aip; 
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and -B is given liy the equatioi 
pSp'- 
whence 



■e now superpose tlie two shells, for tte total tMckneas Sp w 



Sp^p •- j-*» + 



^lii 



hence pSp can lie identi&ed witt tlie given form for a. 

The components of the force due to £ at en internal point x, ^, z are 
— Ax, - By,- Ca, and those due to E' sie- A{x-^ Sk) + Byt>ii - CtB^, &e., 
where So = yS-^ — sSij. ■ Hence the component X, parallel to the primary axis 
of E, dne to the attraction of tlie superposed shells, is given by the eq^uation 



-{A-B) yi-i/ + l_A-C}zSp- ^~ 



'dA dA dA 



Be + _- gj + _ B, 



and similar equations hold good for Fand Z. The quantities pBb, pS9, &o. 
being alreaiiy inown In terms of the ooefacients of / (a;, y, z), the forces X, Y, Z 
are determined as linear functions of the coordinates. 

lU. If a concentric ellipsoidal cavity be cut out of a homogeneous sphere, 
find the equipotential surfaces in the interior of the cavity. 

Tlie force at any point inside the cavity is the resultant of that due to an 
attracting sphere and that due to a repelling ellipsoid of equal density. Hence 
if X, y, 2be the components cf this force, 

X = ~%vp3: + Aic 
and therefore by (22), Art. 24, 

X={A-\{A + B-i- C)}x={2A- B-C)% 

Y=t?.B~ C-A)'^, Z= i^lC-A~B) ^; 
and the equipotential surfaces are given by the equation 
{'iA- B- G) x' + &o. = couGtant. 



find its amount. 

If .El and Sj denote the portions into which .£ is divided by F, the force and 
couple produced by the attraction of & on JBi, ere the same as those produced 
by the attraction of B on Ei, since the resultant force and couple due to the 
attraction of Bi on itself are each zero. Let X, Y, Z be the components of the 
resultant force, and i, M, Jf those of the resultant couple, then 

X = -ASxdm, Y^-Blydm, Z = - Cladm, 

L^{B-C)iyzd,n, M = j {C ~ A) j !Xdm, N = (A - B) I xydm. 
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whore tie integrals are tuten throughout the entire Tolume of E\. Hence 
putting J" = - [LX-\-MY+ A'Z), 

~ = A{B-C)i M® ! yzdB -y B {C - A) ^^m iznd® + C{A-3)j zm^x^dB, 
where rf© denotes an. element of the volume of Ei. Assume 



then, when the point x, y, z is on. the ellipsoid M, Ihe 
Bphoie S whose radius is S ; and "when the point x, y,zi 
equation is i^a + 6V + -Hi + -^ = 0, the point J, n, fit 

^ p. fit Ir„ 



z. ^^^ = A [B- c) jidnjnC^n. + &o., 

where rfQie an element of the yolume of the portion of Scut off hy Q. Trans- 
form the aiea of |, jj, f to a perpendicular C' to the plane Q and two other 
feipendicular axes parallel to Q, then 

J = air + W + oaf, ij=Sir + i8s'!' + ftr. C=7il' + 7il' + T3r; 

and as JJ'Sfl = jii'dD, = 0, and also J ('ii'da = J jj'f 'rfn = jCi'^ = ",- 

+ £iO~A) &;(-,'i»,r + 7!«3l'= + 73"3n '^Q 



but C1301 - Swi = 72, and nsBs - &aj= -71, also J|''(«l = Jij'^iai f 

hence the eoef&cient of AB is aero. In lito manner tic coBfBcienta of BC and 
OA are each zero; hence /= 0, whioh is the well known condition that the 
fowe and eouple should be reducible to a single force. The components of tliia 
foiceare —mAxi, -mBy\, and -BiCii, where ^i, ;(i, ^i are the coordinates 
of the centre of inertia of Ei,^ and m ia its mE5sa. 

12. A homogeneous ellipsoid is diyided into two parts by a plane perpendicular 
to an aiis ; find the mutual attraction between the parts. 

Let the plane be perpendicular to the asis of s at a distance j from the 
centre, then if 2be the required force, wc have 

Z= pCjedxdi/dn^^ {Si''dxd!/ - 4=2), 
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tlie area of the ellipse in which the plane meets the ellipsoid. 



^ = !L afoU M cos^ e sin 8 ilg (I4. -17 faihi, 
*herB eose, = f, and «iJ, = "*i^-l5 

■whenoB 

13. Prove that the attraction of a homogeneous ellipsoid .E on a cubical or 
Bpherical portion JSi ofits own maas 13 the same as if the mass of -Bi were con- 
centrated at it* own centre of inertia. 

If f , )j, f denote the coordinates of an j point relative to (he uontre of inertia 
Ti of .El, and ^i, jfi, ai those of Pi relative to the centre of the ellipsoid, and 
if Z, M, N denote the momentB of the attractive forces round the aiee meeting 

In like manner M = 0, N— ; hence the proposition is obvious. 



88. ITniplanai- Potential of Ellip»«e. — By a r 

similar to that employed in Art. 83, a distribution of uni- 
planar mass can be determined ■whose potential is zero at all 
points in the plane of distribution which are external to an 

ellipse, and equal to A ( 1 - -, - |-J at all internal points, the 

equation of the ellipse being -j + t^ = I- Since the potential 

is zero at infinity, the total mass is zero (Art. 44), and, as in 
Art. 83, -we find that :— 

The uniplanai' potential of a homogeneous ellipse at any 
external point is equal to that of a focaloidal band of equal 
uniplanar mass whose boundary coincides with that of the 
ellipse. 

It is then easy to prove, as in Art. 84, that — 

Confocal ellipses of equal uniplanar mass have the same 
potential at all points in their plane which are external to both. 

From this it follows that the attractions of confocal 
ellipses of equal mass are equal at all external points. 



y Google 



JJniplanar Potential of Ellipse. 161 

If X and Y be the oomponents at the point P, whose 
coordinates are x and y, of the force due to the ellipse J?, 
whose uniplanar mass is M, and whose semi-axes are a and b, 
by Art. 19, we have, therefore, 

x.4^.1, r = ^,|., (13) 

a + b a a + 

where a' and b' are the aemi-axes of the eonfooal ellipse 
passing through P. 

To find the potential F at an external point, we have 
V = G -i {Xdx + Zrfy). Since a'' - h"^ = a'-¥ = c^ we may 

assume d = c cosh n, b' = c sinh n, and since -7: + 77; = 1, we 

a 0" 
may assume ic = a' eos 5, 2/ = 5' sin I i hence we have 

X = c cosh i( cos £, 2/ = f' ^ii^ 1) sin S ; 
and differentiating we obtain 

dx = - c cosh ij sin ^rfE + e sinh ij cos lifij, 
(f j( = c sinh 1) cos ^d% + c cosh ij sin ^dri, 
also, we have 

a + = ee"^, —, = cos f , -7 = sm | ; 

whence, Ijjr substitution, we get 

Xdx-^¥dy = M[--e-^'^ (sin 2^rfS + cos 2? rf^) + rf^} 

^M {\d (e-='coa2E) + (^.)|, 
and therefore 

F=C-jy Ifl + ie-^-'cosS?!,. 

At a point at an infinite distance from the centre of the 

confocal system ij ia infinite and e'^'^ = 0, also «' = 9 s', and 

F = Jflog -, = i!f (log 2 - log c - „) ; 
hence we get = M (log 2 - log c). 
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The potential V at an external point is given therefore 
by tlie equation 



r= jif iiog2-iog 


e- t|-ie 


-'cos 


all. (14) 


At an internal point the 
equation 

a 
Hence at the boundary 


potential 

M fx' 


r is 


given by the 


r.r.-f,: 


l + e-=3eos2||, 




where c cosh |3 = a. Comparing this with the value of V at 
the boundary given by (14), we get 


Fo = jl/ [1 + log 2 - log c 


-a 


(15) 


and for the potential F at ai 
equation 


a internal 


point 


we obtain the 



F- Jlfji + log3 -log c- cosh-' - - -7^, -TT^"-^,! ■ 

(16) 

Examples. 

Find the uniplanar potential of a Lomogeneoua focaloidal band at an internal 

If (/denote the required potenlial, Jf the uniplanar mass of the tiand, and 
2a, 2b, and2ii, its axes, and focal interval, Uis given bj' tlie equation 

89. Confocal Homoeolds — The whole theory of the 
attraction of ellipsoids has been derived by Chasles from the 
properties of confocal homosoids, which depend chiefly on the 
relations between corresponding points. 

If there be two coaxal quadrics whose semi-ases are a, b, c, 
and «', b', e', two points are said to correspond when their 
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coordinates x, y, 2, and vf, y', z' , referred to the axes of the 
quadrics, satisfy the equations 

f=^ t = t- t = - 

a a" b b" c / " 

Two coaxal ellipsoidal shells © and ©' are made up of corre- 
sponding points if the codirectional axes of the houndaries of 
® are proportional to those of ©'. 

To prove this, let a, b, e, he the semi-axes of one houndary 
of ©, and Xm, /ib, vc, those of the other, then the semi-axes 
of the boundaries of ®' are «', b', e\ and Ak', fib', vo', and if 
we assume 



when the point w, y, s is on a boundary of ®, the point x', /, s' 
is on the corresponding houndary of @'. 

If any two points, Pj and Ft, he taken on the ellipsoid 
whose semi-axes are «, b, c, and the 
corresponding points P'l and P\, 
on the confocal ellipsoid whose semi- 
is are a', b', c', the distances Pi P's 
^ and P'l Pj are equal. 

For let iCi, y„ z„ he the coordi- 
' nates of P], with a similar notation 
for the other points, then, 

- 2 [Xiuf^ + y^i/i + Si/j), 




!*t/f*i 
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and similarly 

hence by addition we see that PiP'i = P'tPi. 

It is easy to see that, in the theorem ahore, we may for 
ellipsoids substitute hyperboloids of the same family. 

If there be two thick or thin homceoids, £l and M', such 
that each boundary of II is confocal with the corresponding 
boundary of H', the honnBoids may be called doubly confocal, 
and the eodireotional axes of the boundaries of S are pro- 
portional to those of R'. 

Por the semi-axes of the boundaries of H are a, b, c; 
\a, Xh, \e ; and those of the boundaries of S' are a', h', c' ; 
fi(^, fib', fic' ; then, as 

a? -h' = a'^- 6", and \'(a^ - If) = ft° (ra'^ - W), 

we must have \ = n- 

We can now show that if P and P' be corresponding points 
on the surfaces of doubly confocal thin homceoids, ^and H', 
whose masses are M and M, and if Vp- be the potential of M 
at P', and V'^ that of E' at P, then, V^. : V'^i-.M-.M'. 

For,by the precedingpart of this Article, the volumes ^and 
^'of the homceoids are composed of corresponding points, and 
as dS the element of the volume of S at the point x, y, s, 

is dxdvdz, we have —- = -y^j-, ', whence, if a ando' be the 
abc ahc 

volume densities of the homceoids, - ; ,„> = constant = -^, • 
p aM M 

Again Q being any point in S, and (it the corresponding 
point in S', we have 

but Q and Q' are infinitely near corresponding points on the 
confocal ellipsoids passing through P and P', and therefore 
FQ' and P'Q can differ only by an infinitely small quantity ; 



y Google 



Ivory's Theorem. 165 

hence Ve- '■ Vp : -.M-.M'. It is plain that this result holds 
good whatever be the law of force, provided the force due to 
an element of m^s varies as the product of this mass, and 
aoirie function of its distance. 

If the thickness of one homceoid H' he altered, its potential 
V and its mass M' are altered in the same ratio. Hence the 
theorem proved ahove is true for any two confoeal homceoids. 

It foUowa from this theorem that the equi-potontial surfaces 
in external space of a homogeneous homceoid are confoeal 
ellipsoids ; and also, that at a point external to both, the 
potentials of confoeal homceoids are as their masses. 

In fact, if we suppose H' outside S, since a homceoid has 
the same potential at all internal points, Vp is constant, and 
so therefore is Ve-, whatever be the position of P' on the 
surface of H'. 

Agaui, if we have two confoeal homceoids K and H", 
through any point P" outside both we can suppose another 
confoeal homceoid S" described ; then, 

F^„ _ Vp _ r'j.. V',.. 
M' ' M" ~ M" M' ' 
It is now easy to prove Maet/laurin's Theorem by the method 
given in Ex. 5, Art 73. 

90. Ivory's Theorem, — If there be two confoeal homo- 
geneous solid ellipsoids, £and B', of the same density, whose 
semi-axes are a, b, c, and </, b', c' ; and if Xp, be the compo- 
nent parallel to a of the attraction of £ at a point P' on the 
surface of K, and Z'p the parallel component of the attrac- 
tion of E it the point I uii S! cmio'^j onding to P', then, 
i_ Xp 
'U~ 1 I 
This theoiem is mdepindoit ofili lav, cf attraction, provided 
the f >rce due to in element of mass is proportional to this 
mass multiplied by some function of the distance. 

To prove Iioiys Theoiem let i, y s be the coordinates 
of any joint of E and > its distance fiom P", and let/' (/) 
denote the force due to a unit of mass at the distance /, then 
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■where / is now the distance from P' of a point on the surface 
of E. In like manner 

To every point x, y, % on the surface of E there corre- 
sponds a point x', y' , s' on the surfaoe of E . and therefore 

■-T- = -rn-. also r = r' : 
Ic c 

hence the theorem is proved. 

By considering three confooal ellipsoids, we can easily 
deduce Ma®llaurin's Theorem irom that of Ivory, rememher- 
ing that the component parallel to an axis of the attraction 
of an elhpsoid at an internal point is proportional to the 
parallel coordinate of that point, and therefore, in the case of 
corresponding points, to the parallel semi-asis of the confooal 
passing through the point. 

ExAMriES. 

1. Prove by meaBS of lyorj'a Theorem ftflt, if a uniform spherical shell 
exercise no attraetioii at any internal point, fte law of force must be that of tie 

From Hie assumed hypothesis wiHi respect to a spherical shell, it follows that 
the attraction of a homogeneous sphere at an internal point is that of the con- 
ceotrio sphere passing through it. Now suppose a sphere S whose radius is R, 
and let there be three points P, P', P", on the same straight line through its 
centre, J being on the surface of S and the others outside it. Describe con- 
centric spheres through F and P' whose I'adii are R' and P\ and let the 
attractions of these spheres at i* he Xf and X"j. , the attractions of S at P' 
and P" being Xj" and Zp- ; then 

Zf. Tt , Xp.. X'r 

P^=P^' "■'^ P^=P^' 
but, as we saw above, 

X'p = Z"p , and therefore Xpi- = — ^77^- ; 

that is, the attraction of S at a point P" raries inversely as the square of the 
distance of P"from the centre of S. By auppoaiug iS infinitely small, we obtain 
the law of force for an element of mass. 

2. A hollow insulated conductor, whose inner and outer surfaces S\ and Si 
are eUipscids, is filled nith non-conducting materia! containing a quantity of 
metaUio dust charged with electricity and uniformly distributed throughout the 
material : find the distribuldon of elecliicity on the conductor, and the potential 
in external space. 
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If tie total charge on. the metallic dust lie E, and if we suppose its action to 
be the eame as that of a homogeneous eUipsoid, the distribution on Si is a 
f ooaloid whose mass is — M, and that on iSj a homooid whose mass is E, and 
the potential in external space is that of the latter. 

3. A solid ellipsoid is composed of homogeneous shells bounded hy similar 
BnriaGes : find ita potential at an external point F. 

If a, b, c be tiie semi-axca of the ellipsoid, and ija, rfi, ijc those of the 
interior surface of the homieoid whose density is p, the potential of this 
horn Moid at P is 

■litoJcpij^^ I 

where a', S^i/aTe the semi- axes of an ellipsoid confocalwitb the homteoid which, 
at the lower limit of the integral, passes through P (Es. 3, Art. 75). If we put 

and denote the coordinates of P by x, j/, z, we have 



ipsoidconff 
through P 



where^,the lower limit of the integral, is giyen Ly the eiuation 
Hence if Kbe tie potential of the solid ellipsoid at P, we obtain 
If q be the greatest root of the equation 



4. Find the potential of a homogeneous ellipsoid at an external point. 

If the ellipsoid be homogeneous, p is constant, anil integrating by parts tl 

-— fp^ I'giTBn by equation (o) ii ^ 



a homogeneous ellipsoid at an exteri 
geneous, p is constant, and integrati 
equation (a) in Ex. 3, we get 

..r "■ 1 

I J, •(•■ 4- «)(i> + .)(.■ + .)) 

i.yK+.)(»"+.K""+i"i' 
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for FvanislieB wten ij ^ 0, and when r 



B finally we 

6. If the denaitj p at any point Q of an eUipsoid be giTcn liy the equation 

where r is the distance of Q from the centre, and R the codirectioiial semi- 
diameter ; find the potential of the ellipsoid at an external point. 
In this oaae, in Es. 3, we have p = Erf', and 



hy parts, as in Ex. 4, we obtain 



6. If r and r' denote the Tolumea of cooes having the centre as vertex an 
resting on portions, iS and S', of tlo surfaces of quadrics of the same family 

.whose semi-aies are a, b, c, and o', b\ c', proTfltliat, if iSand iS' ' -' -' 

corresponding points. 



When the point x, y, i comes on the straight line joining tte centre to 
xi, yi, ei the point x", y', s' con:esponding to x, y, a comoaonthB straight line 
joining the centre to a'l, y'l, s'l, corresponding to x\, yi, ee, and wtion x, y, t 
comes on iS, the corresponding point «■, y', s! cornea on S'. Hence T = J dxdydi, 
ftnd V = ldx'dy'dz', where af, y', z' is always the point corresponding to x, y, i, 
and tiieceEore 
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surface elements 



where a, 6, e and a, b', c' are tiie aemi-asea of the quadrios. 

8. If y and V be tho potentials of two doiUj confooal hyperboloidal 
homteoids of tie same fanuly whoe ep n asis are a b, c and a', l', c', and 
whoae Tolume densiiies are p and p and if P and F" he oorresponding points on 
their boundaries, show that t r V p pil>6 p sic 

This is ptoTfld in tie sime manner as the corresponding theorem, for ellip- 
aoidal homosoids, Art. 89. 

9. Show that for any confooalhoD teoidsoftheaama family Fp.: pp::fSo: e'fi'e', 
where t and t are the surface densities at the pstremitT of the first principal 
axis on each homceoid. 

In the proportion in the preceding Example we may sult^titute 6b and Sa' 
for a and «', hut e = (jSa, and t = p So and if Ba he altered, « and the potential 
of the homreoid are altered in the same ratio. 

10. An insulated ellipaoidal conductor is ehai^;ed witi electricity ; find the 
total charge on the portion of the ellipsoid cut off hy a plane perpendicular to 
one of the aKoa. 

Let the equation of the plane be s =f, and let Q he the charge required. 
The Burfaee density a at any point iC, ji, e on the ellipsoid is given by the equa- 
tion ir=— where s is the density at the extremity of the asis major, andp the 

central perpeudioular on the tangent plane ats, y, a; if 7 he the angle which thia 
perpen<£cular mates with the axis of s, wa have 

Q = f adS= - f ^- (J-S cos 7 = - [ - dxdy. 



Q= sJolfsin ededp= airtic (l--) - 

II. Mass is distributed on the surface of atypeiboloid of two aheets ao aa 
o form a homceoid ; find the total quantity of mass on the portion of one sheet 
nit off by a plane perpendicular to the first principal axis. 

If /be the distance of this plane from the centre, the required quantity Q 
■lanbe found by a metliod similar to that 
uEs. 10. Inth ' 




then we obtain 
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Here tlie equation of the hyporboloid referred b 



13. Find the total mass on lio portion of a hyperboloidal homceoid of o 
sheet intercepted between the plane of xy and a parallel plane 
Here if a;, y, z be the coordinatee of a point on tbe 

» = M cosh e cos ^, y = i cosh 9 sin ^, z = csij\h0, 
End we find 




Q = 2i,eh ■'- = 2Tiif, 



It is to be obaervod that the total mass of the entire homreoid is infinite for 
the h jperboloid of one sheet, and for each shcot of the hyporboloid of two sheets. 
In the oaae of the hyperboloid of two sheets, if one of these sheets bo composed 
of positive mass and the other of negative, the total mass is zero. 



14. Show that a hjperboloidal 
homreoid of two slieets, one positive, 
the olJiec negative, exercises no attrac- 
tion at points on the sides of tbe two 
sheets remote fcom the centre. 

This is proved by a method eimilar 
to that employed in Art. 18. 

15. If the equipotentjal surfaces of afield of force be confoeal qnudrics of 
the same family, prave that corresponding points lie on the same line of force. 

If a, b", a" be the primary semiaxea of the three confocala passing through 
the point x, y, x, by a well-known theorem, Salmon, "Geometry of Three 
Diniensiona," Art. 160, 



whence if o' and a" remain unaltered - is constant, and similar results hold good 

for If and z. Hence, corresponding points on ellipsoids confooal with a lie on 
the intersection of the quadrics «' and a", wbich is perpendicular to the cLip- 
aoids, and is therefore a lino of force when the ellipsoids are oc[uipotentiala. 
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;r wlien the equipotential aurfae«B 



16. Prove fliat an eUipeoidal hom(eoid esercisea equal a' 
sponding elements of the Burfaces of coof ocal ellipsoids whoso surface densitiea 

These elements are orthogonal aectiona of the same tube nf force, and there- 
fore aiidS = irR'dS', where dS and dS" are the corveapondiug elements, whose 
density is it, and B and S' the resultant forces acting at them. 

91. Ilnlplanar Force varying Inversely as the 
Distance. — The theory of confocal horaceoids and oorre- 
epondiog points which has been developed in the preceding 
ArticleB for a three dimensional distribution of mass can be 
established in like manner for a distribution of uniplanar 
mass acting with a force varying inversely as the distance. 



I . la a uniplanar field of force where Ihere is no mass, if the equipotential 
curves he confocal ellipses, find tie potenlial at any point P. 

The lines of force in this case am hyperbolas confocal with the ellipses, and 
the tubes of force (Ex. S6, Art. 90) intercept corresponding portions on the 
eqaipotenUal curves which cut them orthogonally. 

Let dsi and ds^ be the elements of the eq^uipotential ellipses, -whose Bemiases 
are m, *i, and oj, ftj, intercepted by a tube of force, Si and Bi the resultant 
forces at dsi and dsi, and pi and pi me central perpendiculars on the tangents to 
these elemenfe, then if K be the potential, we have 

whence I 3— 1 *i = I :^ ) '^sj ; 



^e dsi and dsi correspond, as in Bs. 7, Art. 90, 1 
Pidsi pidsi 
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Surfaces and Curves of the Second Degree. 
Dw Euppoee oi to remain constant and nj to vary, we obtain 



If 211 be the foce! interral of one of the ellipses of the ajatem, we have 
*a' = VC^s' — «^), and pntting aj = d cosli ij, we get V = iri +j, where i and j 
are conatajitB, and e cosh ij is the aemiasis major of llie ellipse of the confocal 
system passing tlirough P. 

e oonfoeal hyperholaa, find the potential at 



2. If the eqnipotential o 
any point Jin the field. 

If a' be the primary sem 
the laat esample, we get 



ia of a hyperhola of the system, proceeding i 



If we put »' 



m paasing through P,' 



93. PoIssod's Equation in Elliptic Coordinates. 

— Let A, fi., V denote the primary semiaxes of the ellipsoid, 
the hyperboloid of one sheet, aud the hyperboloid of two 
sheets passing through any common point and belonging to 
a given confocal system. 

These surfaces out at right angles, so that the line of 
intersection of two surfaces outs all surfaces of the remaining 
family perpendicularly. Let Si, Sa, and s^ denote the arcs of 
these curves of intersection which are perpendicular to the 
ellipsoid, the hyperboloid of one sheet, and tho hyperholoid 
of two sheets respectively, and let a, (3, j be defined hy the 
equations 



-< 



/(i"-i")(*'-*' 



w (i 



'J.v'If'- 



kdft 
}f){k''- 



.•(*•-.■)(*'-.■) 



(17) 



where f^ = d — 5', W = <i ~- o', the semiaxes of s 
of the oonfocal system being denoted by a, S, c. 

It was shown. Art. 75, Ex. 3, that, if p be the central 
perpendicular on a tangent plane to an ellipsoid whose 
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primary semiasis is A, and p + dp that on the parallel 
tangent plane to the consecutive oonfooal, pdp = \dX, also 
(Salmon, "Geometry of Three Dimensions," Art. 165) 

P, 

where Pi denotes the product of the semiases of the ellipsoid, 
and Ds and Da are the semiaxes of the central section perpen- 
dicular to p, whose values are given by the equations 



If i^Si be the element of the arc Si intercepted between 
two consecutive confocal ellipsoids, 









d3i = dp^ ~-p— d\ 


D.D. 

It 


Ua; 




hence 






d k 


d 






in like 


t manner 














d^, 


: = ^--* and 


, AD. 


d-i. 


where 


D,' 


= m'- 


- v' ; and therefore 


*!« 


fidy 





If we now consider the volume 
three confooals passing through a point, and three others 
meeting at another point, as in the case of polar coordi- 
nates considered in Art. 48, we have 



V'Fifei(feirf^3= -^ rfSsffes + -T—rfSjt^Si 
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Expressing this equation in terms of the vaiiablea o, j3, y, 
we get 



I- 






f/Df cFV K' d?r D,'drr\. ,„, 
[tw*T dP'^TWj""''^"'" 

eiiioe S, is independent of a, D^ of /3, and Us of y. Hence 
we have 



(19) 



(20) 



equation becomes then 

and Laplaces's equation assumes the form 

da' ~ dji' dy'' 

93. Determination of tlie Potential when the 
£<|n (potential jliurtaecs are Confocal ttuadrics. — 

If a field of force, where there is no mass, be such that the 
equipotential surfaces are confoeal quadrics of the same 
family, equation (20) enables us to determine the form of the 
potential throughout the field. 

If the equipotentiale be elhpsoids, since at all points of 
the field V is constant when a is constant, V must be inde- 
t of /3 and y ; and therefore by (20), we have 



, where ( and/ are constants. 
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A similar result holds good wlien the equipotentials are 
hyperholoids of one sheet or of two sheets. 

94, Confooal Ellipsoids. — If two oonfoeal ellipsoids, 
Ei aiid.Es, he at constant potentials, A, and Ai, the inter- 
vening space heing unoeoupied, and if I^ he a function of the 
coordinates whioh, throughout this spaee, is equal to ia + j, 
then V satisfies Laplace's equation throughout the field, and 
if P" be equal to A^ at E^, and equal to A^ at E^, by Art. 70 
V must be the potential. 

If oi and os be the values of a for the surfaces E^ and Ei, 
■we have 

Ai-Ai . AiUi -A^ai 



j^^ A,a,-A,a, _ Ay- A^ ^^ 
as ~ a, Wi- «[ 

If the ellipsoids are the surfaces of conductors in a state 
of electric equilibrium, the density ui at any point Q of the 
inner surface E, ia, Art. 46, given by the equation 

^^^ dV I dr_ A,-A, k,H 

''"'' ds, D^Ds da a-i - ai »i?>ii?i' ^ ' 

where aihiC are the semi-axes of Ei, and pi is the central 
perpendicular on the tangent plane at Q. 
In like manner 

i„,..^^^'3h^, (23) 

where ffs is the density at any point of the surface E2. 

The distributions on Et and E^ are therefore homteoids 
whose masses are equal in magnitude but opposite in algebraic 
sign. 

If we suppose E^ to be at an infinite distance and the 
potential at its surface to be zero, we have the case of a 
charged, insulated ellipsoidal conductor placed in an infinite 
field. 
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176 Surfaces and Curves qf the Second Degree. 

It 18 easy to see that the reaults whioh liave been obtained 
for ellipsoidal oonductois can without difficulty be arrived 
at without the use of elliptic coordinates. This will be shown 
in the Examples. 

95. Hyperbololds of One Sheet, — When the equi- 
potential surfaces throughout a field in which there is no 
mass are byperholoids of one sheet the potential V at any 
point of the field is given by the equation F = j/3 + J- 

If the potential havo given values Bi and Ba at the sur- 
faces Si and Si at which the values of ji are ji, and fii, then 
for the space which lies between Hi and H^, we have 

If corresponding portions of two confocal hyperboloids 
of one sheet, if, and S,, are the opposite surfaces of conduc- 
tors in electric equibbrium, and if the remaining boundaries 
of the field are the portions of a confocal ellipsoid intercepted 
between the hyperboloids, the resultant force at the elKpsoidal 
boundary being everywhere tangential to that surface, the 
potential at any point of the field must be of the form i0+j, 
as there can be only one acyclic function of the coordinates 
which satisfies Laplace's Equation throughout the field as 
well as the given boundary conditions. If the ellipsoidal 
boundary of the field be at an infinite distance the opposite 
boundaries of the conductors are complete hyperboloids of 
one sheet. 

When two such conductors are in electric equilibrium and 
all the Knes of force emanating from one terminate on the 
other, no lines of force can meet the boundary at infinity 
except tangentially, and we may conclude, therefore, that the 
potential at any point between the conductors H, and jff^ is 
of the form ip+j- 

If the equation of the surface ^i be written in the form 

a' 61" Ci^ ' 
the surface density o-i at any point Q of Si is given by the 
the equation 

/3i - /3j aAci 
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where J), is the central perpendicular on the tangent plane 
at Q. For its the surface density at any point of 11^ we have, 
ill like manner, 

Hence the distributions on Mi and ff-, fonn hyperholoidal 
bomceoids, and by Ex. 7, Art. 90, the mass on any portion 
of the surface Mi is equal in amount, and opposite in alge- 
braical sign, to that on the correspoudiag portion of S^. 

96. Hyperbololds of Two Sheets. — Results similar 
to those which have been arrived at for hyperboloids of one 
sheet hold good also for hyperboloids of two sheets. 

In this case the surfaces bounding the field may be either 
the two sheets of the same hyperboloid or sheets of two 
different hyperboloids. 

In the former case, we must suppose 7 = 71 at one sur- 
face, and 7 = - 71 at the other. 

In general, if 71 and 73 be the values of y, and d and d 
those of the potential at the two surfaces bounding the field, 
the potential V at any intervening point is given by the 
equation 

72-71 7a -T' 

In the case of conductors in electric equilibrium, the 
surface densities are given by equations which are obtained 
by putting and 7 instead of S and /3 in equations (25) 
and (26), the equations of the surfaces bounding the field 
being written in the form 



It will be shown in the Examples that when the equi- 
potential surfaces of a field of force are hyperboloids, the 
potential can be obtained without the use of elliptic coordi- 
nates. If the hyperboloids be of two sheets the potential can 
be arrived at by means of the properties o( homceoids having 
two sheets such that the surface density is positive at each 
point of the one, and negative at each point of the other. 
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A hyperboloidal horaceoid having two sheets of which one 
19 composed of positive mass n,nd the other of negative, the 
volume density irrespective of sign heing uniform, may be 
called a contrafoJiated tuo-sheeted homwoid. 

97. Determination of a, /B, 7, as Eliiptic Functions. 
By equations (17), Art. 92, «, p, y are given in terms of A, /(, v. 
If we assume 

X = A oosec ft, fi = y/W' cos' $ + W sin' ^, v = h sin ^, h = kU 

and k' + k'^ = 1, we get from (17) 

- km _ de 

v^{F- (F - h^) sin'^; ■/[! -k'^sui^^)' 

kdip d^ 

''■^ " '^{k" - h' sin' 1/.) " y'(l-K^sin'^)' 

When X = ^, the corresponding value of (J is - ; this is also the 
value of when fi-h; and j/( = when v = ; hence from 
(17) we have 

a-F{K)-F{K,Q), ^^F[k')-F{.',^), y = F{KA). (28) 

Also X, (U, V are expressed in terms of 9, <j>, \p by the 
e<juations 

X = Aco3ec9, ^ = M(k', 0), v = /*sini^. (29) 

98. Surfaces of Revolution. — In a oonfoeal system, 
if A is zero, k remaining finite, the ellipsoids and one-sheeted 
hyperboloids of the system become surfaces of revolution, the 
form of the ellipsoids being oblate or planetary, whilst the 
hyperboloids of two sheets become pairs of planes, the equa- 
tion of any pair heing 
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In aooordance with the assumptions of Art. 97, we should 
then have 






^f 



2 ' ' \i. ^ 1 - tan I $' 

Here, however, it is better to proceed in a somewhat 
different manner, as we are thus enabled to find equations 
which are useful when it is required to expand the potential 
in a series of spherical harmonics. 

It is plain that in this case we may assume two variahles, 
n and 6, such that the semiases of a generating ellipse of the 
system of ellipsoids are denoted by h cosh n and k sinh ij, 
and the real semiaxes of a confocal hyperbola by k sin e 
and k cob e ; also we may put v = A cos x- Thus, when the 
ellipsoids of the system are oblate surfaces of revolution, we 



A = ^ cosh t(, /( = ^ si 
then the equations repri 
system become 



v = ^eosx = 0, (30) 
the quadrics of the eonfocal 



(31) 



= 



From the first two of these equations we find that 
cB^ + ^' = F cosh^ n sin' e, s^ = li? sinh' ij cos' e ; 
hence, by the aid of the third, we obtain 
X = h oosh j( sin e cos ^ 1 



E = A sinh i\ cos e 
Again, from (17) we have 

Ji, cosh ?)' ^ J« sin e' 



>Xf- 



(32) 



(33) 
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d , d d . d d d 

da «i) «p di fly dx 

and as 

D^ = ¥sai' t, 7)2' = ^^ cosh' ri, D3 =Jc' (cosh° ij- sin's), 

(20) becomes 

( ■ , /' I, "^V 1,2 /' ■ <^V / 1., ■ . ^ '^Mtt- 

isin' e coshn -;- +cosh'i| sin t — +(cosli=i|-sm"E) -^,> y 
{ \ dr,/ \ dij dx') 

= 0. (34) 
By assuming ainii n = t, cos j = %, this equation fee- 



il<-"^^n4,M'fhin| 



p + r (fF 



(35) 

When h = k, the ellipsoids of the confoeal system are pro- 
late, and we may assume 
X=Aeoshij=/c2, j:t° = ^'cos'j^ + /i'ain° ^, v = Acose = A?, (36) 

then the equations representing the quadrics of the confoeal 
system are 



XT tf + ; 

cos' s sin' 
From these we obtain 

a; = i cosh ij cos e 
y = k sinh i| sin e 
z = ]i sinh xf sin e 



(S7) 



(38) 
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Abo from (17) we liave 
sinh 7}' 



Jo sinh !(' ^ J^ 



Surfaces ofMevolution. 
sliave 



(39) 



and therefore (20) beoomes in this case 
j sin' £ ( sinh I) — j + (oosh° II - cos' £) — 



fsinh'iifsin i 



*; 



In teims of the variables Z and S this eqnati( 
written 






(1 - 5") 



. 0. (40) 
I may be 



«) " 



(e - 1) (1 - £■) Kx' 
_ -0. (41) 

If WO put Z' 'Z- 1 for Z, in (41) we get an equation in X, 
and % whose form is identical with that of (35). 

It is easy to express in terms of the variablee X,, I, x, the 
components of the force, at an external point, due to a solid 
ellipsoid of revolution. 

In the case of an oljlate ellipsoid, if X, F, and Z denote 
the components required, by equations (28), Art. 24, and 
Art. 84, we have 

„ ZMx (, _, h, W 



'Zk" 



k^ + e 
k] 



(42) 



„ ZMzik . 
Z^ -ft- i , - tan -,, 
k^ {c c\ 

where c' is the least axis of the confooal ellipsoid 
through the point x,y,'&; hut c' = ht,, and 

a; = Av/(l+?=)(l-"F)cosx, 2/=/V(lT^(r-^Binx, ^-KL 
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and, therefore, we have 

X = ?^y(i + ?■)(! ^) {to- 1 - j^jil ™ x| 
F. If /(T7iT(rrrj |t„-. 1 - 3^.} sin ,1 («) 

For a prolate ellipsoid of revolution, we have 
i/ . i •(?" - 1). "-!'«, !(.iv/B'-l)(l-P)0O8x, 

» = sy(P-l){l-e)ei,,x, 
and therefore, from equations (29), Art. 24, we ohtaiu 

r=if y(?^i)(r^{j^-i.og(|^)i CO.X Im 

^=fy(5^^rej|jA.^-,io,(|ii)jsinx 



1. Find the potential due to two oonfocal tUipso dal hon eo ds at a point 
situated between them. 

If oj, i], ei, as, ij, ci, be the semi-axes of tie inner ini u 
and Jlfimid^a their masses, by Art. 18, and Es 3 Art 75 wi 



^ii/(a2-F)[\=-4^) 






it is plain that Fis of the form ia +J, where i and J are constantE. If tie 
value of r be giyen at the aurface of t ' ' ■ ■■ -' ■ " ... 
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When the boundaries. Si and St of the field are the aucfaces of conductors in 
©qiiilibrium, the f orce'itnmediacely outside S% must be zero, aad therefore, in this 
case, Mi = — ^1, and the potential is aero at S%. 

If, towever, there be anofier homosoidal dietribution of mass on an ellip- 
soid eaclcffiing the given ellipsoids Si and Si, this distribntioii and the valae of 
Ml oau be determined so that the potential shall have anj assigned values at the 
surfaces Si and Sj. 

2. If Fand V be the potentials of two confocal eontiafoliated hyperboloidal 
honKeoide at a point wUeb Ileis none of the surfaces of the homoxiida between it 
and fie centre, show that V : V = ths: t'b'c', where t and e' denote the sur- 
face densities at the extremities of the primary axes of the homreoids, and b, e, 
and b', c' their secondary semi-ases. 

This is an immediate consequence of Es. 9 and 14, Art. 90, the melJiod of 
proof being the same as that employed in Art 89. 

3 . Prove that the equipotential surfaces of a cootrafoHated hoDMBoid are the 
sheets of confocal hypertxiloids. 

This follows from Ei. 9 and 14, Art. 90. It is to be observed that the 
potential, though constant for each sheet, is different for the two sheets of the 
same hyperboloid. 

4. Find the potential of a contratoliated homo3oid at a point P situated 
between the sheets. 

This can be done by the method of Ex. 3, Art. 75,_or by that of Ex. 1, 
Art. 91. In the present ease, if i' be the primary semi-osis of a hyperboloid 
oonfoeal with the bomtaoid, and p the central perpendicular on ihe tangent 
plane, ^ increases along with p. Again, the field, in which there is a variation of 
the potential due to a distribution of mass equivalent to the honuKoid on a con- 
focal hyperboloid, is on the side of this hyperboloid which is next the centre. 
Hence, if o- he the density of this distribution, 






being the equation of the surface of the homoioid, we obtain 

since the potential vanishes at the centre where v is zero. 

Id using this formula v must be regarded as having the sa 
6^ as the coordinate x of the point P. The sheet for which y is positive may 
be called tbe positive sheet, and t denotes the surface density on the positive 
fiheet at the extremity of the primary axis. At the positive sheet, and at all 
points in the space on the side of this sheet remote from ihs centre, 

At the negative sheet, and throughout the space which it separatea from the 



S. Find the potential due to two eontrafoliated confocal homteoids at any 
point r. 

Let the semi-axes of the homosoid nest the centre be ai, Ji, ci, and those of 
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184 Sw/aces and Curves of the Second Degree. 
the other bj, h, cj, then, if P be Biiuatad 'between' the two poaitire sheets, 
V= lireiJiCi ' — -. ■— -■ + 4irfs*20a [ ■ - ■■ 

If the seeODii iategral in tiis equation he denoted by 2, the potential is of the 

form ty + J, where i and j are ooastants. If Ihe potentials at the surfaces 
bounding the field be given, si and t? can he determined. 
If Phaye no homceoidal surface hetween it and the centre, 

henee for this position of P a potential containing a oonstant term cannot he due 
solely to two homceidal distributions. 

When P liee between the two positive sheets, Si and Si, of tie homceoids, 
if they be the surfacea of conductors in electric equilibrium, there can be no force 
in the vicinity of Si on the side next the centre, and therefore, in this case, 

Eii]Ci = - iaSiCs, and F= at Si ; 
hence, if the potential be given at the surface of each of two oonfocal hjperbo- 
loidal conductors in electric equilibrium, it cj**^*^*^* ^'' ''"'* ^^liiiw *n t^/^m/un^jTal 



distributions on the 1 

6. If the equipotential surfaces of a field of force devoid of mass be oonfocal 
quadriea of the same family, find the potential at any point. 

Ihis problem has been already solved, Art 93, by the use of ellipiio ooordi- 
nales, but without employing this method Ihe form of the potential can be 
deduced from the properdes of corresponding points. 

If we suppose the equipotential surfaces to he hyperboloids of one sheet, 
and if II be the primary semi-asjs of one of them, and p tlic central perpendi- 
cular oa a tangent plane to this sorface, the potential F is a function of /t, and 
dV dVdiL_p dV 
dp dji dp fid/i 
Also, if d8 and dSi bo corresponding elements of tbe surfaces whose semi-axes 
are ft and /ii, since rfSand dSi are orthogonal sections of tie same tube of force, 

:7"-(*).* 

Hence 

dVpdS_ /ar\ pidS , 

dfi fi ~ \dii ) I ,ii ' 
and therefore, by Ex. 7, Art. 90, we have 

or /dV\ V[(>.i'-A^)(^'-w -)} 



r=yif<i^-A=](ft=: 



le form ij8 4 J, wl 



' •(,--;.■)(*<-«>) 
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. Confocal Parabololdsi. — If, in the equation of a 
1 of central confocal quadrics, viz. : 





J-^ 


;?^>- 


«' - A' 


1, 








we substitute 
/S+(for4, wf 


X + a - 
igel 


- A for X, 


A + i! f 01 


■«, 


A + 


^ for h, 


and 


(»-^)• + 2(<^ 


-X)(«- 


A)^^ 


f 




^ 






C + 2X< 


+ i" 




■A^ + 2(A- 


■aT 














s= 




= (1 



If we now multiply by 2t, and then make t infinite, we 
obtain the equation 

which represents a system of confocal paraboloids. 
If X, y, s, be given, X is determined by the cubic 

4(A - x){\ - h){\ - i) - 2/MX - ^) -s^X - A) = f{\) = 0. (46) 

Here f{\] is positive when X = + co , negative when \ = h, 
positive when A - A, and negative when A = - oo , Hence 
there is one real root greater than k which may be called A, 
one between k and A, which may be called fi, and one less 
than A which may be called v. 

The whole aseomblage of confocal surfaces consists, there- 
fore, of two systems of elliptic paraboloids turned in opposite 
directions, and of one system of hyperbolic paraboloids. 

100. Coordinates In terms of IP ar a meters. — If we 
put 2»( - y,2Z, = z, in equation (46), whose roots are A, n, v, 
we obtain 

X + /i-\-v = x-'- h + k, 
X/j. + i^v -^ vX = X {h + k) + hk ~ li' - f, 
Xfiv - hkx - ki]' - liQ' ; 
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from which we get 

X =\^ It^ V - h - k \ 

<f^ , »-/,){,.- m - ^) 

4 " i-* I. 

z- „ (>-tl(/.-ri (/»-,) 



(47) 



Equations (47) deternune the coordinates of a point in 
terms of the distances from the oiigin of the vertices of the 
three confocal paraboloids passing through the point. These 
distances, X, n, v, may be called the parameters of the para- 
boloids. They vary along with the coordinates of the point 
through which the paraboloids pasa. The quantities h and k 
are the parameters of the lehole system,, and are constants, 

101. Iiaplace's Equation In Parabolic Coordi- 
nates. — In the expressions for rfsi, (fej, ds, given in Art. 92, 
if we put t + \ t + n, t + V, t + h, and t + k for X, fi, v, h, and 
&, respectively, and then make t infinite, we get 



(48) 



, f ^ ■ 


■rip-. 


■n „ 




■ 4){A - i 
- fXn - • 


)) 


s- f^- 


-l,){k-r)l''' 

-r)[l,-v)\. 


• ' A(4 ■ 




0)1 


8 {" * 


-k)] 


r * 


-M 



(49) 



• l(» ->•)('.- 
■•(p-.), A-yiX-v), J.-v'CX-ri, (60) 
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we have 

rfsi = AArfa, dsi = D,D>d^, ch^ = ~ D,n.dy, (51) 

where 7>i is independent oi a, B^ of /3, and D^ of 7. 
Hence, again, proceeding as in Art 92, we get 



S'i. (^^) 



and Laplace's Equation becomes 

(,-.)__, (X_„)_-,(X_rt^^O. (53) 

102. Field of Force. — If ths equip oteutial surf aces of 
a field of force, devoid of mass, be confocal paraboloids of 
the same family, V must be a function of one of the para^ 
meters a, /3, 7. If it be a function of a, we have then, as in 
Art, 93, F= ia +J, and a similar result holds good if Fbe 
a function of /3 or of y. 

It is now easy, as in Arts. 94, 95, 96, to obtain the poten- 
tial at any point in a field of force when tho equipotential 
surfaces are paraboloids, if the potentials of the surfaces 
boimding the field be given. 

When the paraboloids bounding the fiold belong to the 
family whose parameters are denoted by X, and are the surfaces 
of conductors in equilibrium, the density a at any point P of 

the boundary is proportional to ~, that is, to 

1_ '_dr 

dV. 
but from the general form of Fin this case we see that — is 
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constant, and therefore <r varies as 
1 _ 

where /t and v are the parameters of the eonfocals passing 
through P. Hi?-iM_^ 

The element cfei is the normal distance between the sur- 
face whose parameter is X and the consecutive eonfoeal surface 
whose parameter is X + rfX, and the difference of the coordi- 
nates of the two extremities of ds^ is dx, where d-x is obtained 
from equations (47) by supposing X to vary and /i and v to 
remain constant. Again, if toi be the angle which the normal 
at P to the surface having X for parameter makes with the 
axis of X, we have dee = dsi cos oti. Hence, by (48), we have 

_dx _d\ _ jf{\ ~ h){X - k)\ 



. >/^(X-^)(X-v)/ ^'*^ 



whence the surface density a varies as cos ^,. 

It appears, therefore, that the distribution of mass on the 
surface is equivalent to ahomogeneous shell comprised between 
two paraboloids such that one can be made to coincide with 
the other by a displacement of translation parallel to its axis. 

Such a shell may be termed a. paraboloidal hom<eoid. 

103. Relation between B'ara meters. —From equa- 
tions (49), A, fi, V can be determined in terms of a, (i, y. 

We may write (49) in the form 
r^ d\ 







X - |(A + A) = i{/c - k) cosh C, i(7c + A) - M = i(-t 
i(S + 4)^„.i(4-;,)oosl+, 


-A) COS $, 
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■we get a = 0, (3 - $, y = 4'- Henoe, we have 
A = -^(A + A) + -|(A; - A) cosh a, \ 
fi = l{k + h)- ^{k - h) cos p, . (56) 

V = ^(A + A) - |^(A - A) oofih 7 ) 

104, Corresponding Points.— Two points whose co- 
ordinates are x, y, s and x', y', z', situated on eonfocal para- 
boloids of the same family whose parameters are A and X, 
correspond when 



y(A - h) ^{W - hf ^{X - k) ^{\' - k)- 
(57) 

If Pj and Pi be two points on. a paraboloid, and P', and 
P's be the corresponding points, then Pip's = P^P'i. 

For 

P,F.^ = {x, ~ x\f + (g,- y\y + (2, - AY 

= {^'i - x^y + {y\ - p^y + (^'i - 3=)' 

+ (^ - ^') jx^A ^ X^k ~ ATA ~ \^k\ 
+ 4(A - AOf'P'. - ar, + A - A') = P'lP.'. 

By supposing A to vary in equations (47), whilst n and v 
remain constant, it appears that the line of intersection of 
the surfaces whose parameters are /i and v meets eonfocal 
paraboloids of the remaining family in corresponding points. 
^ Hence, when the equipotential surfaces of a field of force 
are eonfocal paraboloids of the same family, corresponding 
points lie on the same line of force, 

105. l^arabololrts of Revolation. — If k = k, the two 
syetems of elliptic paraboloids become systems of paraboloids 
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of revolution turned in opposite directions, whilst the hyper- 
bolic paraboloids become planes which may be represented 
by the equation 

-X, ^ = 0. (58) 

sin ^ cos* 

In this case /*, one root of equation (46), is equal toJA. 
The remaining roots X and v are determined by a quadratic 
equation, from which we obtain 

X + v^h + x, Xv = hx~ ^— ■ (59) 



x = \ + v-h, "—— = (A - k]{h - v). (60) 

The assumptions by which the equations were obtained 
which connect X and v with a and y are, in this case, not 
legitimate ; but if we assume 






(61) 



the expressions for (?Si and ds^ are found as in Art. 101, and 
are given by equations (51) when iu those equations A is 
substituted for ft. Again it is plain that here ds^ = \/ [y''+ s') d^, 
and therefore by (60) , we have ds^ = 3 y^(X - A) (A - v)ld<p. In 
this case, accordingly, /t in equations (52) and (53) is to be 
/P 1 ^s 

by h, and - 



From equations (61) we have 

, X-A , h-v 

„ = log-^, j = log^^; 

whence X = A(l + <■"), v = A(l-e-'). (62) 

Since \ - k and X are the distances of the vertex of the 
paraboloid whose parameter is X from the focus and from the 
origin, h is the distance of the focus from the origin. Hence, 
if we take the fooue ae origin, from equations (58), (60), and 
(63), we obtain 
x = h{e'^ - er), f = W e^'H'ain'^, s' = 4A'e"*i'cos^i^. 
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Tranaforming to polar coordinates whose meridians intersect 
in the axis of x we eet 



If we solve the equations connecting e" and ei' with 

r cos 



2h ' 2k 

and finally we obtain 

''ri cos 4- \ 




V^sin^0\ 



. (6*) 



where ^ is measured from the axis of s. 
The figure represents a section of two paraboloids of 
diflerent families, being the origin, and J" the focus ; then 

OF^h, 0U=\, OW=v. 



ExiMPIES. 

1 . It a thick homogeneous aliell bo comprised between two coaxal eiliptio 
pamboioids, such that one can be made to eoincido with tie other by a displace- 
ment of (ransla^on parallel to their aiis, prove that the shell esercises no 
at any point in tho interior space. 

: + X= — + —be the equation of a paraboloid, then, if x', y', z', 

f 1 
" be the coordinates of two points F and Q on it, we have, by sub- 
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Imy 2m 



HenGB (ie locus of Jf for all chords parallel fo a fixed line is a plane parallel to 
the axis, and this locus is independent of A. If now we hare two paraboloids 
whose equations differ only in the value of \, and a chord FQ of one meet the 
other in the points F'Q', since the middle point of PQ coincides with that of 
T'Q', we must have F'P = QQ'. The required result ia now apparent hy the 
method of Art. 1 3. 

A shell such as fiiat which is the subject of the present Example may he 
called ft lAich homaoid, and if infinitely thin, simply a homieoid, 

3. If a distribution of mass on the surface of a paraboloid be equivalent to 
a homceoid, prove that the density at any point varies as cos w, where '^ is the 
angle which the normal at the point mates with the axis of the paraboloid. 

3. If d8 and dS' bo corresponding elements of confocal paraboloids of the 
flame family whose parameters are \ and \', and if <r and rr' be the surface den- 
sitiea at dS and rfS" of homcEOidal diatribufions of mass, prove that 

sdS : tr'dS = 6 '/{K-k){K-k) : t' ■/{!<' - h){\' -'k), 
where t and t are the surface densities at the vertices of the paraboloids. 

ads = td8 cos ra = < di/di. 
Heiic«, by (67), Art. 104, we obtain the required result. 



* and t', and if F and F' be corresponding points i 



Vf'-. V'p:: i\/{\-A){\-lc) ■.i'^/{\--hi{\-~i:). 
This follows from the last Example by means of Art 104. 

5. If F and V be the potentials at any estemal point of two confocal 
elliptic paraboloidal hommoids of the same family whose parameters are A and a', 

prOTO that 

r:V' = e ^(A-AKa-A) : .' \/(A' - h){x' ^. 
where < and e are the surface densities at the vertices. 

This follows from Esamples 1 and 4. 

n elliptic paraboloidal homteoid 

7. Find the potential of an elliptic paraboloidal homceoid at any external 

If ds be the element of a line of force at the surface S of a confocal para- 
boloid whose parameter is a, we have 

dV dV d\ 
da dK ds' 
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but at tlie vertex dX = rfe, and, thevefore, 

where e donotea tlie voifes surface density of a distribution of mass on jS equi- 
valent to the homffioid ; also, if K\ and f i be the parameter and vertex ei^rface 
density of tte given hamteoid, 

Hence 



It - Ix., v'(Ai - ft)(M - A) j y^ 



.A){A. 



The constant in thia equation has an infinite value, as appears most readily 
by considering a homceoid of revolution aud the value of the potential at its 
f oeuB, which is the same as that at its surface. 



fs -/(^ - ''){f^^ - A) = - .. -/{M - S)(X, - k), 
where ti and *2 lire the surfaee densities at tho vertices, aud Ai and \i the 
parameters of the paraboloids. 

In this ease the potential is zero, at the outer paraboloid, aud at any point 
between the surfaces, we have 



„yw-W»,-JjJ^;7====- 



9. If the equipoteutial surfaces of a field of force devoid of mass be con- 
focal paraboloids of the same family, find the potential at any point. 

If Fhe the potential at any point P of the field, dS the element of tie 
equipotential surface passing through Pwhose parameter is n, and dSi the corre- 
sponding element of any other equipotential surface whose parameter is in, and 
if ds and dsy denote the elamenta of lines of force perpendicular to dS and dSi 
and making angles ^ and Hi with the paraboloidal asis ; then, by (47), Art. 
100, and (3), Art. 28, we have 



djx d^ ds 

Hence, by (67), Art. 104, wo have 



-dyd,: 



_ tdV\ , f ^1^ J. ,.n 

If 

.e potential Fis tltei^fore ot the form ij3 +>, wheiei and/ a- 
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10. If tie eq^uipotential surfaces of a field of force be paraholoide of revolu- 
ion, ehow that the force component at any point P in the direction joining P 
a the foouB F varies inveraely as tF. 

Thla follows from the expression for the potential, since 



11. If tie boundaries of the field in the last Esample be the surfaces of 
conductors in electric equilibrium, show that the density of the distribution of 
mass on one of these surfaces varies inversely as the focal perpendicular on the 



106. Uniplanar Dlstrlbation. — Eesults analogous to 
those obtained in Arts, 99-105 hold good for a uniplanar 
distribution of mass acting inversely as the distance. 

The equation 

4(.-X).^,-0 (65) 

represents a system of confocal parabolas containing two 
famiHes such that the curves belonging to the one and 
those belonging to the other are turned in opposite direc- 
tions. 

In fact if X and y be given in (65), the quadratic equation 
for determining A has two roots, one between + oo and A 
which may be called X, and one between h and - co which 
may be called ^i. Then we have 

x = \^^-h, y' = 'i[\-h){k-,i). (66) 

Corresponding points whose coordinates are x, y, and ^ y', 
on confocal parabolas of the same family, whose parameters 
are X and A', are defined by the equations 

3! - X = ,*' - X', — ^ — ^-^ ■ (67) 

yx - A yx' - h 

If ds and di denote the elements of the curves whose para- 
meters are X and /t at the point x, y, since these curves cut 
orthogonally, by (66) we have 
d\ dx 

~di • it - "" "• 



y Google 



Uniplanar Disiribuiion. 195 

where w is the angle which the normal to ds makes with the 
axis of the paxaboIaB. 

If the equipotential curves of a field of force devoid of 
mass be conf oeal parabolas, and we denote by X the parameter 
of the parabola passing through the point x, y, we have 

dV _, dV ^ dV ^ (dV\ , (dV\ ^ 

-rr- ay = —— as cos ^ - —r- as = \ -^— 0^1= -i^- dy,, 
d\ " d\ dt \ dt j^ \d\ Ji " * 

when y and y-t are the coordinates of oorresponding points on 
the parabolas whose parameters are X and Xi. 
Hence 

If we assume 

Fis of the form ia +J , where i andy are constants. 

If the parameter of an equipotential curve be /x, it can be 
shown in lite manner that the potential V is of the form 
»/3 + J, where 



P-Jicr"} ™ 



The parameters X and ft are expressed in terms of the 
parameters a and /3 by the eiiuationa 

X = h[l + a% !^ = h(l-ji'). (71) 

If we transform to the focus as origin the coordinates of the 
point P of intoreection of the parabolas whose parameters are 
X and n, we obtain 

a^ = X + ^ - 2/j = A (a= - J3=), y^ = UVji'. 
Hence, if the distance of P from the focus be denoted by r, 
and the angle it makes with the axis of the parabolas by 0, 
we get h {a' + |3') = r, and we find 

.. ('•,)' 00. i«, (3. (;;.)'. in i«. (73) 
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From (72) we have 

<i + ^ y~ = h-i {x + y ^^l)h (73) 

Hence a and /3 are conjugate functions of a; and y. (See 
Art. 53). 

When the equipotential curves due to a uniplanar dis- 
tribution of mass are central confoeal conies of the same 
family, we may employ the method of Ex. 2, Art. 53. 

It is easy to see otherwise, as in Art. 92, that 

"-Jf^?*' -"-iM-"^' p*) 

■where ds and dt are the are elements of the ellipse and 
hyperbola which pass through the same point, and whose 
major axes are 2\ and 2;* respectively. 

Hence, if we put \ = h cosh ij, /t = A cos £, we obtain 

rfs = - v^A' - ;<' 4^, dt .= /V^= d^. (75) 

From these equations we get 

In the case of confoeal parabolas we find, as in Art. 101, 
that 



■Sn- /J. 



(A -2 yiiiX-p) da 



(77) 



where a and /3 are given by equations (69) and (70). 
From (77) we obtain 
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CHAPTER VI. 



ELECTRIC IMAGES. 



107. Conductor put tn Earth. — When a conductor G 
in connaxion with the ground is in electric eqioilihrium, its 
potential is the same as that of the sarfaee of the earth. If 
tlie connexion he made by means of a thin wire, and if the 
distance of C from the earth's surface be large compared 
with tho dimensions and mutual distances of O and the other 
conductors in the vicinity, the potential of the electricity 
distributed on the entire system of conductors is approximately 
zero at all points of C. Hence we may assume that a con- 
ductor in connexion with the ground, when in a state of 
electric equilibrium, is at potential zero. 

Suoh a conductor is said to be put to earth. 

108. Electrified Point.— If a body A charged with 
electricity be brought into the presence of a conductor O 
which is put to earth, the potential of the electric mass on A 
is not zero at C, and in order that the total potential at G 
should be zero there must he a separation and distribution 
of electric mass on 0, such that the potential at C due to this 
distribution along with that on A is zero. This distribution 
on G is said to be induced by A. 

li A be a conductor the distribution induced on G dis- 
turbs the previously existing constancy of the potential at A, 
and the problem presented for solution is to find the distribu- 
tion of a given charge on A, and the charge and distribution 
on C, so thai the potential due to the two distributions shall 
be constant at the surface of A and zero at the surface 

of a 

In order to simplify the problem we may, for mathema- 
tical purposes, suppose the body A to shrink to a point, whilst 
the electric mass which it contains remains finite. This 
hypothesis cannot be realized in nature, but is analogous 
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to the hypothesis in Dynamics of the existence of s 
particles of finite mass, and assists in thesolntion of problems 
whose conditions may exist in experience. 

If we attend to what has been said above we may use the 
expression electrified point and may specify the electric mass 
or charge there concentrated. 

109. Image of Electrified Point. — If a conductor C, 
put to earth, be in the presence of a point A, at which a 
charge e of electricity is concentrated, this charge induces, as 
we have seen, a certain distribution of electricity on the sur- 
face of C. If this surface S be closed, or divide space into two 
regions, we may imagine a distribution / of mass in the region 
©' which S separates from A, whose potential at each point 
of S is the same as that of the actual distribution on 8. 
Then, for the whole of the region @ on the same side of S as ^, 
the potential of e' is the same as that of the distribution 
onS. _ 

Accordingly, as the distribution e' is a hypothetical dis- 
tribution of mass producing the same effect in the region 
containing e as the actual modification of the electric condi- 
tion of the surface S produced by e, the distribution e' may be 
called the image ofe in the surface S. 

When / is concentrated at a point B, this point may be 
called the image of A in S, and we have the definition : Two 
points A and £ on opposite sides of a surface 8, are images 
of each other in that surface if they be such that a given 
charge e at A, and a corresponding charge e' at £, produce a 
■potential which is zero at each point of S. 

A surface S in which the image of a point A is another 
point -B must be either a piano or a sphere ; for, if r and / be 
the distances of any point P on. 8 from A and B, since the 

potential at F is zero, we have - + — = 0, which is the equa- 
tion of a plane or of a sphere according as e' = - e or other- 
wise, escept e' and e have the samo algebraical sign, in 
which case S is altogether at an infinite distance from A 
mdB. 

110. Image of Point in Sphere. — If ^be the image 
of A in the sphere 8 whose centre is C, the resultant force 
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d. and to e' at Ji must be along the normal at 
every point oi S, but at the 
point 1) in which OA meets jS, 
the force due to e is normal ; so 
also, therefore, is that due to 
e', and consequently S must lie 
in the line CA. Again, if AO 
produced meet S in D', we have 

i lyi) is cut harmonioally in B and A, and therefore 
GA.CB = CD''. Accordingly, B is a point in CjI determined 
by this equation if A and B be images of each other in 8. 
Let P he any point of the sphere S, and let CA =/, 
CB =/', CP = a ; then, from the similar triangles jICP and 
PCS, we have AP : BP =/ : a. Hence, if we assume 
, ea 

"■-/' 

and B is the image of A, and the charge e' at B is given by 
the equation 

111. Induced Distribution on Sphere. — The distri- 
bution of electricity on a sphere at potential zero under the 
influence of an external electrified point A can now be readily 
determined. 

Adopting the same notation as that of the preceding 
Article, let a denote the density of the surface distribution 
at any point P of the sphere whose distances from A and B are 
r and r'. Then, if K be the resultant force at P, this force 
is in the direction of the normal ; and therefore, if we resolve 
the forces due to e at A, and to e' at B along CP and any 
other direction, the resultant along this latter direction is zero, 
and B is the sura of the components along OP. Hence, 
resolving along CP and OA, if the direction of R be from C 
to P, we have 
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but 


7" - ;. 


- hi\ 


whence 


R.'- 


ar' • 


then, as 
Art. 29, 


the potential J8 z 
we have 


;ero throughout 




E ^ 


e (tf-f) 



4ir 47711 



(2) 



Since f> a, it appears from (2) that E and (7 are both 
negative, that is, if e be positive the charge on the sphere is 
everywhere negative, and the force at its surface tends to 
drive positive electricity towards the centre. 

Since the potential in external space of the distribution 
on the sphere is the same as that due to e' at B, by Art, 37 

the total charge on the sphere is /, that is, - e j. 

If the sphere be hollow, and the point A in its interior, 
the potential is zero throughout external space (Art, 62), and 
therefore if the direction of E be from (7 to P as before, we 



Here a >/, and a, as before, is negative, but the force at 
the inner surface of the sphere tends to drive positive electri- 
city outwards. 

In this case, since the potential in external space is zero, 
the total charge on the sphere is - e. 

112. Insulated iSphere. — If an insulated spherical con- 
ductor S, to which a charge S of electricity has been 
imparted, be in the presence of an electrified point A, we 
may suppose the sphere to have gone through a previous 
process in which it is at first put to earth in the presence of 
A and then insulated. It has now a charge E, induced by 
the charge e at A, and the potential is zero at each point of 
S. I'inally, we may suppose an additional charge Ei to be 
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communicated to the sphere, and to be uniformly distributed 
over its surface ; the potential is then constant at S, and 
provided that Ei + Ei = E, we obtain the actual distribution 
on the surface of the charged insulated sphere. 

To prove this we have only to show that there cannot be 
two different functions of the coordinates, Tf and U', repre- 
senting the potential in external space of the distribution on 
the insulated sphere having a given total charge E. 

If there were two such functions, and if r denote the 
distance of A from any point on 8, cr and a the densities, at 
that point, of the surface distributions corresponding to 
U and U', and v the normal to S drawn outwards, we should 
have 
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where the volume integral is taken throughout the whole of 
space outside the sphere. Hence, by (9), Art. 58, ^ is zero 
everywhere outside the sphere, and U = V. Hence also, 
a - it', and there is only one possible distribution on the 
there of a given total charge which satisfies the conditions 



^ rfS = 0, 



It is now easy to find a the density at any point of the 
distribution on the surface of the sphere, for cr - <ti + as, 
where a^, is the density of the distribution when the sphere is 

Ei 
at potential zero, and era = j — -. Then, by (2) we have 

1 »(/■- 
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The potential U of the distribution on the sphere at any 
external point Q. is tho same as that due to a charge E^, or 



B. Hence 



/ 



^n^vvw-/^^ ^'^ 



aud if F he the total potential at Q, we have 



AQ. /BQ^y f JOQ- ^^ 

If the value of the potential V at the aurfaoe of the 
sphere be denoted by L, this potential is the same as that 
due to the charge E^ at the centre. Hence, 

Also, at the point P on the surface, 

The expression for U given by equation (5) can easily he 
found directly. For, at any point P on the surface of the 

sphere 8 the potential P" must be of the form L - -jj^, where 

L is constant. Hence, at this surface, 

La a e 

and therefore, by Art. 64, at any point Q, in external space, 
£,_«_^ 
Ce fBQ 
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Thi8 is the potential due to a mass La at C, together with a 



E = La - —, and La = E -v - • 

113. Sphere with Electrified Point in its In- 
terior. — If a charge e be at a point A in the interior of a 
hollow charged insnlated spherical conductor, the distribution 
of mass on the interior surface of this conductor is given 
by (3), Art. Ill, the total mass being - e, and on the exter- 
nal surface there is a uniform distribution of the total mass 
E + e, where E is the charge which was imparted to the 
conductor. 

At an internal point Q, the potential V is given by the 
equation 

E + e e ea I ... 

where B is the image of ^ in the sphere. 

At an external point the potential is that due to a charge 
E -i- e si the centre of the sphere. 

114. Sphere in Field of Vniform Force.'-If the 
force throughout a certain region of space be of uniform 
magnitude F and parallel to a fixed direction, it may be 
regarded as due to an infinite mass M, situated at an infinite 
distance it! in a direction opposite to that of the force, pro- 

M 
Tided 5 = ■^■ 

If now an insulated sphere, whose centre is C, be placed 
in the field, a distribution of electricity is induced on its 
surface, whose potential U in external apace can be deduced 
from (5) by supposing £= in that equation. In the present 

eaaee ^ M,f= B, and CB is given by the oguation CB = j. 
Hence 

and, accordingly, in external apace the potential due to the 
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distribution on the Bpbere is mathematioaliy the same as that 
of a magnetic particle at C, whose axis is codireotiona! with 
the uniiorm force, and whose magnetic moment is Fa^. Such 
a combination of attractive and repulsive centres of force is 
termed a doublet. 

If we take G for origin, and a line in the direction of the 
uniform force as axis of x, we have 

U=F(i'%; (10) 

and the total potential V in space external to the sphere is 
given by the equation 

V^-fI'^^-I^cc + K, (U) 

where K denotes a constant. 

1 . If mass be diEtriliuted on tlie surface of a epbere bo that tie denaity at 
any point varies inversely as tha cube of its diatanoa froma fixed point A, aiow 
that tha distribution is oentrobario, and find the baric centre. 

Let/denot« the distanceof A from the centre Cof the sphere, a its radius, 
and IT the density at any point F on its surface ; then 

K , ., 4toX 

a = —J ; and if we aaaume e = yzST^ ' 

by (3) and (2), Art. Ill, the distribution is identical with that induced on a 

sphere at potential zero by a. charge t e at the point A. Hence, if -i be inside 

the sphere, A is the baric centre, and e represents the total mass on the sphere. 

If A be outside tJie sphere, the image of ji in its surface is the baiio centre, 

and the total maae is — e--- 

2. Find the value of tie integral l"^— , — dS taken over the surface S of a 
sphere whose radius is a, where !■ and/are the distance of rfSand the centreot 
the sphere from an external point A. Ana. -^ • 

3. What is iJie value of the integral ii 
sphere ? 

4. Find the distribution of mass on an uncharged insulated sphere in pre- 
sence of an electrified point A . 

Let e denote tbo charge at ^, /its distance from tie centre of the spliere, 
and a the density at lie point J" on its surface ; then 

'^i^arf'~AW]' 
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6. Show that the potential at the surface of an insulated sphere having a 
charge E, and under the influence of a quantity e of eleulricity at an external 
point, ia equal to tLe mean value of the potential of s taken througliout the sphere, 
together with the potential of E, uniformly distributed over its surface. 

6. Find the force which an insulated sphere, having a charge E, eserts on a 
quantity e of electricity concentrated at an estemal point A. 

If F denote the force, and r the distance of A. from the centre of the sphere, 



7. Find the potential energy due to the mutual a 
and the electric mass « at a distance / from its centie. 
If M denote the potential energy required. 



The value of M may be obtained otherwise by considering that if U be the 
potential at A of the distribution on the sphere, by (5), Art. 112, we have 



Then, if e be increased by de, the work done against the force eserted by the 

sphere is Ude; whence M=\' Ude. 

I the value of ii'may be deduced. Jlfmust 
ergy of the electrifled system. 

8. Show that an uncharged insulated sphere always attracts an electrified 
particle. 

If, in Ex. 6, the chaise E be zero, 

which is always negati-ve. 

0. If a sphere be charged and insulated, show that there is one point on each 
of its radii produced at which an electrified particle is in equilibrium. 

In this ease, if r be the distance of an electrified particle from the centre. 
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wlien »■ ia inoteased, ilrinfireaaflE still more, Fbecomea, and then always remains, 
positiye. Thus on each radius of the sphere there is one, and only one, point 
at whict an elactrified particle ia in eq^uilibrimn, and at this point tlie equi- 
librium is unstable. 

10. Find the condition that there stould be a circle of zero density on a 
charged insulated epheiical conductor under the influence of an. estemal eleu- 
trified point A. 

By(4), Art. 112, if 

have diEEerent algebraical signs, that is, if E lie between 
»'(¥-■) , _ ■■!¥+«) 



prove that a sphere 2, described with A aa ccntae and V{f' — »') as radius, ii 
part of the equipotential surface at which the value of the potential is that oi 
the conductor. 

Let<==/=-»'; thensinee AC . AS ^f (f- ^] = f, the point J 
the image of C in the sphere :S ; also, as 




and therefore, by Art. 110, the potential at 

any point on the sphere 2 is -, hut this ia equal to (.^ + -7) -, whioh ia the 

value of the potential at the surface of the conductor. 

If Z be the value of the potential at the conductor, the equipotential surface 
for which V = Z consists in this case of the surface of the eonduetor and of the 
segment external to it of the sphere 2. 

12. In a field offeree duo te a charged insulated spherical conductor, and 
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an eleutrified point A outside it, find the locus of points at whicli the resultant 

If B be the image of ^4 in the spherical conductor whose centre is O, and F 
a point on tlie required locus, then at -P tie 
forces F\, -Fs, and Ft, passing through He 
points A, S, and O, are in equilibrium, and 




sin BPC sin CPA sin AFB 

\ SeoceitAI'=r„£B = i-!,€I' = ri,CA=f, 

the i-adius of the conductor being a, we have 



Accordingly the ratios n : ra : rj are given, and therefore the locus of P is tho 
circle in which two spheres intersect, of which one is tie surface of the con- 
ductor. Accordingly the loeiia is the cirde of Keco density, see Ei. 10. 

13. A charged insulated spherical conductor is brought into a field of force 
due to an electrified point A ; find the locus of points at which the potential 
remains unaltered. 

Before the conductor is brought into the field tbc potential at any point F is 

-r-= ; afterwards it is given by the equation 

.W± 

/. GF f. BF' 
is the centre of the sphere, and B the image of A 



V= — ■i-'-i— 



n general, a sphere. 



what is the locus in the last e; 



15. "What is the condition that the locus in Esample 12 should he a 



16. Determine the distribution of mass or 
field of uniform force. 

Uy (11), Art. 114, the total potential Vh 
equation 

where 6 is the angle whicli the radius vector r 
Inside the sphere V = K. Hence, if tr be the 
point of the surface of the sphere, where r = i 



an insulated sphere placed in a 
external space is given hy the 
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17. Ab insulated eDipsoidal conductor is placed in a field of uniform force, 
one of its mea being in tie direction of tie force; find the potential in extenial 
space of the distribution ai electriciCj induced on the surface of tbe conductor. 

ThB eolutioo of tliia lueation ia suggested ty the result obtained in Art. IH. 

If P denot* the potential reqiured, the total maaa producing TT is zero, 
U- Fx= conatant for a!! points of die ellipaoidal aurface, and TT satiBfies 
Laplaoe'a Equation throughout external spate, and is zero at infinity. It ia 
plain that X, the espresaion for the component of the force exei'fed by a homo- 
geneouB ellipsoid whoae aurface coincides with that of the conductor, aaKsfles 
the two latter conditions, and can be made to satisfy the equation X~ Fx = 
at the ellipsoidal surface by properly assuming the density p. Again, by Ex. 1, 
Art. 53, tie potential Z is due te a surface dietribution whose density at any 
point is Ip, where I is the cosiiie of tbe angle wbich tie normal m^ee with the 
axis of 3^. Hence the total mass producing this potential is p/WiS taken over 
the ellipsoid, and this integral is aero as the surface is closed and single sheeted. 
The function X, therefore, satisfies all tie conditions required, and as only one 
function can do so, U= X; and hy (12), Art. 87, we haTe 

■r. „ , f* ''» 

U = 2irp0MI I ; — — ■ : , 

h («= + »)> (4= + «)1 («' + uf 
where p is determined by the equation 



Jo (»3 + «)5(4^ + «)^c' + I()3 

18. An insulated ellipsoidal conducter is charged with a quantity E of 
electricity, and placed in a field of uniform force, whose direction is paralle] to 
the axis major of the conductor ; find the potential TT of the distribution on its 
surface at any point P in estemal space. 

Ans. U=X-^e\ — t ^'^ , 

where Z is lie value of Pin Ex. 17, A the semi-aiia major of the ellipsoid 
paaaing through F confocal with the conductor, and h and k the constants of tie 
C03)focal system. 

19. An insulated ellipsoidal conductor ia placed in a field of uniform force, 
whose components in the directions of the axes of tbe ellipsoid are F, F', and 
F'; find fie potential JT in external space of the distribution of dectrieity 
induced on tbe surface of the conductor. 

If X, y, a denote the coordinates, referred to tie ases of the ellipsoid, of a 
point F in external space, X the component in the direction of x of the force 
exerted at Pby a homogeneous ellipsoid whose surface coincides with that of 
the conductor, and whose density is p, Y' and Z" the components in the direc- 
of y and a respeotiTely, for two other coincident ellipsoids whose densities 
■ ■■ have )7 = X + Y' -i-Z", where p, p', and p" are determined 

2.p«i. r - — ^_ — - = F, 

2„p-.J„ f ^ ~ r, 

J" («»+^)J(J= + «)J(c" + «)5 



arep a 

by the equation! 
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■0 charged wil-h. a quantity £ of electricity, 



wha[« the notation is die same as that in the preceding Examples. 

21 . Show that there is only one possible distribution of a given quantity of 
electric mass on the mirface 8 of an insulated conduotor in electric equilibrium 
under the influence of a given system of electrified points. 

If the distribution on 8 be m equilibrium its potential TT together with v, 
the potential of the system ol electrified points, must be constant on S. Hence 
fj =^ C - « on S. If there be a second possible distributiOQ having JT for its 
potential, we have JT = C -voaS. Tlien U~ IT' is constant on S, and is 
the potential of a distribution of mass whose total amount is zero. Hence, by 
Art. 62, the potential JT — U' is zero for the whole of space, and consequently, 
by Art. 46, the corresponding surface density is everywhere zero. Accord- 
ingly, the two supposed distributions on S are identical. 



115. Spheres Cnttlng Orthogonally.— If a field of 
force be due merely to a charged insulated spherical con- 
ductor Si, the potential is everywhere the same as if the 
charge on this conduotor were conoentrated at its centre A. 
If another charged spherical conductor Si he brought into 
the field, the dietrihutiou on 8i could be found by the method 
of Arts, m, 112, if the electric mass on S| were rigidly fixed. 
As this ia not the case, applications of the method of Art. 
Ill, would, iu general, have to be repeated ad infinitum. If, 
however, the image of A in jSj coincide with the image in St 
of B, the centre of Sj, the distributions on t!ie two spherical 
surfaces can be readily obtained. 

Iu this case, if the distance AB be denoted by c, the radii 
of the spheres by a and i, and the distances of the double 
image 6 from A and j5 by £ and »j, we have c% = d, ci\ = >?, 
? + jj = ; whence eliminating | and i), we get <? - <t a- IP-, 
that is, the spheres cut orthogonally. 

Since the spheres intersect in real points, they must form 
a continuous conductor, and we are led to the consideration of 
the problem, to find the distribution and total charge on an 
insidated conductor which is formed of the larger segments of 
two spheres cutting orthogonally, and which is at a given 
potential L. 
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A potential L on the surface of thi 
by a charge La s.iA, and a charge 
Lh at B produces a potential L at 

Si, also a charge ■ at G neii- 



lere Si is produced 




tralizea the efEeet of La at St, and I 
that of i6 at iSi. Hence the charges 
which have been enumerated pro- 
duce a potential L all over the sur- 
face of the conductor, and theTefore, by Art. 64, produce the 
same potential in external space as the actual distribution. 

We conclude, therefore, that inside the surface of the 
conductor the value of the potential is everywhere L, and that 
at any point Q in external apace, the potential V is given by 
the equiitiou 






Lah 



(12) 



The densities <ti and o^ of the distribution at points Pi 
and Pi on the two spherical surfaces, and the total mass E 
on the conductor, are given by the equations 



«4\ 



(13) 



(14) 



116. Total mass on Conductor, — When the potential 
on one side of the surface of a conductor in equilibrium is 
the same as that due to a set of electrified points, the total 
mass on any portion S of this surface of the conductor can be 
easily deduced from the total induction over S. 

Ijet fii, Bi, &c. be the charges at the points j4i, A,, &c. 
which can produce the actual potential at one side of iS ; iV" 
the resultant force in the direction of the normal drawn 
towards this side at any point of S whose distances from Ai, 
&o. are r,, &o ; \pi, &<3. the angles which r^, &g. make with 
this normal ; ii„&c. the solid angles which & or its bounding 
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curve subtends at A^, &g. ; and E the total charge required ; 
then 

AttE = Aw\ adS = f NdS = [ ( 7, cos i^, + ^, oo8 ^^ + &<i\dS 

= eiQ, + fiiiis -I- &e. ; whence 



_E= - 



(15) 



If S be a closed, ear face, il is equal to 47r or zero, according 
as A is inside or outside the surface, and the total mass 
ou 8 is eijual to the sum of the charges at the internal 
points. 



I, An ittsulateil i 
•cutting orthogonally . 



Ex4MPia]S. 
jnduttor formed of the 1 



arger segments of tivo spheres 
what ia tlie dcnaitj of the dia- 
ot'theBpteresf Ans. 0. 



2. A conductqr formed of the larger segments of two spheres 
orthogonally, whose centreaare^ an.d^, is at potentialzeroundecthe 
of an estemal eleetiMed point : find the potential at any point, and 
ttibution of mass on the conductor. 

g Ij^Let /and J be the imagea of in the epheres, then AJ 3.aS. BIh 
a point Z such that 

AK.AJ=a\ BK.BI~V 
vhere a and h are the radii of the 
For, if *? be the point in which AB i 
plane of intersection of the spheres, th 
\ laterals BQIO and A630 are cyolio . 
\ angle GBI= GOI= AJG, aad GKJB 
' - ' AK.AJ=AG.AS==a^. 



:utting 
iuenoe 
the dia- 







AJ.BO BI.AO 



produce a potential whioh is zero at the surface of the conductor, the cliai^e at 
Obeiog^. -It is easy to see tliat ^/. 50 = 57. ^0, since the quadrilateral 
10 JK is cyclic and therefore the angle AJO = UIA . 

If wc put AO ^/i, BO =/i, and express AJ . BO in terms of /,,/s. a. and 
*, we find AJ'' . BO^ = aW + ^Yi' ~ »'*^' 
P 2 
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Hence, as the values of the obargee at I, J, and K, we ohltiin 
ea a e ab 

and if V denote tlie potential at eny point Q in external apace, we have 

\0Q filQ /sJ(3^^/(«Vi^+iW-»=*')■ffe) 



At any point on the circle of infersectioii of the two aplicn 



n and the diatribu- 
. . Is boundinj, . 

Adopting the notation of the last Example, we have at any point Q in the 
interior region the same eipresaiou for V m that given in the last Example. 
For the denfii6y ir of the distribution at any point P of the interior surface of 
the sphere whose centre is A, we get 



(1 *s 1 1 



' cGQ ^ OQ fi iQ A JQ v(«ya' + svi' - f'6') m 

le distribution at any point P on the sphere, whose centi-e 



is -4 ia given by the equati 



-^. "(•■-/'■) 



5. In the iaat Eiample, if the total charge E oi 
ermine the potential and the distribution of mass. 
Here L is found from the eq^uafion 



n tho last Example. 
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a. The larger segmeots of two spheres wMcb. e 
ofjoonductmg matenal, and held together in perfoct 
circle hy a riyid rod joining the centres of the spheret 
is inBulated and charged to potential L ; find the stress on the connectiiig rod, 
(See £gui«, Art. liS.) 

The mntual force between the two spherical segments is the same as that 
which the ■wh<ile conductor exei'ts on one segment. Adopting the notation ot 
Art. 116, let ^ be (he angle which AP\ nmkes with AB, and let BFi = r, 
then )■= = o' + c' - 2ac cos p ; whence rd>- = /u sin 41^^, and i£ dS be 
the element of surface between two consecutive small circles of the sphere 
having A for centre, whose poles lie on AB, we have 

dS = 27r»' sin ipdifi = - — rdi; 

,. 115, the force which the conductor oserts 



Resolving this along AB, and substitiitiug for - ci 
we get for X the required stress 



&\7{'-W '■■'-'-"' 



If we perform the integration wo obtain for — — — , b 



and c, which, by means of tho equation /' = a' + b', can be reduced to the form 
2 (o3 + 43 - (S)=. Hence :E = i' i 






is 2jt 1 1 + - — ) , and those snbtended at B and ai 
hencG, if So be the total charge, we have 

„ Zo /, GA\ Zb I 0B\ 



8. A large insulated spherical conductor with a small hemispherical ;hosa 01 
s surface is charged to potential I. : find tho mean density of the distributioj 
o the hemisphere, and oompaj-e it with that on the sphere. 
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-S(-S) 



the higher powers of r heiag neglectsd. The m 
tion on the boss is given then by the equation 



Again, Ell = Li. appTOximately, and 

Ml L „ 8 

9. Find the density of (he distriUition at any point on eithisi' surface ic the 
last Example. 

If ffi be UiB density at any point P on 
the henuEphere, and crs that at any point 
Q of the sphere, by (13), Art, 115, 
P \ 

iipy ' 

Let fall a perpeiidieular ^Ton fiP, 
then BF= BY-t- a case, where 8 is the 
angle J?P makes with the normal to the 

hemisphere at F, and if 

BT=BA = b; whenM 



Again, 
Esccpt in the 




. A oondnotor conjpoBcd of an infinite plar 

< .<1 is on the plane, is charged with eleetricity : find the ratio of the meai 

ies of tke distributions on the hemisptere and plane. -Am. |. 
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If F be tte rsaultant fore, and an tha density, at a point on the plaiic at a 
loag distance from A, cri the density at R point on the hemisphere where the 
normal mates an angle with the perpendienlet on tiie plane, and in the deoBity 
at a point Q on the latter m the TJcinity of A, we have 

12. The equation of a closed surfaeo Scan be expressed in f)ie form 



where ri, rj, I'a denote the distances of any point from three fised points jf 
inside S, and where I, m, n, /t, and c denote oonatant magnitudes. If 
dactor, whose surface is S, be insulated and charged to potential L, 1 
polfintial V at any point in external space. 



117. Uiiiplauar Dlstrlbutlwii. Image of Point In 
Circle. — For uniplanar distributions of mass, acting with a 
force varying inversely as the distance, the theory of images 
differs in some respects from that belonging to dietributions 
in space of three dimensions. 

If A and B be inverse points with respect to a circle 
wliose centre is C, and P any point on its circumference s, 
we have, as in Art. 110, AP : BP : : CA : CP ; whence 
AP : BP is constant for all points on s, and therefore so also 
. , AP 

Hence, if there he a mass e at ^ and a mass - e at 5, 
the potential due to these two conjointly is constant for all 
points of s ; and - e is the total mass corresponding to a 
distribution on s producing in external space the same 
potential as - e at B. 

We can now see that if there be an insulated circle s, 
whose centre is C, and on which there is a charge E in pre- 
sence of an esternal point A at which the mass e is concen- 
trated, the potential in the region outside s, due to the 
distribution on it, is the same as that due to a charge - e at 
B, the point inverse to A with respect to s, together with a 
charge E + e ^t C. For this is the only possible potential 
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due to a distribution of mass E an. s which, along with that 
due to e at A, produces a total potential constant at s. 

This result is proved in a manner similar to that employed 
in Art. 112. If, as in that Article, Cand U' be two different 
possible potentials of the distributions on s, and <p = T/ - U', 

it is not in the present case immediately obvious that <^-j- ds 

taken round the circle at infinity is zero. This, however, 
follows from the consideration that U and U' are each due 
to the same total mass E. 

It appears from the preceding investigation that corre- 
inding charges at points which are the images of each other 
a circle produce, at its circumference, a potential which is 
constant, hut not zero. 

In considering this apparent anomaly, it is to be re- 
membered that a uniplanar distribution is not a physical 
reality, but a mathematical artifice to simplify problems 
having to do with a cylindrical distribution. 

If V denote the three-dimensional potential at a point P 
of a straight thin bar of uniform linear density X, of length 
b, and terminated by the perpendicular j) on it from P, and 
if r be the distance of P from the other extremity of this 
line, and the angle which r makes with p, it is easy to see 
that 

^, ^ , 1 + sin . . r+h 

r = A log 5- = A log — — . 

° cos tf P 

If we now suppose the length b to become infinite, we 

have P" = A log — ■ 

i> 
Accordingly, if V be the potential at any point P due to a 
thin bar whose total length is I and which is infinite in both 

directions, we have F= 2A log -. H dS be the section of 

P . 

the thin bar, and p the volume density, A = pdS. Hence, 
as by Art. 11, 2p = r, the potential at P of a cylindrical dis- 
tribution, corresponding to the uniplanar mass e concentrated 

at a points, is c log — =, which is infinite when e is finite. 
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The potential of a cylindrical distribution correeponding 
to two equal uniplanar charges e, oue positive, the other 

BP 
negative, at points A and B, is e log -jpj which is the same 

as the uniplanar potential and is finite. 

Hence, if P be a point on a circle with respect to which 
A and B are images, an infinitely small uniplanar charge, 
at the centre of the circle or uniformly distributed on its 
circumference, corresponds to a uniform distribution on the 
surface of the infinite cylinder, of which the circle is a sec- 
tion, sufficient to reduce the total three dimensional potential 
at this surface to zero. 

Thus it is seen that the theory of uniplanar images is in 
aooordance with the general theory of electrical distribu- 
tions. 

If we now denote by V the total uniplanar potential due 
to e at ^ and to the charge E on the circle, we have at any 
point Q. in external space 



Tliroughout the region inside the circle F'is constant, and 
has the value 

e log -^.+ {E+ e) log -, 

where a denotes the radius of the circle and/the distance of 

A from the centre. 

If the point ^ at which the influencing charges is situated 
' iside the circle, the potential V is constant at the oircum- 
e of the circle, its value at infinity is 

and the value of the integral 



y Google 



taken round the circle is - 3n- {£ + e) . Also iit all points out- 
side the oirde, v'F= 0. Hence, throughout this region 

r-(£ + .)iogJ^, (17) 

as there can be only one function satisfying the conditions 

specified above. 

Inside the circle the potential Pof the distribution on its 
oircnmferenee must satiny the conditions v° V'= throughout 
the interior region, and 



for any point P on the circumference. 

Any two functions of the coordinates satisfying these 
conditions can differ only by a constant. Hence 
V = e log BQ + c. 

The constant c is determined from the value of F at the 
ciroumferenoe. From this we have 



c = {E + e)log--e\og y, 

and the total potential V at any point Q in the interior of 
the circle is given by the eq^uation 

»'-«(log|^-l»gj)+(«+«)Iogi- (18) 

The formulte for a cylindrical distribution of mass in 
which e and JS denote charges per unit of length are obtained 
from those for the corresponding uniplanar distribution by 
changing e and E into 2e and 2E. 

118. Total Uniplanar Mass on Curve. — If the 
potential on one side of a curve be constant, and on the other 
side be the same as that duo to a number of chai'ged points 
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A„ Ai, &c., the total mass on any portion s of this curve can 
be found in a manner similar to that employed in Art. 116, 
If E he the total mass on s, we have in this case 

SttE = 2iTJvch ^jNds= [C^ cos i^, f ^' cos ^, + &c. J ds 

= cSi + <'S^ + &C-, 

where Q^, &c., are the angles which s subtends at Ai, &c. ; 
whence 

E.'AlJ^tJ^. (19) 



Examples. 

1. An insulated ciicle having a charge S ia influenced by a quantity e ai 
uniplanar mass concentrated at a point A ; find the diHtribution of mass on the 
oiniuniferenee of the circle. 

At a point on the ciieie whose distance iniiaA ia r, the density v of the line 
disttibntion ia given by the equation 



3. Show that the distribution on the circle is the same whether tte in- 
fluencing ma»s e he situated at the point A or at ite image B. 

Let/' and r' be the distances of B from the centre and from any point on 
the circumference, then 

f^f^ = A and ^=^; 

whence 

»■-/■.. »'-/" ^ 

and the required result follows from Es. 1. 

3. In Ex. 1 find the potential !7of the mass distributed on the circumference 
of the circle. 

Here let A be tbe eiterior of the tivo inverse points at one of wbicb e is 
situated ; tben at any point Q outside the circle (r= e log BQ-(E + e) log CQ, 
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4. In Es. 1, if the cliarge on the circle bo — e ; floil the potential I" 



If A be outnide the circle, F = e log - ; if ^ he inside, r = 0. This case 

of a uoiplaaai' distribution o£ mass correspouda to that of a sphere put to earth 
under the influence of an electrified point. For the sphere, whether A be an 
internal or an eitamal point, the potential at the eurfaoe is aero, but the total 
mass on the surface is diffei'ent in the two eases. For the circle, the total mass 
on the circumference is the aame for either position oi A, but the potential ia 
different. 

5. If uniplanar niBBa he distributed on the oircumferenoe of a circle, so that 
the density at any point yarieB inversely as the equare of its distance from, 
a filed point, show that the distribution is oontrobaiic, and find the bario 
centre. 

6. Find the value of the integral I -— j — i?s,takeiitoundthe circumfLTcnce 



8. Find the force which an insulated circle, haying a uniplanar charge S, 
eierts on a quantity e of uniplanar mass concentrated at an external point A. 
If F denote the force, and r the distance ot A from the centre of the 



S. Uniplanar mass is distributed on. the boundary of the larger a( _ 
two circles cutting orthogonally so as to produce a uniform potential i ; find 
the potential at any point iu external space, and the distribution of the mass 
(aeefig., Art. US}. 

Let A and B be the centres of the two circles, and G the point of intersec- 
tion of their common chord with AS. If we suppose equal quantities jj of 
uniplanar mass placed at A and JB, and a quantity - ij placed at G, the potential 

at thehonndaryof one of tiecircles is :j log -, where a is the distance between 

their centres. Hence, if ij be determined by the equation )) log - = J, the 
potential V at any point Q in external space is given hy the equation 



V= n (log GQ - log AQ, - log BQ), 
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Lition at any puint F of the. circle whose centra 



10. In. tlie Inst exsmple, if the potential L be due pitrtly to the distribufioa 
on tbe circular boundary and partly to uniplanar moss e cOQcentrated at an 
eifomal point 0, find the potential In eitemal space, and lie distribution of 

Adopting the notation of Ex, 2, Art. 116, if tj be the hypothetical chai^ 
at A or B, we have 

X = .(log^^-loe-i^)+,logi 

= Ms log ("'/'^ + *'/■' - «'*') - los/i ~ log/i } + 1 log \' 

which determines jj. The potential F at an external point Q is given, then, 
by the equation 

F= e (log IQ + log JQ - log f G - log ^Q) + -q [log GQ - log -IQ - log £Q). 

If V be the density of the distribution at any point P of the circle whose 
centre ia ^, we have 






e circle whose centre 



'i^ -iV - J ■ 



119. Inversion. — The theory of images haa suggested 
a transformation hy means of which problems aa to distribu- 
tions of electricity can in many eases he much simplified. 
This process is called Electrical Inversion, and may he de- 
scribed as follows. 

If, with any point as centre, a sphere of radius E be 
described, the images with respect to this sphere of a system 
of electrified points form a new system related to the former, 



y Google 



222 Electric Images. 

so that if the one be assigned the other can be determined. 
In the case of images physically related, ii one charge be 
positive the other is negative. Here, however, the relation 
of the two systems is purely mathematiciil, and we may 
therefore attribute the same algebraical sign to the original 
charge and to its image. The two eleotrified systems are 
then called inverse systems with respect to the origin 0, and 
the arbitrary length R ia called the radiuit of inversion. 

If ^ he a point of one of the systems at which there is a 
charge e, and A' and e' be the corresponding point and charge 
of the inverse system, A' is on the line OA, and OA . OA' ~ S?, 
also 

,_ B _0A' 
^' ~ OA ^ ~ ^ "' 

If we denote the systems by E and E', it is easy to prove 
the following propositions : — 

1°. Corresponding points in the two systems lie on curves 
or surfaces which are inverse with respect to 0. Hence a 
sphere 8 in the system E corresponds to a sphere S' ia the 
system Ef, escept he on the surface S, in which case the 
corresponding surface in E' is a plane. 

In general a plane corresponds to a sphere passing through 
0, hut if bo on the plane, then the corresponding surface 
is the same plane. 

2°. If Vp he the potential of the system E at any point 
P, and Vt the potential of W at 
the point P' corresponding to P, 
then, 

PFp 



v'.-^- m 



For, 







r. 


-^PA'-^ 


Re 
OA . PA" 


but 


fiom 


the uim 


lar triangles AOP and P'O^ 


OA 


. PA 


. OP 


FA ; whence 








V 


R , 
OP PA 


OP ^'- 
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(it) Hence, if the potential of jG at P be zero, so also is 
the potential of ^' at P. 

(b) If the potential of JE have a constant value L at all 
points ot a curve or snrfaoe, the potential of E' at any point 
F' on the inverse curve or surface is that due to the mass 
ML placed at the origin. Hence the potential at P' due to 
W together with a mass - liL at O is zero. 

Thus, by means of inversion, a distribution producing a 
constant potential can he transformed into a distribution 
producing a potential zero. 

3". If p be the density of a volume distribution at any 
point A of the system E, and p' the corresponding density 
in the inverse system, 



"'^liJ"^!?)'" ™ 



where r = OA, and r' - OA'. 
To prove this, we have 



and rf@ = )■' di' rfw ; substituting and reducing, we have the 
required result. 

4". If CT he the density of a surface distribution at any 
point A of the system E, and a the density at the corre- 
sponding point A' of the inverse system, 

-(0 ' = (?!'■ 

This is proved in a manner similar to that employed for 
volume densities by means of the equations 

dS cos i/j = )'^ di», dS' cos \p = r'^ dw, 

where ^ is the angle whioh the radius vector makes with the 
normal to either of the inverse surface elements dS and dS'. 
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5". If two points A, and Ai belonging to the system S 
are images of eaek other in a surface S, the inverse points 
A\ and A'a are images of eaoh other in the surface iS' which 
is the inverse of 8. 

This follows from the consideration that the joint poten- 
tial due to e, at A, and e^ at Ai is zero at jS, and therefore, 
by 1°, (m) so also is the potential at 8' due to e\ at A', and 
e'2 at A'l. Hence, A\ and A\ are images of each other with 
t to 8'. 

e a particular ease of the above, we have the result that, 
if A be the centre oi the sphere S, the point A' is the image 
of the origin in the surface S' which is the inverse of S", 
This is obvious if we remember that the image of -4 in iS is 
a point at infinity whose inverse is the origin. 

6°. If t and i' be the tangents from to inverse spheres 
whose radii are a and of, and the distances of whose centres 
from are a and a, we have 

a a V t a —a -tC A 

7°. If p be the perpendicular distance of O from a plane 
whose inverse is a sphere having a for radius, a is given by 
the equation 

2pa = B\ (24) 



ExiMPLES. 

1. Find tie distiibution of mass on ft sphere whose rentre is A, and which 
18 at poteniial zera under tie influence ol a diarge « at a point 0. 

Invert the sphere ivom 0, and we obtain a sphere at coostant potential Z, 
where RL = — e. The density a' at any point i" of this sphere ia given by tie 
equation 
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Invert from ; then, in tie inve 









potentinl of j^ has a eonetant Talue L at its Burfare ; and a mass 
produces at tie eiirface of 8 a potential equal to that of S itself. 
13 the baric centre if it be inside the surface of S. If it be outside, the 
3ntre is the xiari^e of iu this surface. 



3. Two planes, cutting at right angles and terminated, by their line of inter- 
section, are at potential zero under the iniuenee of n charge e situated at a point 
between them ; find the distribution of mass on the pknes, and the potential at 

li we draw perpendiculars ^i and joa from on tbe planes, take, at the other 
aide of the planes on these perpeudiculais, points /and J" at the same distanees 
from the planes as 0, and draw through I and /, in the plane of 01 and OJ, 
parallels, meeting in X, to the planes; <hargeB, whose amounts are each -«, placed 
at I and J, together wiUi e at K, produce along with « at a potential sain on 
each of the planes. Hence, at any point Q in the region oontoining 0, the 
potential Tis given by the equation 

\0Q^ KQ IQ JQl' 
and in the region separated by the planes from the potential is zero. 

At any point F in Uie plane whose distance from is p\, the density iri is 
given, by the equation 



the distribution of m 




IS on the larger segments of two 
res cutting orthogonally and at 
tant potential. (For the direct 
ion of this problem sec Art. 

_f we invert from O we obtain 
as the inverse of the planes in Ex. 
3, the larger soginents of two spheres 
tutting orthogonally, and at con- 
stant polflntial i, where HZ = — e, 
also, if fl he the radius of the sphere 



which is the is 

perpendicular o 

have 2/ipi = Jf' 

any point P' of this s 



density of the distribution of m 

but — = ,, and J' is the ecniie of the sphere inverse to 

perpendicular is jis. Hence if * denote the radius of this sphe 



tie plane wh< 
e, OJ' = b, an 
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0. A conduutoc, formed o£ the larger Bcgmenta of two spheres whioH intec- 
aeot at an angle of 60", is insulated and charged to potential L ; find the 
distribution of mosa on the eonduetor, and liie potential at any point. 

Let the spheres be denoted bj {A) and (B), take any point on their circle 
of iutersection, and invert the eyelem frooi this point. We have, then, two 
planes (A') and (ff) intersecting at an angle of 60'', and at potential zero under 
theinflueaee, at 0, of a chaise -EL, -wMohmaybe denoted by /. The plane 
psBairg through and the centres of the apheres, which we may call (O), meets 
the planes {A) and {S) perpendiodarly, and coatainsa series of images charges 
at which, along with e' at 0, produce the actual potential in the region between 
the planes and containing 0. Hence, by 2°, Art. 119, the inverse system of 
images produce a potential iu external space which is the same as that due to 
the actn^ distribution on the oonduotot. 

Let C be the point in which (A') and (B') intersect (0) ; then the images of 
in [A') and (B') lie on a 
'''"-., circle in the plane {0), hav- 

ing C as centre and CO as 
radius. Let 7'i be the 
\ image of O in {A'), J\ its 
\ image in (5'), J's the image 
'. of J'iYa(A'), 7'sthe image 
.J, i of Ti in (B'), and so on, 

' and let tne angular dis- 
/ tanees of 1\, &e., from- CO 
/ be denoted by i'l, &c., (hen, 
/ if CO mate angles a and B 
with (^') and {B'), we 
,y have i\ - 2a, /i = - 1$, 




~Ji = ^ 



+ a(a + fl). 



Now a + ,8 = T ; hence, i'n — /j — 2ir, and the points I'a and J's coincide. 
The charges are each — e' at images having odd suffixes, and -i- e' at those having 

In the inverse system, the points inverse to Z'l and J'l are the centres of the 
spheres {A) and {B). The charge at tJie centre 7i is - e' — , or aL, where a 
is the radius of the sphere {A). Since the images J'j, J'\, &c., lie on a circle 
through 0, the inverse points lie on the straight line joining the centres Ii and 
Ji, and are successive images of them in the spheres {Bj and {A). 

Also, if the chaises at the points Jj, &c., be denoted by tie same tetters, 
and the radius of tbe sphere (£) by i, we have 



7] = »i, Ji = l/L, 



J"= 



01, OJ; Oh Oh OJi 
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The distances IJi, &•>., ore given by the eq.uationa 
hl2 = -, /i7a = -, J1J3 = ^^i. 7i^3 = "i^, where e = li J, ; 
liG aurfaee density o- at any point I' on. {^) by tbe equation 

'"-i 

nd ti.e potential V at any point Q in eitemal space by the equation 

lU J\U - 

e whose radius is o, by (15), Art. 116, 
irt. 116, we nave 

4-('-i)4('*S). 

where tho aigo in the lastteriri depends On. which side of G the point la ia 
situated. lib> a, aa in the iiguro, then the negativesignia tobe taken. Here 
c' = a= + i" + ab, also (?/i" - flJi" = i' - «', and GJi + GJ, = e ; whence 

C?J2 = Gli ~IA = ^ = GJ3, GI^ = Jj7i - Gil = ^ ^", 

Substituting for Zi, Ji, &c., G7i, &o., in. the expression given above, we 
dbfain 

L ( , ah 'iai a-b / , ab \) 

The fotsl charge J! on the conductor is given by the equation 

This result appears alsofromtheoonaideration Siat £ = /i4 /i + /! +<7s + J3. 

The above espveaaious for .£,, &c., hold good, whatever be the magnitudes 
ofoandS. 

Q 2 
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120. Uuiplauar Inversion. — In the case of uniplanar 
inversion corresponding charges are equal ; and if E he the 
total amount of mass belonging to either of the inverse 
distrihutions, we have 

(25) 

where Fc denotes the potential at the origin of the distribu- 
tion E. 

It follows from this equation that, if the potential due to 
a imiplanar distribution of mass acting inversely as the 
distance be constant at all points of a curve s, and if the 
total mass be zero, the potential due to the inverse distribu- 
tion is constant for all points of the inverse curve s', and the 
tota.l mass is zero. Henee, if two charged points Ai and j1, 
be images of each other with respect to the curve s, the 
inverse points A\ and A'^ are images of each other with 
respect to the curve s' which is the inverse of s. 

Again, if the potential due to the uniplanar distribution 
of mass whose total amount is E be constant for all points of 
a curve «, the potential U' due to the inverse distribution 
together with a mass - E placed at 0, is constant for the 
curve s', which is the inverse of s, and the total mass pro- 
ducing the potential U' is zero. 

If T denote the density at any point, whose distance from 
is r, of an areal distribution of uniplanar mass, and v that 
of a linen distribution, and / and v the corresponding 
densities m the inverse distribution, remembering that in 
thi'< case corresponding charges in the two systems are equal, 
we can piove in the same manner as in 3^ and 4°, Art. 119, 
that 

1. Show that a circle o, throughout which there ia ft imiplanar distribution 
o£ maas m whoae areal density yanee iuTersely as the fourth power of the dis- 
tance from an external point 0, is centrobaric. 



y Google 



Invert £iom 0, then 

Hence theeircis c', which is the inverse of u, being of unifovca density, acta at 
estemal poiuta as if its mass wore concentiatei at its centre ^', and tlie prtcntiaj. 
V due to d together with — nt at j1' is aeroouteide e\ and therefore, at (?, also 
the total maae producing IT is zero. Hence, by (2B), if P be any point 
ontside c, we have Pp = 0, and therefore, the potential in external space due to 
6 is the eame as ttiat due to a mass m placed at A, the image of ine. 

2. Uaiplanar mass m is distributed in the region outside a circle c, the areal 
density va^ing inversely as the fourHi power of the distoJioe from a point 
inside c. Show that f« acta inside c as if it were conoentrated at A wMoh is 
the image of in o. 

Invert from 0, and we obtain a circle c' of uniform density. If IT he tlio 
potential due to o' together with a mass — m. placed at its centre A:, the 
potential V is zero at any point P outside e' . Hence, since the total mass pro- 
ducing V is zero, by (25), wc have Pconstant throughout the region inside c, 
and therefore, in 3.1 A produces the same effect inside s as the original distribu- 
tion outside 0. 

3. Uniplanar massis distributed ovortho boundary of the larger segcaents of 
two circles cutting at an angle of SO" so as to produce a constant potential L 
throughout the interior region ; find the potential at any ostemal point, and the 
distribution of mass. 

Let the spherical sections in the figure of Es. 6, Art. 119 representthe circles ; 
then if a charge % be placed at the points J"i, Ji, and Js, and a charge — ii at .Zi 
and Ja, the potential produced is constant at the circular boundary, and if it be 
equal to L the charges at I\, &o. produce in eitema! space the same potential as 
the actual distributioa. Hence i\ is determined by the equation 

If ¥ be the potential at any external point Q, wc have 

r= -a {log JaQ + log JaQ ~ log J,0 - log /,Q - log liQ} 



'1 ^^^^ •'i^ j' 

lud the total charge Ea on the arc of this circle by the equation 
2,rE, = -,j (oj+aa + Si-ni-Sii, 
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121. Three Spheres cuttiDg Ort]io$oually. — If 

three spheres cut orthogonally, a plane through thoir centres 
A, B, meets them in circles cutting orthogonally, so that 
~ " the centre of each lies on the 

common chord of the other 
two, and these chords AG^^, 
BG,t, and CG,„ are the three 
perpendiculars of the triangle 
ABC, and meet in a point K 
such that 

AK.AO^^ = AGn-AC; 

vhence K is the image of 

\ Gi3 in the sphere whose centre 

A and which may he de- 

' noted by {A). Similarly K 

"s the image of Gsi in {B) and 

of Gr,m{0). 

A potential L is produced at the surface of {A) by a 
charge aL at A, where a denotes the radius of A . Again, if 
the radii of (_B) and (C) be denoted by h and c, and the 
distances AB, BO, and CA by 7, a, and |3, charges hL at B 




- abL 



at ©1! produce on (j4)apotential zero, as also 



and 

ciat C and- ~ ^"^ at Gg,, finally to compensate the charge 
— - — ■ at G-a, there must be a charge 



~AG;r 2S "^ ' 

■where S is the area of the triangle ABO. If we express the 
sides and area of this triangle in terms of a, b, and c, we find 
that a potential L is produced at each of the spherical surfaces 
by charges 

- Lbc - Lea - Lab 

7(FT?J' -/(c' -I- ay Via' + b^ 



La, Lb', Lc, 
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placed at A, B, C, 6^^, 62,, G,„ and ^, r ^ 

122. Four ISpberes cntting Orthogonally. — If a 

i&, whose centres are A and B, ortho- 
gonally, its centre lies on the plane 
[AB) of the intersection of the 
spheres (A) and {B}, and this plane 
is perpendicular to the line AB. 
Hence, if four spheres, whose centres 
are A, B, C, B, cut orthogonally, B 
^c lies on the Hne of intersection of the 
planes {AB) and (-BC), which is per- 
pendicular to the plane ABC, and 
j> passes through K the point of inter- 

section of the perpendiculars of the triangle ABO. If G,3 
he the point in which AB meets the plane (AB), and (7 the 
foot of the perpendicular from C on the plane ABB, the 
lines BK B.nA CJ are perpendiculars of the triangle BCGn, 
and if he their point of intersection, CO.CJ= GK.GG-i^^c^, 
where e is the radius of [C). In like manner AS, the per- 
pendicular from A on the plane BOB, intersects CJ at the 
point 0. Accordingly the four perpendiculars AS, BI, 
CJ, and 1>^ intersect at the point 0, and is the image 
of S in {A), of / in [B), of J in {G), and of K in (D). 
Again, if S, denote the area of the triangle 5CD, and £1 the 
Tolume of the tetrahedron ABCB, the image in [-A] of the 




Lhcd , _. - Lhcd a ,, . . ~ Labcd 

By Art. 121, we have 

C(?,, . AB = 2S4 = -/{aW + 5V + <?c^). 

Hence we obtain CGn and CK, from which and DC we 
get BK, and finally we have 

aa = y^ia^bV + bVcP 4- cVV(' + cPaH^). 
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Thus all the charges are expressed in terms of L smd the 
radii of the spJieres, and we see that a potential L is produced 
at each of the spherical surfaces by placing charges La, &o., 
at the four centres, 



Labc 

- Lahcd 



J-, &c., at the four points K, &c., 
at 0. 



^{a^b'^c^ + b'cH'' + c^^a^ + d'a^b'^ 



ESAMPLES. 

1. An insulated conduciot formed of the larger eegments of tliree spheres 
rjufting orthogonally is oliarged to poteutial L ; find the denritj a of lie distri- 
biition at any point F on the surface of the sphere {A). 






- CF^ i>r- (ji + .^)iG,3P= (='4d=)^e3.i« 



3 . A conduotjjc, formed of the segments of three spheres cutting orthogonally, 
and having the centres of the spheres in its interior, is at potential zero under 
the influence of an estemal electrified point F ; show how to determine the 
distribution of mass on the surface of the conductor, and the potential in eitevnal 
spBoe. 

Let the spheres be denoted by {A), [B), and (0). The plane of theinteraec- 
tionof (A) and {B) cuts (0) in advcle which meets the circle of intersection of {A] 
and (B) in two points and Oa. Invert the system from one of these points 0, 
then the inverses of the spheres are planes, [A'), {B'), [C) intersecting perpen- 
dicularly at the point ff'i, and the inverse of P is a point P' in the region 
bounded by the quadrants of the three planes. Itet J, jj, f be tire perpendicular 
distances of F' lioia the planes, then 

j.i", ,.t-, I.E. 
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By ohangirig the sign of the coordinate of a point, we obtuin the coordi- 
nates of the image point in the corresponding coordinate plane. Thus in the 
present case, the whole system, is fonnd by faking all possible combinations of 
aigebraiialsignspreftsedto the ooordinaies J, ij, f. The sign of the chaise to be 
placed at any point is negative if it has an odd number of negative coovdmatea, 
and podtive if it has an even number. If the image of F in the plane (J.'j be 
denoted by jPo, with a corresponding notation for the other points, we have the 

Points P. J"„, n, F\, i"at, F^r„ Fi„ P^i,: 

Coordinates, f^f, -{^f, |-nf, I-,- C, -«- lC. -4l - f. f-l" C -£-v|- f ; 

Chai^iea, e', — e', — e\ — e', e', e' , e', — e'. 

In the inverse spherical system, since is a point common to the three 
epheies, if we put s = /lOF, we have for the electrified points, which produce 
in external space the actual potential : — 

Points, P, Fa, Ft, F„ F„h P„, ft,, F„i, ; 

Charges, fiOP, -(iOF„, -i^OPi, - /iOPc, /iOP„i, i^OF„„ /lOPjs, -/iOFabc, 

where F. is the image of Pin the sphere {A), P„t Hi© image of Po in (B), or of 
Pi in (A). &o. 

Since the resultant force in the inteiior of the conductDr is zero, the density 
of the distiihnlion at any point of its surface can be determined as in preceding 
Examples. 

4. A conductor, formed of the segments of four sphereB cutting orthogonally 
and haying their centres in its interior, is at polential aero under the influence 
of an external electrified point P; show how to detennjiie the distribution of 
mass on the conductor, and the potential in external space. 

Adopting the eame notation as that of the last Example and calling the 
fourth sphere [S), it we invert from 0, one of the points common to {A), {B), 
and (G), we get three rectangular planes and a sphere {I)') cutting them per- 
pendicularly, and having, therefore, O'j as its centre. If P" be the inverse of P, 
the successive images of P' in the phiaes form the saine system P'o, &c., as that 
considered in the last Esample. These pointE lie on a sphere having ffi for 
centre ; and their images in the oancentric sphere (D') are ec[nidi3Caut from 
O'l, and are obviously in reference to each other a complete system of images in 
the planes {A'), {£'), and (C). Hence, by 5°, Art. IIB, in the inverse system of 
four spheres, a pot<mtial sero is obtained at the surface of each by placing at tha 

P, P„, Pi, Pc, Fai, P=., Pto, P„)<-, P,h F„d, Fm, Pc4, Pm, P,^, Fbcd, Fabci, 



y.OP^e, «nil ^OF^ = j-^e. 
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133. Finite ISeries of Images^ and continuous 
Inverse Systems. ^ — Tho relation between systems of images 
and the surface distributions to which they are equivalent 
may usually be based on the following general theorem : — 

If a closed surface Sbe one of equilibrium for a distri- 
bution of mass of which part is external to S and part internal, 
a surface distribution on 8, whose density at any point is 
equal to the resultant force at that point divided by in-, 
produces at all points external to jS a potential equal to that 
of the internal mass, and at all internal points a potential 
whose difierenco from a constant is equal to the potential of 
the external mass. 

This theorem is easily proved by supposing a distribntion 
on 8 whose potential at all points of this surface is equal to 
that of the internal mass. 

Numerous problems of considerable difficulty have been 
solved by Thomson, Cleric Maxwell, and other mathematicians, 
by the use of images finite in number, or by the inversion 
of one continuous system into another. Some of the most 
important of these problems are given in the following 
Examples : — 

Examples. 

1. An inaulaled conductor formed of the larger segments ol two spheres 

cutting at an angle -, wliei-e m is any integer, is charged to potential L ; find 

the distribution ol mass on. the surface of the coaductor, and the potential in 
extemnl space- 
Adopting the method and the notation of £x. 5, Art. 119, we Snd 

i's„ = 2m (, + ff), /am = - 2m (a + jS}, 

i-2„,i = 2o + 2>H (a + B), /!„«i = - 33 - 2m {a + &). 

In. this case n + = -, and therefore, whether h = 3hi or 2wi + 1, we liave 

and the point Fa coincides with /'„. 

In the inyerse spherical syslem, I^ and J\ heing the eentres of the spheres 
tA) and [_B), we have the images is, ia, &c., i"„ in. the sphere [A], and the 
images Ji, .Ti, &c., Ja in the sphere (B), and /„ coincides with 7„. The ohai-ges 
to be placed at these points, the distribution of mass on the conductor, and the 
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= ^{OIi+ oil + OI3 + OJ, 4 &c. + eii + GJi + fi'Js + eJa + &c. 
- OI2 - 0/1 - 01, - OJi - &B. - Qh - 6J3 - 6It - 6Ji - 



2. A Bpherical liowl is at potentiaJ zero ucder tlie influenco of an eiteraal 
lectrified point situated on the surface of the sphere {A) in space of wtifih 
uly tlie bowl forms a part ; find the distribution of mass on the surface 



of dieb< 

Inyert from O, the sphere {A) becomes a plane, and the plane base of the 
bowl a epbere, so that the surface of the bowl is inverted info a plane circular 
disk. If we suppose this disk at constant potential L', by Ei. 7, Art. 38, tha 
density a' of the distribution at any point -P of the disk is given by the equa- 



wherefl" and JT are theextremitiesofanychoidofthe disk passing through f. 



or OP . OK 
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a the three poicts if', P', K' are on the same straight line, the four 

pointa 0, S. F, JTaro on the ciroumferenoe of 

a cirele whoaa plane cute the base of the bowl 

in the line MKbX au angle a ; then, p and q 

\ _ being the perpendieularB from and P on the 

>* line IIE, we have 

OH . OK ^p paiaB ^ fo 
Til .TK s ~ J sin fl if' 

where fo and ^ are the perpendiculars from 
and jf^on the base of the bowl. If C denote 
the pole o£ the small eirule forming the edge 
of the bowl, i the distance from at any point 
of thia edge, z the coordinate of any point 
of the sphere {A) referred to Pas origin, and 
and/ the length of the diameter, -wo have 




the diameter through C , 






- ap>- 






■'ij'The yalueof n here obtained may perhaps be more 
of a" by considering the sphere (S') whioh is the i: 

If Q be the point in which OP meets the base of the howl, andQ'tli 
point ou {B% since S'F'K' is a chord of (-B'], we have 

KT .rX'^OF' .ro,', hut rQ' =FQ--^; 



OF' OQ 0F'&' 



ST.F'K-^—FQ.OQ- = -^^ 
and from this the value of /r follows immediately. 

3. An insulated spherical bowl is charged to constant potential £ ; find the 
distribution of mass on its surface. 

Imagine a distribution of mass of uniform density e on the remainder of the 
sphere (A) of which the bowl is pait. It the bowl he at potential zero under 
the influence of thia distribotion, there will be a distiibtition on the surface of 
the bowl whose density at any point Pniay be denoted by a. Suppose, further, 
an additional distribution of umform density *' over the whole sphere {A), then 
the bowl is at a constant potential, and the density tri of the distribution at any 
point of its outer surface is o- + e', and at any point of its inner ia a. 

Let ua now assunie that t + s' = 0, and that 4?rfle' = L, where a is the 
radiua of (A), and we ohtain the distribution on an uninfluenced bowl at 
potential X. 

To calculate it, let Q denote any point of the sphere (A) beyond the edge ot 
the bowl, A the centre of the sphere, Cthe centre of the bowl or the pole of its 
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bonndsry, e and ^ the Bpherieal coordmates of Q referred to ji P and the plane 
ACP, cand^ the perpendicular diBtances of ^ and P from the base oftliebowl, 
the angle subtended by the radius of this base at A, and a the angle FAC; 
then by Es. 2, 







PO' = 2«M 1 - (COS " cos e + Bin a Bin e cos ^) ] ; 




f f^ f^ V{c - cos 9) sin fldflrf^ 




2„Vp J ^ J " 1 - ^=0^ " =«^ « - =i" " ^ 9 00^ f 




The integral with respect to -Jj is of the form 




);,rr4W •l..»l-»<wl»" i^_~;^' 




In the present case m' — «^ = cos^ a + cos' fl — 2 cos a co3 fl ; hen 
) e - f<, we have 


ceputting 


.= ' J'''^'^-"'''^where„,-co.fl. 





Semembering that i; = ap:, and that o cos b — c =ji, we find by integrating 
!G of C from any point o 
whence 

-";g(fe5)--j(i^)i- 

Substituting for e its value - — , we get, for ai and oa, the densities on the 
outer and inner surfecea of the bowl, the eqoatdons 



i,W(fcl)---J{S)!- 



y Google 



238 Ekctric Images. 

is plain thut a -^ n = (n, p - Ce, .ind that ff may te expressed by tho Gquation 

-MM) ---'mi 

4, Find the distributioo of mass on a spherical howl {S) at potential zero 
under the influeoce of a chaise e situated at any point outside the bowl. 

Invert the syaten trom 0, selecting the radius of iuTersiou Ji so that the 
sphere (A), of whioh the bowl is part, may be inverled into itself. The bowl 
(£) is interted then into another portion or {A) bounded by the intersection ot 
U) with the sphere which is the inverse of the base of (B), that is, {S) is 
inverted into another bowl (5') helonging to the same sphere. 

If {£-) be at eonstant potential X' due to a distribution on (S"), by the last 
Eiamplo the density a-' of the distribution at any point i" of the inner surface 
of (-B") is given by the equation 

Draw a plane through B'l' meeting the edg 
then the points J>% B', F, K' being coneyclic, 
D, E, P, K-, and we have, as in Es. 2, 

Ct,' -P'-Z T ■ ffJC Cr,_ I>H. UK 
f~,.. ~ FS' . F£" fi.~ FS . FK' 



and therefore. 



If 0- be the density, coriesponding to a', of tho distribution on [B), by (22), 
Art. 119, we have "'' {of}' '^' 

and {B) is at potential zero under the inftuence of a charge e at 0, provided 
that RL' = - e. 

Hence, subsfituting in a, we get 
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D ie here tha point in. wliitli OD' mosts the sphere (A) again, and J> ia 
found by taking the points .2, F in which the plane 
OAC meets tbe edge of (B) and joining them to 0, 
the joining lines meet (A) again in the points ^, 
I' on the edge of (JS') ; then i»' is the point of {A\ 
opposite to M', the middle point of the arc £' F" <A 
the circle in which ^00 meeta (^). 

To prove the validity of this consfrucfiou it is 
only necessary to show that the pole of the circle 
f' which ie the boundary of (B'j, lies in the plane 
AOO, which appears thus, AC is perpendicular 
to the base of (B), and therefore a perpendicular 
to this base from 0, which passes through the 
cenfre of the inyerse sphere, lies in the plane AOC. 
Hence the line joining the centres of the two 
spheres whose iateiseotion is the boundary of {If) 
liesin tie plane AOC, butthepole of the honndary 




OF j/CI)^-P\ J OP jj CI>--h^ \ I 



On tba outside of {B') the density is 



iding density oi on (B) is 



' 2rf OP'^ 

13 the density of the diefjibufion on. that surface of (B) which can be rea 
" without passing iJirough the siiiiace of (A). This appears by onns 




ing the three possible cases, and by remembei-ing that the surface of (Bj which 
is nest to corresponds (» the surface of [£') which is most remote. 
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In Es. 2, if we suppose the diameter of the sphere {A) to become infinite, 
and i to remain finite, the bowl (5) heoomee a disk whose centre is C, and whose 
radius is i, and we get for the density cr of the distribution at any point P of 
the disk the equation 

6. Give a direct eonstruetion for the point J> in Ei. 4. 
The point I>' is equally distant Iwia all points of the edge of lie how] (B'), 
hut if S' he a point on this edge, and S tiie inverse point on the edge of {£), 

we have = y-^- Hence, if S"be aay point on the edge of {£), the ratio 
ia constant; accordingly jrp= —=,, and therefore the locus of -D is a cirelo. 



124. Spheres in Contact. — If two spheres (A) and 
(B), ■whose radii are a and !/, and which touch at the point 
0, be inverted from this point, the inverso surfaces {A') and 
(S') are parallel planes whose dlstaneee from are a and /3, 

where a = — , 3 ~ ttt. If these planes be at potential 

2a ' 2o '^ 

zero imder the influence of a charge e' at 0, the potential at 
any point between the planes is the same as that due to the 
charge e' at 0, together with charges at the successive images 
of 0, which form an infinite series. 

The images in the plane {A') being denoted by I'l, 1\, 
&c., and those in the plane {B') by J\, J'%, &c., the two sets 
are on opposite sides of 0, and it 0I\ = %'„ OI'i = S,'i, &e., 
OJ'i = ij'i, OJ's = ij'a, &c., and a + (i -■ j, we have ^\ = '2a, 
r,\ = 2|3, r. = a + .p'l + a^2y, ^'^ = (3 + Ti + /3 = 2-y, 

l\ = 2a + 27, n\ = 2/3 + 27, r=» = 2wy, 7,'^n = 'iny, 

l'^-^ = 2a + (2» - 2)7 = 2H-y - 2/3, fl'i„.i = 2^7 - 2a. 

In the inverse system, 7i and J, are the centres of the 
spheres {A) and (B), and in orderthat the spheres should be 
at potential^, by 2°, Art. 119, we have e' = - LE; whence the 

LI^ LB? 

charge at I\ is Lli, and that at 7i is ^ir' *^^* ^*' 



i«. Similarly the charge at Ji is Lh. 



or,' ' 2a 
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Since tlie charge at any image point is proportional to its 
distance from 0, the charge at /»„ is - i§s„, and that at /j,,., 
is L^m^i, but 



2n 



\2^ ^ 2b) 



(B^ E;^._JI n{a + h)-a 
\2a 2b J h 

If we put ^ — -l=fi, which gives j^fi-l, we get for 

the sum Ea of the charges at the centre and succession of 
i belonging to the sphere {-=1) 

I [• lie , „ 1 f e^-'ds 



we may write 

By putting y = v, we have, /i = - — — , and 

ll.-La.%- tjl + „(2-i)+„.(l_l)j-'. (39) 

If a be small compared with i, the higher powers of v 
may be neglected, and we have Ea - Lav's, —^. By compar- 
ing the coefficients of <i? in the two expansions for sin x we 
get, as is well known, 



y Google 



Electric Images. 



- '^'' 2," 



)«(» + s) ^ i »(" + s)) 



l«(i + „)-l »(1 + . 



By making n unity, and then changing n into m + 1, in 
the first term under the sign of summation, we get 

£. - Li. f- - •£' (— A-iT-i 

Iv ^1 \n + nv n + {n+l)vj) 

= i5v jJ-^S^r! + ^('2+i)+v=('l + J)l"j ; (31) 

and if the higher powers of v he neglected, we have 

£, = ufl- ^ "-^ ^Lb- _E„. (32) 

Prom (30) and (32) we get for the mean values ito and <t5 
of the densities of the distributions on the two spheres 

_ jt' £ _ L (, "^ >^^\ 

■^"^6 4^' "' " 4^ I 6 If} 



<r„ = g .,. (33) 

Equations (27) and (28) give expressions for the total 
charge on one of two spheres in contact which are insulated 
and charged to potential L. 

Equations (29) and (31) give expressions for the total 
charge on each sphere when one is small compared with the 
other. Equation (33) is rigorously true for a sphere in con- 
tact with an infinite charged plane. If the spheres {A) and 
(5) be equal, m = i i ^^^ hora. (27), we have 
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125. Conceotric Spheres, — If two couoentric spheres 
{A) and {B) be at potential zero under the influence of a 
charge e at a point situated between them, the potential at 
any point between the spheres is that due to the charge at 0, 
together with charges at the sucoessiye images of in the 
spheres. If J„ ij, &c., denote the images in {A), £[, 'ii, &o., 
their distances from G the centre, »i, is, &e., the charges at 
these points, r7i, &c., ij,, &e., and^,, &c., the corresponding 
points and quantities for {B), denoting the radii of the 
spheres by a and b, and putting CO =/, and a =iih, the inner 
sphere being {A), we have 



£,= 



/' 



^ ("V, ')s = f^'V- 



Assuming then 



/, >)™-i = fi ■'' 




-!r^V; (35) 



since 'i„i,= -, and i|»+i = 



I.' 



that, as the above 
ions hold good for 
1, they hold good in 
general. Also, since by (1), 
Art. 110, the charges at a 
__ point and its image in a 

sphere are proportional to the square roots of their distances 
from the centre, we have 



whence 



^-Jh ^-^h 



' - e, !j„ = fx^e, Jm-i = - w"'" '' ^ e, iin = ^""c. (36) 

Since the images in (A) produce tlie same potential in 
external space as the distribution on its surface, if Ea be the 
total charge on (A), we have 



-B. -5 



Sf" 



Sfi-' 



VC 
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Again, as the potential at (.B) is zero, the total, charge JUi, 
on its surface is ec[ual and opposite in algebraical sign to the 
sum of the interior masses ; hence 

* = -("*-'- 1^.(^-7)- 

The total charges ^a and Ei, may be expressed by the 
equations 

" l~fi b f ' l-n f ' 

hence, ii A and B denote the points in -which 00 meets the 
spheres {A) and [B), we have 

Ea^aOB 

Ei~l> OA' 






If we put b - a = c, and suppose c to remain finite while 
a and b become infinite, the spheres become parallel planes, 
and we find for the total charges Ei and E^ on parallel planes 
at potential zero under the influence of a charge e situated at 
a point between the planes, the equations 

« = -f, A.-f, (37) 

where ^1 andj^j are the distances of from the planes, and 
c is the distance between them. 

126. Spheres influencing eaeb otiier. — If a sphere 
[B), at potential zero, be in the presence of an insulated 
sphere [A] at potential L, the total mass on each sphere can 
be expressed hy an infinite series deducihle by the method of 
images. This mode of obtaining the series was first employed 
by Thomson. The special form of investigation here adopted 
is due to Kzrchhofi. 

Let the centres of the spheres be denoted by A and B, 
their radii by a and b, and the distance AB by c. 

A charge La placed at A produces a potential L at the 
surface of {A) ; hut in order to have the potential zero at (B), 
a charge must be placed at J„, the image of A in [B). To 
render the addition to the potential zero at [A] another 
charge must he supposed at /i the image of J^ in {A), and so 
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on. Let tlie charges at A, I„ Ii, &e., be denoted by »„, i„ is, 
&o., those at Ja, J^, Ji, &c., by >, j\, j\, &e., the distanoes 
AI„ AL, &o., by/,, A, &c., and the distances BJ„, BJ„ BJ-,, 
&c., by K), hi, hi, &c,, then 

Eliminating /^i,y,„ and A„ from these equations, we get 
ab 
'"*' " c= - &^ - c/„ "■ 
If we eliminate /„ and A„ from the first three of equations 
(38), we obtain 

"*' al 

from the two equations expressing i„+i and („-i in terms of /, 
and fn, we have 



As this equation contains neither / nor A, and is symme- 
trical in a and b, we have also 



V ab ' 

we get from (39), a„+i = Av"*"' + Bv''-""'> ; hence the equation 

1 . „ -n -« 



where v and - are the roots of the equation 



(40) 

^quatioi 

(41) 



i for all values of n. 
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In libo manner we obtain 

/3„ = I = Cv" + Dp-". (42) 

A and B are determined from the values of *'„ and »i, and 
C and D from those of /„ andyi. Since «^ = La, we have 



;o = - - io = - — , *i = - 


*" 


;o= jr 


-i» 




-i . .- 4(«" ■ 


-6") 




- in'S" 






«(»■-«•- 


*')■ 


Hence we obtain 


^»4 


iJi.-' . 




- (43) 


'^*''-l^--~srv ^- 


+ Z)v- 


'-P.- 


LaV 


^>.(«) 


Dividing the second 


of equations 


I (43) by the 


first, and 


putting - = £, -we have 










Iv + V-' c= ^ S= 
?+l ab 
Solving for ^, we obtain 


^. + , 


''*'ib' 




^ v(« + v6) 


v(<, 


'■^vbf 


i'( 


:» + -s)- , 


l> + va abv 


,■+(» 


■ + *■) ^ 


» + <!*" 


«c' ' 


henoe 






+ 1.6 





(45) 



Taking v as that root of the equation for x which i 
than unity, we have a + vb < c, and X < 1, then 
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1 _ 1 _ Jm.* (1 - X') 



■ Av' + Mv- I - i^»' 



(46) 



If -we divide the second of equationa (44) by the first, and 
put ^ = >(, we get 



h X ah ' 

J for r) from this equation, we obtain ij = - v'' ; 
hence, we have 

_ C + B -c 1 

^~IM r^" " ~ 1- v' " i«5 1 - ,;^' 
and 

As the potential due to the charges \,ja-, &c., is the same 
on each of the surfaces [_A) and {B) as that due to the actual 
distributions on those surfaces, the total mass Ma on {A) 
must be equal to the sum of the charges at the interior points 
1, 7i, /s, &c., and the total mass Ei, on {B) to the suna of the 
s at J., Ji, &c. Hence 



E^ = S«„ - La [l - X') S ■ _", ^ ,„ , 

If we put 

(48) 
we see that q-^s is symmetrical with respect to a and h, and 
we have 

E,. = q„L. E„ = q,J.. (49) 

If the sphere {B) were at potential M, and (^i) at potential 
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zero, we should find in like manner for the total charges Ka and 
E'i on {A) and (S), the equations W^ = qnM, Kb = q-^^M, 
where 

6. - * (1 - A s; r^s' c - ~ • (5») 

Since for each of the distributions considered above the 
potential is constant on each sphere, we may suppose the two 
distributions to be superposed, and thus for Bi and E^, the 
total charges on the spheres when insulated and at potentials 
L and M, we have the equations 

E^ = ?„i + q,^M, E^ = q,^L + q^^M. (51) 

The expressions for q,i, q,i, and g'as, given in (48) and 
(50), may, as Mr. P. Purser has shown, be reduced to more 
convenient forms in the following manner : 

If we put 4c=F = a* + 6' + c* - 2 (a'i'^ + Vc' + cW), 
we have 

_ '^ - «° - ^ ' - 2c/c ,j _ c' - ft' - If + 2ck _ 
2ah ' 2ab ' 

, 1 - 1,= ^cJ ^ . , a+ vb vc 

whence — - — ■ = -,-, and smee A = -— — = ;, 

V ab c vci + b 
we have 

X* = _. and 1 - A' = — r- = —, i-^ = — '^■ 

va + va + d a{va + b) a 

In iilie manner we get 



1-X' 

whence 



^''" Xv" (1 + W« + \'v'« + &C.) = S; \="'"v''I='"* 



In like manner, we obtain 



(X.)-" 
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Substituting in (48) and (50} for 1 - X=, 1 - i-', 1 - ;u',_and 
the infinite series, in accordance with the equations obtained 
above, we get 

?,i= - 2A Sr ^ ,„^ ,y. (52) 

?..-s+2i2: j^ 

Other methods of finding the values of q,i, &c., will 1: 
found in the Examples. 



1. Obtain directly, in terms oi a, b, aad c, tlie first three tern 

Since gt\L =j. + ii + *a + &C., and aiai = jo +il + h + &= 
find h.jo, &o. we have then 

b lah 
io = La, BIo = BA^e, j^ = --ia = -, 



-" 


£/i eif 


-a' 


-j: 


'1' 


A7i. 


-«=9 


^ 


el 




^r"^ 


aS ff'.K'^ - 


o'- 


■*') 





' Bli " c[e^ _ fli - *! + ai){(-' _ «!< ^ 4i - bJ) 

[enoe we obtain 

3" - " + ^srrjS + (,z ^ j= + „,) (.5 _ i= _ „, )■ 



y Google 



md interdiangmg a and i in the Gxpression for qn, we have 



(=' 



+ bc]{c^ - a^ - id) 



2. Two spheres (A) and (B) a 




.t potential, zero under tho influence of B 
charge U situated at a point I out- 
aide them ; find tte total charge on 
eaoli sphere. 

Let A and B denote the centrea 
of the spheres, a and b their radii, e 
thediatanee AB,Mihe^oiatiDA3 
\ from which tangents to the two 
I spheres are eqnal, Oand Cpointaon 
' AS such that MO = MC^ tangent 
either sphere from M, S and F 
the points in which AB meets the 
,aiidletObeiiiside[i]; then J" = 53f= - OJlf^ = £0 , 5(7, and thece- 
iore and O areimagaain {B) ; also, as can be shown in Kbe ffianner, they are 
images in {A). 

InTert the system from 0, and we ohtain two concenfrie spheres [A') and (S') 
whose centre is C the point inyerse to 0, and which are at potential zero under 
the influence of a charge E' at the point I' inverse to /. The space outside (A) 
and (B) eorreaponda to the apace outside {A"\ and inside (£') in the inverae 
Bvatem. Hence {A') and (B') are at potential aero under the influence of a 
ohai^e E', at a point I', situated hetween them, and therefore if the imagea of 
/' be denoted by Ti, J\, their images by Ti. Fi, &c., and the corresponding 
charges hy i'l, &e., by Art. 110, we have 

hut, by similar tj-ianglea, 



>.-Tr''.. '■>! -S'-?,^- 



-m 



The Talue of the product CJ, . 0I„ can be obtained in the following manner : 
Since the points /', I'l, J'l, &e., lie on a straight line passing through C", the 
points /, Ji, &U., lie on a circle passing fiirougli and G. Lot ^ denote the 
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e' and h' the radii oi the 



then, by eimilar triangles and divi 





T O'F- CF OB 
W " VB- ' CBOI' 








f Cr CI OB 
a' ~ 0-B- ~ CBOI' 






whence 


. CF , OB ^ 






Again, by («) 


. = !og--log^ = e-a. 
e/„ CT„ 0-T„ CT d\ €1 _ 

0/,. 0(;' ^ cj' 00- cr or 






but, by Art. 125, 


0-J'2„ ^ &'/',„.! a"- ■ 

CT ~ ■" "' CT '" r- ' 






whecoe ft,, = fl 


- 2«^, e^^i = e - 2. - 2(« - 1) OT = 2a - f 


) - 2(« - 


1)7. 


In like manne: 








4^„ = 8 + 2«ro, 


^2>,-i = a + 2«W - 2( = 2a - fl + 2«ra = 2S - 


. e + 2(« - 


-1)' 


From the definitioii of fl„, we have 








0/„ .»» , CI.^ + 0I„^ 
whenee ^^^^ . , «nd ^^^^ _ ^^^ = 


= cosh e„ ; 





- ; hence, we have 
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Since the points I\ /j, &c., are all inaide tlie sphere {A), and the points J\, 
Ji, &0-, inside (B), if E„ and Ei denote the total ohai'gea on {A) and {B), we 
have Ea = 2in, Ei, = ^s ; whence 
E^ = E(c<,&h a - aas <pf 

S° ({cosi.(fl-2«ro)-cos^}-i-{coEli[3a--e^2(«-l)ro]-co3iS}-i), 
£i = £ (cosh fl - cos ^)J 

2° ({f.oali(9 + 2firo)-oosf)-S- {rasli[2,e-e-f aifi-lJ^^J-oosipl-i). 

3. Apply fia method of the preceding esamplo to determine the total 
charges on two insulated spheres, one of whieli {A) is at potential L, and the 
other (E) at potential zero. 

The potential at the Burfacee of [A) and {B) is the same as that due to a 
charge Zo at A together with its aueeessiye images in (B) and (A). The 
mathematical relations hetween the positions and chaises of these images and 
those of the inverse system which have been investigated in the last example 
still hold good, though here the point which is the inverse of A is inside hoth 
{A') and {B'). In this case all the images J\, 1% &c. are on tte straight line 
AB, in tie series /,, every sufEx is even, and in the series J„ every suffis ia odd ; 
also every J lies between S and 0, and every I tietween C and A ; henee 
0I^-Cl„ = CJ„-0/„ = 00=2l!, and cob^ = 1. 

Since MA*- MB' ^ a' -H', and XA-\-]^B = e, 



!n2i=-2iV-2cV. 




Since e = 2a, we have 

cosh e — 1 = 2 einh'a, cost (fl - 2«ro) — 1 = 2 sinh' (o ■ 
coah(2n-e + 2Hro)-! = cosh 2»ro- 1 = 2 sinhVni; 
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Hence, for E^ and E^ the cbarges on tlie spheres {A) and (B), we get the 
equation a 

^, = Xa + i/f ■t " ^-r-7^= T ^Lky^ ^—1 

^1 5inh(«OT-a) ^a Eiiih(«SI-n) 

Ei = - Lk •^" -r^^- 

4. An insulated conductor formed of two spherea in oontaj^t ia chained to 
potential L ; express the ohorgea on tie two spheres by means ol Eulerian 
Integrals. 

InTfistigatJons of most of the properties of Eiilerisji Integrals are given in 
"WOliauiBOn's Integral Calculus, Chapter VI. Some of those required in tie 
present case are not to be found in that treatise, and of these a brief exposition 
13 here supplied for the eonvenieuce of tie student. For fuller information 
the reader is referred to Williamson's Article on the Intsgral Calculus in the 
Enepclopixdia Briiatmica. 

The second Eulerian Integral r (a) being defined by the equation 

r (i) = [ i-e 9"' dB ; 

rW=j' {log^-y'a^: no«rloeJ- = ™(i-.-) 

when (B = «, for putting m= -, we have m (,1 -J") = — r— ^, the value of 

which when | = is -lagz. 

Hence r(3;)=[ m»-'(l-2™) rfswhcnMi = a>. 

If wc assume a = y", the integral 

m^-i ( 1 - i"J dz becomes m' j;"'-' (1 - y)""' tfy ; 

integrating by part^, we get 

I' r-' (1 - y)"' * = - [ - ^+1" i'' + S^'ll i ^'' '^ -'■'''"' ''*'' 

and, as the part outside the integral sign vanishes at both limits, by 
applioalions of this process, when ni is an integer, we obtain for the right 
member of the above equation the value 



-logr(3;) = logm 

0. infinite iuteger. 
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changing jt into 1 + a in (S), expanding iu powera of x, and pntting 

^ log r (a^ + 1) = log m - 5, + Sja - &3:' + &q. (.] 

If we suppose x lesa than unity — log T{x-\-\) is finite, and the series in x 
convergBnt, and therefore when m is an infinite integer log m — iSi is a finite 
constant whose value may be denoted hy — y ; accordingly, ratiiming ■ to the 
original series, we have 

If we integrate {e) we get 

logr(ai + l) = -7"^ + J'Sj»^-i*s' + &c.; (/) 

wlienee 

log X{\-x) = yx-i- iSjie' + JSji:' + &=-, 
and therefore 

logrll + :f)r(l-:«) = 2 j&^+ S,^+&c.|- (?) 

Since sin tt:. = .^ (I -^) (l - J) (l - J), &c., 

it follows from (ji) that 

also, Bubfltituting in (/), we have 

logr(3T+l]=-T-H-Jlogj^- Ss--- Ss- -&fi. (A) 

Again; from the deEcilion of r [x] by integration by pai-ts we have 

rls+i)=s:r(a-), 
and therefore 

r(.)r(l-.).i r(l + .)r(J-«)-^i 
whence, making a: = ^, we have 

r (1) = V;^, and aleo r (1 + J) = § 'J"- 
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Examples. 
Su1)stitutiDg in {h) aiid reducing, we ohtain 

7 = log2 - 2 i^ [IfSz + J(i)'«s + &c.} = 0-57712. 
By (27), Art. 124, 

aca li = -,- Hence by {d) and (e) we have 



laJ 



dp. 



(intl therefor 



El 







of 1^), I\ the image o£ Ji 
in (^j, Ji the image of I\ 
in B, and eo ou, and if a 
charge e he placed at A, 
anil charges, which are the 



{B) and {A), at /,, Ji, /j, 
J2,&C., find expresaiom for 
the sum Ea of tlie charges 
at A, I\, Xi, &o., and tlie 
sum & of the ohargas at 
Ji, J-i, &c. 

If we denote the ohai^ea 
at Ii,Ji, &c.hy iiij'i, &c.. 



BJn+j.0^ BOIn = BCA~ACI„ = BCA - AJ„C, 
AI,»^C = AC'Jm - BOA - BCJ«.i = BCA - BhC, 



y Google 



If A and (7 denote the angles BAO and the supplement of BOA we have 
then 

AJiC= C, SJ-iC=-ii-2,C, AJaC=2C, BJiG^-ii- 3(7, &c., 
BAG ^A, AIiC=it-C-A, SIiC = A + O, AIiC^v-A ~ 20, &c. 

If y denote the perpendicular CM on AB, wo have 

whence 

These expressions ate due to Mr. F. Puiser. 

6. From the results obtained in the last Example deduce exprasaionB for the 
total charges on two insulated spheres, one ol which (A) is at potential L, and 
the other [B] at potential zero. 

"When the spheres [A) and {B) do not intersect the point P, the perpendicular 
p, and the angles A, B, and C become imagiDary, and iti = V- 1, we may put 
A = id, C = vy, where a and 7 are real, then 

oosh<, = eos^ ^— -,.s.TA« = s.u^=.j -^-^^j , 



«Cj = fiialij (n + My] =ssinli (n + «7), 3inhK0= sinhmy = 
« = — ein (7 =. — sinli 7 = ik. 



^ ainh (tt + !i7) ' sm 

This agrees with Ei. 3, where a has the same meaning a 
Example with its sign changed, and TO = 7. 

The method adopted here is due to Mr. F. Purser. 
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Ea = X^- Xa *™ ^'" ^b = -Ll! Xi" 



If |„aiid?j,. denote the dislanoes of J„ and /„ from Jf, tho'point of inter- 
section of AB with the radical plane erf the spheres [A) and (J5), it is plain tliat 
when the spheres iulersect 

Hence, in Es. 5, we have 

When the spheres (A) and (£) do not intersect, as in Ex, 6, we have 

p = SVrT7 and i„ = i (J»i^ - i')*, j« = - Hy,„^ ~ k^)^ . {a) 

Kow |b = MA - J,,^ (see figure of Es. 2) and, as in Art. 126, putting 
I^A =/,„ J,,B = h„, and putting also |o = MA, !,„ = MB, as in Ex. 3, we 



and hy (38), Art. 123, we get 

Henee, we ottain 
and if we put |„ = i sec fl„, we get 



■■{c - ^0 + ;„} _ i'e + ^(.' - «' - I?) g„ 



__ 2ch + (c^ - a' - i') cos fl„ _ cos t + cos fl« 
"*' ^ ir' - o= - i^ + 2(iA cos a™ ~ 1 + 003 ( cos fl„' 



.d therefore tan 4fl„+i = tan h tan JB„. 



= ifl, n= ; 



we get tane„^^, tan *, = - = lan .. 

The espressions for Ea and -Bj, given in this Example are due to Mr. E. 
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Electric Images. 

(ill, an4sjs 



8. Find, by mean 
given in Art. 120. 
If we put 


a of the List Esample, the espressior 


A = tan ie„, 


r^tanj., ^ = tanj*., where 


4c= 
we get 


*= = e» + i' + <^ - 2(o=i= + b'^c^ + c=i 



_ ';(g'F+fl^^')-c^ 



Hence w has here the same meaning as in equatioa (40) ; also, \ in Art. 126, 

is defined by the equation \ = , and therefore has the same meaning as in 

the present Example. A similar reault holds good for n- By Ei. 7, we have, 

and hence, as in Art. 196, we obtain, equations (52). 

0. A irircular disk is at potential; zero under the influence of a oharge e 
situated at a point in the perpendicular to tie plane of the disk through its 
centre ; find the diattibution of electricity on the disk. 

Let a denote the ra-dius of the disk, and h and £ the distances of its centre, 
and a point on its edge from. 0. If we invert from 0, taking E as the radius 
ol inversion, the diskisiavertedintoabowl whose base is the disk. If the bowl 
be at constant potential Z', by Ex. 3, Art. 123, the densities of the dietribiition on 
its outer and inner surfaces are given at any point T', by the equations 



It is easy to see thitt 



^lUm-'-MB 



-'M 
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+ h\ Ey (S), 2°, Art. r 



" (r) "' 2,rr^V + An^'--^') """' V(«^ + Aji' 



10. If an inEnitely thin conduotor, on which mass is distjibuted, be at 
potenfial zero under the inftuenoe of maea not on the conductor, show that the 
densities ffi and tn of flie diatributions on each side of tlie conductor, and ihe 
total density o, at the same point P, are connected with the potential V of tte 
■entire system of mass wherever situated by tie eq^uations 

whore n and pi are normals drawn from the surface on each side at the point 



y Google 



St/stems of Conductors. 



CHAPTER Vri. 



SYSTEMS OF CONDUCTOBS. 



127. nistrlbutloii on Charged Conductors. — If a 

syst€m of charged insulated conductors be in a state of electric 
equilibrium, the potential is constant on the surface of each 
conductor, and there is only one possible distribution of 
electricity which produces a potential having given values at 
these surfaces, since (Art. 64) there is only one possible 
potential in external space, and its differential coefficient 
determines the density of the distribution at any point on a 
conductor. Again, if the total charge on each conductor be 
given, there ie only one possible distribution of electricity 
consistent with equilibrium. This proposition is a generaliza- 
tion of that given in Art, 75, and is proved in a similar 
manner. 

In fact, if 8i, Ss, &e. be the surfaces of the conductors, 
e,, Ca, &o., the given charges, V and V the potentials due to 
two supposed distributions of these charges consistent with 
GquiHbrium,wehaveF=Ci, f"=C"„at;S,; V=0„ F'=(7a, 
at Si, &c. ; and v being the normal to a surface drawn into 
external space, 

-— d8i = - iire, = -—a 8u &o. ; 
] dv ] dv ' 

whence 

f ^^" ^'^ i^^' '^'^ ^'^' " ^' ^'^' 
Again, throughout the whole of space © outside the 
conductors v^ F = v' F' = ; hence, if = F - V, we have 

L '^ rf,S, + [ ^ ^ (^yS, + &c. + [ <j>v'4'd<S = ; 

and therefore, by (9), Art, 58, ^ is constant throughout the 
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ductor ; whence the two supposed distributions must he identical. 
138. Relation betiveeii Cbarges and Potentials. — 

If Vi, Fa, &0-, be the values of the potential on the con- 
ductors Ai, Ai, &e., these values are connected with the 
charges e„ e,, &e., by linear equations whose coefficients form 
a symmetric determinant. 

To prove this, suppose the unit charge of electricity to 
be imparted to the conductor Ai, the others remaining un- 
charged, then, by Art. 127, the potentials Vi, Fa, - . • F«take 
definite values which may be denoted by pn> pa, ■ ■ ■ Pm- If 
now the density of the distribution at each point on each 
conductor be altered in the ratio e, : 1, the potentials are 
1 in the same ratio : and we have 



Vl = Pue,, Fa = Pu^i, ... F„ = PalBu 

the charge on A, being now e„ and that on each of the other 
conductors zero as before. In a similar manner it appears 
that, if there he a charge e^ on A^, the remaining conductors 
being uncharged, the potentials are given by the equations 

F, -JJisSi, Vi^p^iBi, . . . V^^pn-A; 
and it is plain that equations of like form hold good if any 
one conductor be charged, the others remaiuing uncharged. 
In every one of the cases, supposed the potential is constant 
on the surface of each conductor ; if, therefore, we imagine a 
distribution in which the density at any point ia the sum of 
the densities in ail the former cases, we have a dietributiou 
consistent with equilibrium, and such that the total charges, 
onthe conductors are ^1,62,. ■. £«. As the charges are assigned, 
this (Art 127) is the only possible distribution, and the 
values Fi, Fi, . . . F„ of the potential at the conductors, Au 
At, . . . A,t are given by the equations 

Fi =pnei + PnB'i +7)iA • . ■ Pi«e„ ] 



Fa = PnSi 



(1) 
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We can now show thB.t pii = pn, p2a=P3i, &o., in the 
following manner : — 

If W denote the total energy of the charged eyatem by 
Art. 50, Tve have W = ^^eV, and therefore, by (1) Wis & 
homogeneous quadratic function of the n variables ei, . . , ^n. 
Again, if the charge ei be increased by an infinitely small 
amount Se,, the external work required to bring Be^ from 
infinity to the eonduotor A^, is FiSci, which must therefore 
denote the increase in the energy of the system due to the 
increment of the charge Ci. Henoe 



ardingly 





^g.,= 


V,^e, 


,, that: 


is, 


dej 


in like manner, 












dW 
de. 


V,; 


whence 


dV 
de. 


de,' 


and therefore p^ = p 
we have 


31 ; similarly 


P^- 


= P3i, &c. ; i 




r, =/.„., 


+ Pl2' 


% + p^e. 




p,«e^ 




F, =pne. 


+ Pi2et + p^^^e^ 




'■:'■ ■ 




V« = »,„e, 


+ »« 


,e, . . . . 




; 1 



(2) 



The quantities p^, Pu, &c., depend on the forms and 
irelatiTe positions of the eonduetors, and are called coefficients- 
of potential. 

129. Charges in terms of Potentials. — By means of 
(2) the charges e„ e,, &c., can be expressed as linear functions 
of Vi, Vt, &Q. Thus JF becomes a homogeneous quadratic 
function of V„ V^, &c., and we may write 



" qnV,' + q.^r/ + 2q^iV,.Vi + &o. 



(3) 



(4) 
(5) 
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If we suppose each charge to receive a variation, the values 
Vi, Vi, &c., of the potential receive eor responding vaiiationB ; 
and we have from (5) 



srse + 


SfSF 


-nw 


de 


dWy 

dV 


SF, 


but 


F, 


dW. 
lie,' 


-^^.- 






whence 




SFSe 


-"■^-- 






and therefore 




SeSF- 


.^.F. 







In this equation the variations SFi, SFj, &c., may be 
regarded as independent and arbitrary, and thus we get 

dWy dW'y 



dV,' ' dV,' 



(6) 



Also, for any variations oi the charges and the correspond- 
ing variations of the vabies of the potential, we have 



Suhstituting for the differential coefficients in (6) their 
values derived from (3) we have 



2nF, + ?i,n.. - +qi„V„] 
V, + qnV, . . . +q,nVn [ 

nV, + q^V^... + qLv„\ 



(8) 



The quantities §ii, ^ss, &e. are called coefficients of 
capacity, and the quantities qn> Jssi &c. coefficients of 
induction. 
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130. One Coudnctor surrounded by anotber. — In 

tlie iavestigation of Art. 127 all the conductors have heen 
euppoaed to he outside one another ; but if a conductor Ay 
be completely surrounded by another A^, we may suppose 
the field © to indude the space between them, and for the 

integral -7- dSi substitute \i— dS^-v-j-, dS'-X 

where 8-i and S'i are the outer and inner surfaces of the 
conductor A^. The investigation in Art. 137 proceeds then 
as before. 

In this caeoj if we imagine a closed surface described in 
the substance of the conductor A^, at each of its points the 
resultant force is zero, and therefore so also is the total masa 
inside this eurfaoe. Henee the charge on the inner surface 
of Ai is equal in magnitude and opposite in algebraical sign 
to the charge Ci on A,, and is zero if e-i be zero. Again, if e-i 
be zero, the unoccupied region between A, and A^ is bounded 
by surfaces at each of which the potential is constant, and 

the integral — d8 zero, and therefore, by (9), Art. 58, the 

} dv 
potential is constant throughout this region, and V\ = Vi. 
Since Vi = Vi we have 



for all values of Ct, 63, . . . e,„ and therefore 

Pii = p%u Ihz = p^^, ■ ■ ■ Pm = P^- (9) 

Also, for any set of charges 

F,-r==b„-i..,}e,. (10) 

Hence, if one conductor be completely surrounded by 
another, the charge on the inner conductor is proportional to 
the difference between the values of the potential on it and 
on the conductor by which it is surrounded. 

It follows from (10) that in this case qn = - 2ii, and that 
2is, In, ■.■?!« are each zero. 
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A condenser is defined by Clerk Maxwell as a combina- 
tion of two conductors placed eo near together that their 
coefficient of mutual induction is large. It is, however, 
usually assumed that the charge on the first conductor is, in 
this case, proportional to the difference of the potentials on 
the two conductors. This is strictly true when the first con- 
ductor is surrounded by the second. 

]31. Capacity. — "When a conductor belongs to a speci- 
fied system, its capacity is the ratio of its charge to the value 
of the potential at its surface, the potential being zero at each 
of the other conductors. 

The capacity of the conductor A, belonging to the system 
Ai, Ai, ... A„is thus the coefficient ju in equations (8). 

The capacity of a conductor not regarded as belonging to a 
system is the ratio of its charge to the value of the potential 
at its surface when there is no other conductor within a finite 
distance. 

In the case of a condenser formed of one conductor Ai 
completely surrounded by another ^s, we have 

«,.?,. (F.-F,), 

and the value of ^n is unaffected by the presence of con- 
ductors external to A^. This appears as follows : — 

If e, he given, so also is tho charge -ei on the inner 
surface of A^. Hence the field © between A^ and A^ is 
bounded by surfaces on each of which the potential is con- 
stant, and the total charge is given ; therefore, as in Art. 
127, if V and V be two possible potentials throughout the 
field S we must have V = V + constant ; whence V^ - Fa 
= Vi - V% \ and therefore, if p, he assigned, so also is V, - Vn 
independently of the state of the field outside Ai. The 
capacity of a condenser, such as described above, is then the 
ratio of the charge on the inner conductor to the difference 
of the values of the potential on the two conductors of which 
the condenser is composed, and this ratio is unaffected by 
the presence of other conductors. 
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Examples. 

1. Find the capacity of a sphoricjil conductor whose radius is a. Ans. a. 

2. Find the capacity of a eoadenser composed of two concentiic sphere 
whose radii are a and S. Ana. - — . See Ex. 7, Art. 52. 



Ans. (1°) -—, where b is the distance between the planes ; 

('2°) - — log -, where a and b are the radii of the oylindere. 
See Es. 5 and 10, Art. 52. 

i. An insulated uncharged spherical conductor is in the presence of an 
electrified point : tiiid the potential at the conductor. 

In the system composed of the electiified point A\ and the Bphere A^ 
the coefficient, pw is infinite, but if ei = and e% = 0, wo have Vi = 0, and 

therefore j)iiei = "when«i = ; benee.ifeihezero, V\=p\iei; whencejiis^-i, 

whore /is the distance of A\ from the centre of the sphere. Again, when ej is 

■which is the potential required, the charge at the electrified point being ei. 

6. An uncharged insulated ellipsoidal conductot ia in the presence of an 
electrified point ; find the potential on the conductor. 

Applying the method of the last Esaniple, and denoting the electrified point 
by Ai, when ei = 0, by Ex, 9, Art. 75, we have 



P\ie'i= ri = ejj 



where a' ia the primary setni-asis of the ellipsoid confocal with the conductor 
which passes through Ai, and h and ft are the constants of the oimfocal 
syatem. Hence 

J.Vii'-»'i(»"-i') 

where ei is the charge at A\, and Vi, the potential toquiied. 

in the vicinity of an electrified 
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Here we may empioythe eqaation 2«'I'=^ 2eF', wMciiis a partiealarcf 
of (22), Art. 31, wlieii the two Byatema considered in that Ailicle become differt 
states of the same system. In the present case we have 



In this eq^uati 
charge at ^i b 
potential at Ay 



), then ^2 is the ehareed requited, the 



ia the primary eenii-axis of the oi 



Qductor. Substituting, we have 



J''V(A'-A=)(A=-A=) 



«v/(A^-A%\--A;') 



7. Show that, in general, there are m methods of chai'ging a system of « 
oonduotors so Siat the total energy is given, and the value of the potential at 
each conductor ie proportional to tie charge. 

If we assume Vi = ASi, Fs = Mi, &b., we have 

Ml = Pnei + Pli^-i . . .iJlnSn, 



and if A be a root of the equation 

{Pl\ - A)i)i3 . . . Pin 

Pi {P»- - A) 

we can find corresponding values of ei : ej, ka., satisfying the system of n linear 
equations. Also, by a proper determination of S|, we can give any assigned 
value to i(?iii«i' -t pnei" + 'ipneifi^ -i &e.}, that ia to W the total energy. 
As the equation in. \ has « rootB, there are, in general, n systems of valuea of 



where a and b are the radii of the 
spheres. See (H) Art. 115. 
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9. Find the capacity of a conduetor formed of two equal spheres in eontaot. 
If a denote the radius of one of ilie spheres, and q the requited capacity, by 

(34), Art. 124, ive have j = 2« log 2 = l-3862y4». 

10. rind the capaeitj' of a conductor formed of a laige and a small aphero 

If « denote the radius, and Ea the charge of the small sphere, h and Ei the 
radius and charge of the lai^e, q lie lequited capacity, L the potenfial, and B 
the total charge, hy (30) and (32), Art. 121, we find g = S, and therefore, if the 
approsimation be not carried beyoud I - j , the capacity ia the same as that of 

the larga Bpherc. 

If the approiimation be carried on ao OS to include terms containing (- J ,i)y 
(29), Art. 124, we have 

where 

Again, by (31), Art. 124, we have 

Mi, = Lb{\- y^Si + v\2S2 + &) } ; 
whence 

£'=E^ + a-ii{l + 21^53), 

, = *(l + 2S.J). 
The approsiniaie value of Sa is 1-202, and therefore 
q = i fl + 2-404 ~) ■ 



132. Coellieicnts of I'oteutial. — The potential energy 
W of an electrified system is always positive whatever be 
the charges or the values of the potential, but if all the charges 
except ei be aero 2W= jhiCi^, and therefore /)„ must be 
positive. Similarly ^2s, j)a3, &o., are each positive. 

Again, if ei be positive and all the charges except e, zero, 
the number of xmit tubes of force which terminate on one of 
the uncharged conductors A^ must be ecLual to the number of 
those which leave it ; and as these tubes go from liigher to 
lower potential, the potential at As cannot be the highest or 
lowest in the field. A similar result holds good for A,, At, 
. . . A„, and as the potential cannot be highest or lowest in 
empty space, the highest potential is on A„ and the lowest 
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at infinity, where it ia zero. Consequently, the potentials at 
Ai, Ai, &o., are all positive, hut each is less than that at 
A„ that is, piiBi, piiS,, . . . pin^i are each positive, but less than 
^iiCi- Heuce all the eoeffioienta of potential are positive, but 
any mutual coefficient p^ is less thanjjn orpss- 

Besides the conditions specified above pn, Pa, Pit, &o., 
must fulfil those belonging to the coefficients of a homo- 
geneous quadratic function of n vamhles, which is ah 
positive. (See Williamson, Difereniial Cakuliis, Art. i 
Some of these are included in those given above. 

133. Coefficients of Capacity and Induction. — By 
a method the same as that employed in the preceding Article, 
it can be shown that the coefficients of capacity ^n, §23, &e., 
are all positive. Also the complete set of coefficients qn, ?i3, 
q:a, &c., must fulfil the conditions belonging to the coeffi- 
cients of a positive funotion. 

The coefficients of induction q^, q,s, &c., are, however, all 
negative. Their values are limited by the condition that the 
sum of those belonging to one conductor is numerically less 
than its coefficient of capacity, that is. 



- (?i= + ?is - . ■ + Si") < 9ii- 

To prove this, suppose that the potential is unity on Ai, 
and zero on every other conductor, then q,i, q,,, &c. denote 
the charges on A,, A3, &c., or the numbers of unit tubes 
of force emanating from them. 

Since the potential is positive at As, and zero at each of 
the other conductors, it is nowhere less than zero, as it cannot 
be a minimum in empty space. Accordingly, as the potential 
is nowhere lower than at A^, no tubes of force can emanate 
from Ai, but all those which meet it terminate on it. Hence 
513 is negative, and so also are g^is, 5i4, &o. 

Again, as all the tnbes of force emanate from Ai, and 
may terminate at any of the other conductors or at infinity, 

~ {gn + ?!>... + 2i«) < Su- 

134. Conductors surrounded by Another. — If one 

or more conductors are surrounded by another, the system has 
special properties which w 



y Google 



270 Systejm of Conductors. 

Suppose that the oonduotor Amti entirely surrounds the 
region occupied hy A, . . . A,^ ; then, if ei = Cj = &e. = e™ = 0, 
it can be shown, as in Art, 130, that Vi = Vi = &g. = V„,= Ynn^t 
for all values of e^^-t, em^z, . . . e„. Hence 

i'lffli+i = i'am+i = pMHi = &C. = pBi+1 m+1, 
jf liB+2 = Pim,2 = &0 = JIh,,! m*2, 



.(11) 



j)j„ = p^^ = &e = p„n,i ,„ 

and putting pm*i »ni = F, we have 
F,-F„-(p„-P)<!, + (p,.-P)«.... + (}.„-P)«„| 

r. - r„ - (p„ - P) «, + (p., - P) «. . . . + {p.. - p)., ! 

v.- K,, - (P,'. - P) 8. + (ft. -P)e,...* (p.. - P).. J 

Equations (11), which determine Vi - Vm*i, &c., in terms 
■of e„ ei, . . . em, are of the same form as those for the absolute 
potentials of a system of unsurrounded conductors. 

By solving (11) we get 

«,-?„( F, - F,.,) + ?„( F, - F.„) .■• + ?.,.( r,. - F,.,) j 
a . ?„ ( F, - F„,) + ?.. ( F. - F,„) . . . + fc ( F. - F„,) U^) 

i,-j,.(F,-F„)+fc(F,-F.„)... + j.,(F.-F„)] 
and therefore, q,mn = - i?:! + ju • • • + S"!™}! *^^t is, 

- ?U = ?12 + ?13 . . • + ?:™ + l, - ?!2 = 5l2 + 2a3 . . . + 5JM41, &C. 

Also 

9lra*I = Slmt3 = &0- = <Iln = 0, Js^t! = Jznio = &C. = ^j, - 0, &C, = 0. 
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Again, it appears as in Art. 131, that 

gu, 2i!, . . . qim, ?S3, ?!!, . - ■ q^m, ■ • ■ qmm 

are independftnt oi the state of the field outside ^»„i. Henoe 
the charges on the interior oonduetors are functions of the 
differences between the values of the potential on them and 
its value on the surrounding conductor, and are independent 
of the state of the field external to the latter. 



3 field, 



The final result here is the same as if the portion of space originally un- 
occupied, and subsequently occupied by the tisw conduetoi, were rendered 
capable of couductiog electncity. The consequence of this change would be a 
new distribntioQ of electricity brought about hy the electric forces, and accom- 
panied, therefore, by a diminution of the electric energy ottie syatem. If we 
now suppose all the conductors uncharged esoept -ii, the original energy is 
l^jDii^i', and after the infroduotion of the new conductor the energy becomes 
iP'iiei"-, but, as this is iess than the original, we have p'n < pii. 



2. If two conductors occupying the field be placed in electric 
so as to form a single one, determine the capacity of the new conductor in terms 
of the coefficients of capacity and induction of the origiual system. 

If we suppose tie two conductors originally at the same potential £, this is 
also the value of the potential on the single conductor formed by their union, 
and if Q be the capacity of this conductor, we bare 

ei = (jn + Sii) -2, ei = (m + qn) L, si + ^ = Q J ; 
whence 

Q = 311 + JJ2 + 2jl3. 

3, Show that the capacity of any conductor is less than that of another eon- 
ductor geometrically capable of surrounding the former. 

If -4i, supposed non-conducting, were made to surround^i, no cliange would 
take place in the electric condition of A\. If then electric eoiuniunioation 
between A\ and A% were estabiished, and Ai rendered conducting, the electric 
charge on^i would be transferred to the external surface of jis, and in effeotiDg 
this Uaneference the electric forces would do work, and therefore the electric 
energy wculd be diminished. Hence if ebe the charge originally ott Ait we have 



and therefore, q% > }i, where ji and jj aro the capacities of A\ and a 
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135. Efl'ect of Displacements on Energy, — If e, b& 

a generalized ooordinate on which the relative positions of 
the conductors, Ai, A^, &o., depend, the charges Ci, e^, &c., are 
independent of ^, but if ^ vary, so do the values of the 
potential at the conductors as v/ell as the coefficients pn, p^, 
&o., §11, 9i!i &o. ; then 



dW. 


*(t' 


'i' + 


if* 


-t' 


"3= + 


fa\ 




1-^^ 


= ^(t 


r; 




F, r, + 




+ 





The first part of the espression for -^ Wr in which the 
values V^, V,, &c., of the potential are not supposed to vary^ 
may be denoted by —^ ; and substituting tor , -^j^-, 

&c., their values given by (6), Art. 129, we have 

d ^ dWy ^ dV 

d% di, dt, 

"When the charges are invariable from (5), Art. 129, we 
have 28 ^ = 2e§ V, and therefore if the values of the potential 
and of JFvary in consequence of a variation in ^, we get 

g}r=^S?+S.SF= ^"gg + agfT; 
dk d^ 



rfl ^ f?l 



8S. (13) 



Equations (6) and (13) can be obtained directly from the 
three expressions for TF'by supposing d, es, . . . e„, V,, F'j, 
. . . V,„ and ? all to vary; then. 
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Now, by Art. 128, we have 

and therefore the terms containing S^i, Se^, &o., vanish, and 
the variations of the [n + 1) varialalea Fi, Fj, . . . Vn, and ?, 
may be regarded as independent and arbitrary ; whence we 
have 

dWr dW,y . 

and 

dW, dW, . „,. 

_+__.0. (14) 

136. Forces between Conductors. — If S be the 

generalized component of force due to electric action which 
tends to alter the coordinate ^, if this coordinate receive an 
increment S? the work done by S is ff S?, and this must be 
eijual to the diminution of potential energy ; whence 

If in the position of the system in which % has become 
% + S^, the values of the potential were the same as those in 
the original position, the potential energy of the system 

would be Jr+ ^ g^. 

If the electric condition of the system be unaltered by any 
external cause, the charges remain constant ; and after the dis- 

t S?, the energy becomes W+ -~ d^, that is, by 

(13), it becomes fV 3F^ §?- Hence, if during the dis- 
placement S5 the values of the potential at the conductors 
be maintained constant by an external source, the energy 

supplied is 2 -^^S^, which, by (15), is twice the work done 
by the electric forces of the system in the displacement. 
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274 Systems of Conductors. 

EsiMPLES. 
1 . Find tte electric energy due to two eharged spheres at an infinite dis 
In tliia case if ei = 0, we have Vi = 0, and therefore pn = 0, also 
Pti = -, ^22 = J, 
where a and i are the radii of the spheres. Honoo 



2. Find the work jtf required to bring together, from an infinite distance, two 
c([Uii] charged spheres. 

If a denote the radius of one of the spheres, the potential electric energy W 
when the spheres are at an infinito distance apart is giveu by the equation 

2 ff' = — ^, and when they are in contact hy the equation 2 IP = ^ 

See Es. t 



« log 2 I 



- {2eifti-{Mlog3-l)(ei^ + ^=)}: 
and substituting for log 2 its approsjmate value 0-693, we get 

M ia approiimatcly zero if e\ and ej have like signs and — = 5. If « : ei >5, 
the valnc of M ia negative, and the spheres tend to approach each other without 
the expenditure of any.esternal wort. 

If Bi ; ei < 5, the yalue of Jlfis positive till e; : ei = 1 : 5, when M is again 
zero; and if ^ : bi < 1 : 5, the value of Jf is negative. The last two results are 
of course an immediate consequence of the former. 

When ei and et have unlike signs. Mis always negative. 

3. Find the energy due to a chained conductor formed of a hirge and a small 
sphere in contact. 

If a denote the radius of the small sphere, i that of the large, E the total 
eharge, and B^the energy, we have, Ex. 10, Art. 131, 
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- (" + ^ )' I _ „ _ 

2u 2i 



^-1-202 - 



If tEe small sphere be originally uncharged, ei = 0, and 



S, Find the mutual repulsion between two charged iaeukted aphen 
■which the values of the potential are Vi and Fi. 

If () denote the distance between the centres of the spheres, TF the oi 
of the charged eyatem, and F the required force, by (1 5), 





F = 


' do 


-''S^''*T '•'''■**■ 


f"--- 


The values of 
1. 126, -we have 


¥u, m 


, and f2! are given by (53), A 


rt. 126; and by Es. 




A = ^ 


■■VB)- 


-k c' + a^^h'- Ick 






2m 






^J^ 


^ + F). 


-k c' + i' - »' - 2(4 








* 


2ic 






e=- 


a^ -b'- 


'■ - ^'^' _ y_j^^ « = VK + i=) 


+ V{*= + k^). 




" 


lab 




Hence 


■ d\ 
"Ik' 


k 


— - 1, and therefore ^ 


Vl«' + *'] 


In like 


manner 


dp. 

dk V 


if'^k^ ^^"° 




dr_ 


d\ 

"Tk^^ 


dii. 
dk 


'{via^ + ii^) ' V(iM&^)J = 


-re 


dh 


VK + 4^)(i= + 4=) 


d{^v) 


d. dK 

=■ . . -ir-. +- 


- Av {( + V[*= + i=)> 




dk 


V(«= + F)(*= + &^) 
■— — -- ; whence — = ^ 




de 


;= + i')(i= + *')_ 



.rfi~"V(fl= + A») V[6^4-F)' 
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and tliereforo we obtaia 

de ^- \ e I' de k ' 

We haTG, then, 

% do ek " 1 - ^3«+" 

witli a similar espieasion for - ~— ; and, agdn, wo have 

-2,2;'(2, + i),-{^,^ + P^.). 

Combjoing the first term with tlie tbird, and tbe eeoond wili tie last, in the 
expreBBions for - ^' a^d - -^, and combinijig the last two terms in that for 






a, A V ,(»> + »■)/ i^^^*^"-*' ' ' (I-,-")''- 

Theae expressions are due to Mr. F. Purser. 

The differential coefficients of ^n, &c., may otherwise be obtained from the 
alues of -E. and Mb given in Ex. 6, Art. 128. Prom tlicse we get 
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sinh a = -, sinh & = j, y = a 
a cosh a = V(a3 + lt>) = ~f ~ ^ = | + ' 

b cosh ^ = V{b' + *') = - — ^~— - 5 + ■ 
We have tlicii 



wheneo 

1 ''jii _ ei cosh a cosh $ ^'^ 1 ^= J cosh B + «e cosh (a + ny) 

2'df 2^ -^o smh (o + 117) ~ " 2c siuh>(o+n^' 

•^13 _ oi coEh H cosh fi ^ • I -^ o H cosh «7 

!& ~ ' ^4" ^^1 Einh ny 1 ImE^wr' 

1 4^522 _ iJ cosh a eoah j8 ^ a> 1 ^ •> « crah a + mc cosh (3 + 117) 

2~de ~ M "^0 sinh {8 + ny) ~ "*» 2c ~" siiih= (0 +^T)" 



e. From the values of $11, fis, and qn, given in Ex. 1, Art. 126, find the 
leading tenns in the ospressicm for the mutual force F between two charged 



.feV,,^*r,r, + ite 



(.i , .'i'(3.'-.'^ffl , . .•l'i(.'-.'-y)(i.>-.'-g)-i.'i'} | 



7. Show how to exhibit tte aeries csproasing the cneffioienta of capacity 
and inducfion of two electrified sphevea as rational functions of their sadii and 
the distance between their centres. 
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B7[48), Art. 12S, wehavc 

but it ia shown, in Art. 196, that 

- yaj^h' " ^ ~ "" B (ra + 4) ' 

■wheniie, by Bubatitufion, we get 

By Art. 126, we Lave ^ = ab, and, therefore, wa gat 

b5 ^» i"(l - 1/') 

= -7Xi + „=...+-;;r„ = --2, (,„ + ,-„+ &„.)■ 

Hence putting a" + ir» = S„. wo tave 

»"■'■ + •' Sr , (5.,_, + a,_, + se.) + i (*i + S.-. + *«•)' 

It is to be obaarred that in these axpreseions f or jn and ju we must put unity 
for So, and that the Eeiiee theu termicatBB. 

fja ie obtained from jii by intorchanging a and i. 

8. Show how to eipreee the force between two charged spherea aa a rational 
function of their radii, and the diatance between their centres. 

If we diSerentiate the expressions for g\i, &e., given in tho last Example, 
we obtain a aeries of ratiraal quantitiM multiplied eash by a tarm of the 

tut 

i (,-, + ,-)..(,.-■ -,-1-1)-; 
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Acyclic, 78. 

Amsotiopic medium, 50. 
Attraction, figurB producing greatest 
possible uniplanar, 41. 
law of, far electricity, 1, 87, 9i. 
for grayitatiug matter, 1. 
for mugnetiam, 2, 104. 
solid of revolution p reducing 
greatest poasible, 40. 
AiBB, principal, of oentrobarie body, 
145. 
principal, moments round, due to 

distnnt msse, 140. 
same for equivsJcnt maas systains, 



bending moment acting on, 

eqnipotential aurfacea due tc 

13i. 



134, 



potential of, 69, 216. 

Baric centre, 5S. 

coincident with centre of masa, 59. 

Bars, triangle formed hy tbin, 17. 

Boaa, bemiapbeiicai, onspberical con- 
ductor, 213, 214. 

Bowl, spherical at constant potential, 



Capacity of condenser, 265. 

of conductor, 265. 
Capacity and induction, coefSoients 

Centra of ellipeoid, yalue of potential 



145. 






Centrobaric circle of variable uni- 

planar density, 228. 
distribution of mass, 58, 133, 134, 

145, 148. 
sphere of rariable density, 224. 
surface distiibution on ephers, 

204. 
uniplanar linear distribution on 

Circle, distribution of uniplanar mass 
on, under influence of electri- 
fied point, 219. 

force exeiied by, on uniplanar 
mass at point, 220. 

image in, of point where there is 
uniplanar maaa, 215. 

unipknar potential of, 70, 92, 93, 
219. 

of zero density on conduotOT, 206,. 
207. 
Circular cylinders, coaxal, at constant 



49. 

total, on conductor, 210. 
total uniplanar, on curve, 219. 
Charged body, unstable eq^uilibrium 

of 138. 
surface, cliange of normal force- 

at, 12, 47. 
difierential equation for potential 



Charges on conducti 

potentials, 261 

Clairaut's theorem, i 
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at constant potential, 91. 

at potential aero under inftuenoe 

of electrified, point, 243. 
■CondenBer, definition of, 265. 

property commonly^ aasumed and 

oonseqiieat capacity of, 265. 
■Conductoi-, definition of, 48. 

dietribution ol eleotiicitj in, 49, 

50, 127. 
forco on element of, 54. 
aurrouuded by another, 264. 
Burronnding othera, 269. 
Conductoi-3, distribution of electricity 

on, determinate wlien charges 

are assigned, 260. 
forces between, 273. 



a of, S 



1 of. 



thin, attraction of, at vertex, 6. 
Cones, resting: on covrsBponding por- 
tions of quadrioE, 168. 
■Confocal eoniee, 1S4. 

ellipses, uniplauar potential of, 

160. 
ellipsoids, potential of, 130, IGl. 
horareoids, 129, 162. 
hyperbolas, 97, l72. 
parabolaa, 194. 
paraboloids, 185. 
quadrice, 17*. 
Conjugate functions, 96. 
Contact, conductor formed of spheres 

in, 240, 253, 281. 
Continuity of force component tangen- 
tial to charged surface, 48. 
Continaous distribution of mass, 5. 
Contra-foliated hyperboloidal homte- 

oid, 178. 

Coordinates, elUpiio, 172. 

parabolic, 186. 

tjimsformation of Cartesian to 
pular or cylindrical, 84. 
Corresponding points, 162. 

on same line of force, 170. 
■Crevasse, effect of, on apparent lati- 
tude, 17. 



Curve distribution of imiplanar njaas. 

Curves, inverse, 17- 
Cylinder, circular, 'attraction of , IT. 
Cylinders, coaxal, 93. 
Cylindrical coordinates, 86. 
distribution of mass, 7. 

Density, different binds of, 5 . 
Diagrams of field of force, 122. 
Differential ooeffi^ientsof potential, 74. 

equations for potential, 81, 83. 
Dirichlet's and Thomson's theoiem, 

DiBconlinuity of normal force at 

charged surface, 12, 47. 
Disk, circular, 10, 62, 91, 258. 

elliptic, 19, 62, 
Displacements, effect of, OJl energy of 

electrified conductors, 272. 
Distant mass, moment round centre of 
inertia of body due to, 140. 
point, potential at, of mass system, 
139. 
Diatribution of electricity in conduc- 
tors, 49, 260. 
detevmiuate when potentials or 

charges are assigned, 260. 
of mass, cylindrical, 7. 
of mass, volume, surface, and line. 



nniplanar, 8. 
Distiibutions, equivalent, 115. 

producing minimum energy. 
Doublet, 204. 

Duhamel's application of Ivory' 
theorem, 166. 



37. 



distribution of, in conductors, 3, 
48, 127, 260. 
Electrical forces, law of, 1, 2, 87, 94. 

Electrification hy induoliou, 49, 
Element of charged conductor, force 



Earnshaw's theorem, 138. 
Earth, attraction of, at point o 
surface, 145. 
condnctor put to, 197. 



Ellips 



:tmg . 



I, 54. 



a, at 



y Google 



Ellipse,! 



23. 



It internal p( 



potential of, 160, 
Ellipsoid, attraction, lietween parta of, 

40, 158. 159, ISO. 
atltaelioa of, when, composed of 

homogeneoiie shells, 167. 
attractiaii of, at external poiot, 

151, 154. 
attraction of, at internal point, 27, 

28, 31. 
equipotential Earfacea, iaside, 60. 
lines of force inside, 60. 
of amoll ellipticity, altraclion of, 

141. 
potential, determining small os- 
cillations of rigid body, 145. 
potential of, 152, 154. 
of revolution, 32, 182. 
Ellipsoidal conductor, charged with 

electricity, potential of, ISI. 
total charge on poition of, 169. 
distributions of electricity on, 61, 

208. 
having interior hollow containing 

mass, 132, 166. 
induced tborge on, when at poten- 



t. when itisulated under 
inSuence of electrified point, 266 . 
confocal equipotential sarbces, 

176. 
fluid mitas rotating in relative equi- 
librium, 34-37, 63. 
homceoida, properties of, 20, 33, 
129, 162. 
EllipBoids, confocal attraction of, in 

estemal space, 130, 150. 
Elliptio coordinates, 172. 

oyUndei, attraction of, 23, 161. 
plafe, attraction of, at point on 
perpendicuiarthrough centre, 1 9 . 
plate, distribution of electricity 
on, 62. 
Ellipticity, small, ellipsoid of, 141. 
Energy, change of, due to alteration 



28& 

Energy, of system of conductors, effect 
of di^lacement on, 2T2. 
of ayslem of conductors, in terms 

of charges, 262. 
of system of conductors in terms 
of potentials, 262. 
Equilibrium, force on particle displaced 
from point of, 132. 
points and lines of, 120, 133. 
relative, of rotating fluid mass, 

34. 
unstable, of body charged with 
electricity, 138. 
Equipotential, curves, 122. 
surfaces, definition of, 46. 
Burtaoes, determination of, 127. 
surfaces, diagrams of, 122. 

faces, distribution of mass on, 



diBtributions of mass 

least possible, 137. 

internal potential, of m 



126. 



y sheeted, i 



ultiple 



(, 139. 



Equivalent distributions of mass, 115. 

Eulerian integrals, application of, to 

express charges on spheres in 

Expansion of potential in 



Faraday's discovery of influence of 
non -conductjn g m edium on eleo- 
trio forces, 3, 49. 

Field offeree, 43. 

Fluid rotating, eqoilibrium of, 34-37, 






IS for volume distribu- 



diaeontinuous for surface distribu- 
tion, 12, 47. 

on element of charged conductor, 
54. 

field of, 43. 

law of, for electricity, 2, 87, 94. 

law of, for gravitatii^ matter, 1. 

kw of, for magnetism, 2, 14, 104. 

law of, for uniplaDar distribution 

lines of, 48, 63. 

mode of trnnsmission of, 3. 

normal, discontinuous at charged 

surface, 12, 47. 
normal, surfa^^ integral of, 44. 
resultant, definition of, 4. 
resultant, cipression of energy as 
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Force, tubes of, 46. 

uniform, 60, 91, 94. 
uniform, eilipBoid in field of, 208. 
uniform, sphere in field of, 203. 
for Tiniplanar distriiuticin of maaa, 
8, 56, 64, 76. 

■GauBs's mods of proving law of force 

in magnetic action, 104. 

theorsms, 44, 56, lOG, 107. 

Geometrical mode of representing 
attraction of eUipsoid, 39. 

GrapMe representation of field of force, 
53, 122. 

Grayitation, 1, 3. 

Green's fimeljon, 135. 

theorems, 107, 109, 111. 



Hemisphere, attraction of, at point on 

its edge, 16. 
Hemiaphetes, attraction hefweeu two 

37. 
Hemispherical boss oq aphenca] con 

ductor, 213. 
conductor resting on infin te con 

ducting plane, distrib ition of 

electricity on, 214. 
hill, affect of, on apparent latitude 

16. 
Hollow conductor having intpnor 

hollow devoid of niasB 
conductor haTing mass in ts in 

terior, 131, 132. 
HomcBoid, contra-foliated byperbo 

loidal, deenilion of, 178 
oontca-foiiatcdhyperboloidal, pro 

pertiei of, 170, 183. 
ellipaoidal, attraction of at in 

temal point, 20. 
dlipeoidid, attiaction of, at point 

on auiface, 33. 
ellipsoidal, definition of, 20 
ellipaoidal, cquipotentiHl Eurfa es 

of, 129. 
ellipaoidal, potential of, 129 
ellipsoidal, surface diak^butian 

corresponding to, 33. 
hyperboloidal, 169, 170, 17s 183 
paraboloidal, 188, 191, IS'' 193 
tJiick, 20. 
Homceoidal distribution is that on 

conductor in eiiuiiibrium 61 






Homceoidal distribution, total n 
portion of, cutoff by plan 

Hjrperbola, line of forci " 

nniplanar masses, o*. 

Hyperbolas, confocal, as lines of imi- 
planar force, equi potentials cor- 
responding to, 97. 

Hyperboloida, cquipolential, field of 
force corresponding to, 176, 
177. 



Images, electric, Ibeory of, 197. 

electric, in the case of uniplanar 
distribution, 215. 
Induced distribution of electricity on 

conductor, 49, 197. 
Induction, 49. 

coefficients of, 263, 369. 
over a surface, 52. 
tubes of, 60, 58. 

tubea of for uniplanar distribu- 
tion 57 
Indu tiTe cajacity of medium, 49. 
Inertia moment produced by distant 

mass round centre of, 140. 
Influence of electiified body on con- 
ductor 197. 
Integral surface of induction, 52. 

volume energy eipresaed by 136 

Integration direct i otent lis deter 

mine 1 by 67 71 

direct resultant foice found bv 

6 32 

Invariable systems eneigy d le to 

mutual action of 89 
Inverse ( irves relation between the 
atlraotjons of corresponding 
elements of at centre of in 






L 17 



applied to find law of 



Jacobi on e^u lib lum of rotating fluid 



y Google 



:^gr!inge, on potential, 65. 


ft 


,15. 


Lame, on disti-ibutions of electric 7 




68 9, 64. 


OQ quadric Burfaoes, 149. 




wof, 3, 14, 10*. 


tamina, attraction of, 19. 




m m 16. 


potential of, 70. 




p mathematicaUy same as 






d b t, 204. 


circular, distribution of electric ty 




p rt potautialof, 98. 


on, 62, 268. 
circular, potential of, TO. 




hll potential of, 98. 


H 


theoiy of, 14. 


elliptic, attraction of, 19. 




mal otion of on each other. 


eiiiptie, diBtributionofelectrio y 




00- 05. 


on, 62. 




m 11 nergy due to mutual 






ti of, 99. 


polygonal, potential of, 71. 


M 


y h d equipotentjal surface, 


Laplace, on figure of equilibrium 




2 


rotating liquid maaa, 34, 36 


M 


h n of energy due to altera- 


on force fiinotion, 85. 




n f,90. 


oil moment round centre of inerti 




m g of, in theory of attrao- 



d by distant 
Laplace's equation in CarteBian 
ordinates, 82. 
equation m cylindrical cooidi- 

equation in elliptic coordinates, 

174. 
eouation in parabolic coordinates, 

186. 
equation in polar coordinates, 85 , 
theorem for ellipsoid of small 

ellipticity, 141. 
Law of force, for electric mass, I, 87, 

94. 
for grayitating matter, 1. 
for magnetic mass, 2, 14, 104. 
for uniplanav mass, 8. 
Line density, 5. 

density, uniplanar, 56. 
Lines of equilibrium, 120. 
equipotential, 122. 
if force, 43, 53. 



n b nee of conductor in equi- 
librium, 60. 

total in equivalent distribations,6 7 . 

total, in interior of conductor, 132. 

total, on portion of conductor on 
which, lie distribution is equi- 
valent to a system of electrified 
points, 210. 

uniplanar, 8, 66, 218. 
Maiimum, potential when a, U8, 

BttraetioQ, solid of revolution 
having, 40. 
Mlaxwell, Clerk, on amsotropic media, 
60. 

on conductors bounded by surf aces 
of second degree, 149, 

on graphic representation of lines 
OT force, 64. 

on iovorsion and systems of 
images, 234. 

on Laplace's operator, 83. 

on. line density, 5. 

on tubes of induction, 51. 
Mean value of potential on surface of 
sphere, 106. 

value of potential within a sphere, 
U7. 

value of uniplanar potential on a 
circle, 107. 

value of uniplanar potential within 
a circle, 117. 
Minimum, potential n'hen a, 118. 

energy, distribution of mass pro- 
ducing, 137. 
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1 element of 



Newfonian law of . 
Kotmfti forue acting 

force, finite change in, 

on which there ia mass, 13, 47. 
force, integral of, oyer curve in 

uniplanar distribution, 56. 
force integral of, over surface, 

4*. 
force, oulBxde surface of eonduc- 



Orthogonal ei 



c of tube of force, 



Oithogonallj, conductors formed hy 

planes orsph eree intersecting :~ 

four Bpheres, 231, 232, 233. 

three plsnes, 232. 

three planes and a sphere, 

233. 

three spheres, 230, 232. 

two planes, 225. 

two sphflrea, 209-216. 

two circles at constant uniplanar 

potential intersecting, 220. 

Parabolas as equipotential Curres for 

uniplanar distrihutioii, 194. 
Parabolic coordinates, 186. 
Paraboloidal homosoids, 188, 191-193. 
Paraboloids, equipotenual surfaces, 

187, 193. 
Parallelepiped, attraction of, 16. 
Particle, attraction of, 1. 

magnetic, 15. 

magnetic, potentaal of, 98. 
Plane, infinite, attraction of, 11. 
Plane lamina, attraction of, 11, 19, 73. 

lamina, potential of, 70. 
Planes, intersecting at angle of 60", 
226. 

at angle -, 234. 



Planes intersecting orthogonally, tee 


258. 


Orthc^nally. 


OB force between two charged 


parallel and infinii* at constant 


spheres, 275, 281. 


potentials, 91. 


on potential energy due to mutual 


parallel and infinite at aero poten- 


action of mass systeniB, 147. 


tial under influence of electrified 


on system of images in intersect- 


point, 244. 


ing spheres, 255. 


Point, elertrified, 197. 


on proof of Thomson's theorem 


electrified, image of, 198. 


for eentrabario body, 148. 



Point, electrified, image of, in uni- 
planar distribution, 216. 

of equilibrium, 120, 132, 133. 

resultant force at, 4. 
Poiescn's equation, 82, 86, 172, 187. 
Polygon, plane, attraction of, 73. 

{lane, potential of, 70. 
edron, attraction of, 71. 
potential of, 71. 
Potential, coefBcients of, 268. 
constant, 112. 
continuity of, 76. 
definition of, 66. 
differential coefflcient* of, 74. 
differential equations for, 81, 83. 
at distant point, 139. 
elementary properties of, 66. 
expansion of, in series, 139. 
general theorems respecting, 106. 
of magnetic particle, 98. 

mathematical characteristics of, 



n unoccupied ! 

:, 76, 79, B4, 113, 



nph 



n circular disk at potential zi 
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Eaniine'8 thoorem, 121. 
ReBultaiit foTce, 4. 

force, uniform, 60, 94. 

loree, uniform field of, 203, 207, 

208. 
force, volume integral of equiire 
of, 136. 
Eevolution, attraction of oUipsoida of, 
31, 42, 182. 
attraction of eoM of, 40. 
determinalion. of potential when 
equipotential surfaces are ellip- 
soids or hjperboloida of, 178. 
determination of potential when 

paraboloids of, 139. 
properties of field of force, when 
of, 63, 113. 
Botating liquid mass in relative equi- 
librium, 34-37. 



Salmon, on confocai quadricB, 170, 173. 
Shell, elUpaoidftl, 20, 150, 167. 
focaloidal, 150, 156. 
homieoidEO, 20, 61, 129-131, 162, 

169-171, 182-184, 191-193. 
hyperboloidal, 169, 170, 183. 
magnetic, 98. 
paraboloidal, 191-103. 
spherical, 9, 67, 69. 
Shells, ellipsoid composed of, 112 167 
168. 
sphere composed of, 10. 
Small magnet, potential of, 98 
Small magnets, action of, ach 

oUier, 99-105. 
Solenoids, 46. 

'Sphere, composed of hom g 
shells, 10. 
haviog density varying riely 
as fifth power of dista from 
given point, 224. 
homogeneous, attractioa f 10 
homogeneouE, attmction betw 

halves of, 37. 
homogeneous, potential of 68, 6 
image of electrified point in, 198. 
inversion of, 222. 
mean value of potential ou, 106. 
mean value of potential through- 



Sphcrioal bowl at potential j! 



ie conductors, 343, 
conductor in field of uniform force, 

203, 207. 
conductor influenced by electrified 

distribution of elecfiicity on, 

199-203. 
enei^y dae to mutual action 

in case of, 205, 
force exerted by, on charge 
at point, SOS- 
conductor composed of spheres : — 
-181. 



^ting at angle of 60°, 



ii'secting at angle - 



234. 



orthogonally, 
, 211-214, 230-233. 
eondactors influencing each other, 
charges on, 247, 248, 252, 257. 
"■ ■ [a ot capacity and induo- 



n for, i 



J, 278. 



force between, 275, 278. 
conductors under .influei 

electrified point, 250. 
b D fah U 



117. 



.t potential, 
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onprof ofMacClnuim'stieorem, 

150 
on sphere? influencing fact other, 

on surface distribution equiva 
]ent to solid ellipsoid, li9 
Thomstn, J J , ou tubes of indue 

tun, 51 
Total mass, see Mass 
Transmission of torce, 3 
Tabes of force, 4b 
of induction, oO. 



flpherieal conductor under in- 
fluence of, 203, 207. 
Ump]anar density, 8. 

ijistribulioii of mass, 8. 
■distribution of maaa, determi- 
nation of potential for, when 
e([ii»>o):ential curves ore eon- 
focal oonics, 194. 

diatrihutioa of m. 
images for, 215. 

distribution of 



ss, thecoy of 
ss, theory of 
, law of force 



for, 1 

distribution of ma 
for, 8. 

distiibntion of mass, potenliBl 
for, 67. 

distribution of mass, potential at 
distant point for. 147. 

distribution of maas, solution of 
Laplace's equation in ease of, 
95. 

distribution of mass, zero poten- 
tial for, 114. 

furm of Gauss' theorem on mean 
Talne of potential, 107. 

form of Gauss' tlicorcm on inte- 
gral of normal force, oO. 



Uniilit n foim nf C rcpri s theo 

form of Mac Claurin s the 

160 
form of Thomson s tlicore 

local Old IbO 
Unique distiibulien of mass on 



solution of Lijlaoi 
123 



Unoccupied space differential l 
tion for potential lu 82 
late, line of eq^iuhbriuil 
120, 121 

point of equillbnui 



120, : 



, 133 



space, stable equilibniim of 
■ficle impossible in 132 
n of potenti 






IS continu 



Variation of eiiPigy due ti 

of mass, aO 

of potential in i 

119. 

Volume density, 5 

distribution oi m 

distribution of mass conti 
of potential m 77 

distribuliou of mass surfaof 
tribution equii alent to 1 

integral espreaamg energy 



Weierstiaes on Thomson 8 and D 

let's theorem 124 
Williamson onournlmeartooidH 



Zero potential, 113. 

potential, how produced O 

duotor, 197. 
potential for uiiiplanaj di 
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